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New examples of K-monotone weighted Banach couples
by

SERGEY V. ASTASHKIN (Samara), LECH MALIGRANDA (Lulea) and
KONSTANTIN E. TIKHOMIROV (Edmonton)

Dedicated to the memory of Nigel J. Kalton (1946-2010)

Abstract. Some new examples of K-monotone couples of the type (X, X (w)), where
X is a symmetric space on [0,1] and w is a weight on [0, 1], are presented. Based on
the property of w-decomposability of a symmetric space we show that, if a weight w
changes sufficiently fast, all symmetric spaces X with non-trivial Boyd indices such that
the Banach couple (X, X (w)) is K-monotone belong to the class of ultrasymmetric Orlicz
spaces. If, in addition, the fundamental function of X is t!/? for some p € [1,00], then
X = L,. At the same time a Banach couple (X, X(w)) may be K-monotone for some
non-trivial w in the case when X is not ultrasymmetric. In each of the cases where X is a
Lorentz, Marcinkiewicz or Orlicz space, we find conditions which guarantee that (X, X (w))
is K-monotone.

1. Introduction. One of the fundamental problems in interpolation
theory is to find a description of all interpolation spaces between two fixed
Banach spaces X and X; which form a Banach couple X = (Xj, Xl_), ie.,

the description of all intermediate Banach spaces X with respect to X such
that every linear operator 7: X — X maps X into X boundedly.

An important role in interpolation theory is played by K-monotone
spaces between fixed Banach spaces Xy and X; which are defined as fol-
lows: if x € X, y € Xog+ X3, and

K(t,y; Xo,X1) < K(t,z; X9, X7) for all t > 0,

then y € X and ||y x < C||z||x for some constant C' > 1 independent of
and y. Here
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K(t,xz; X0, X1) = inf{||xo]|x, + tllz1]|x, : ¢ = z0 + x1, o € Xo, x1 € X1}

is the classical K-functional of Peetre.

A couple X = (Xo, X1) is called K-monotone (or a Calderén—Mityagin
couple) if all interpolation spaces between Xy and X; are K-monotone.

By a theorem due to Brudnyi and Krugljak [BK91, Theorem 4.4.5] all
interpolation spaces with respect to a K-monotone Banach couple (Xg, X1)
can be represented in the form X = (X, X 1)§ , where @ is a Banach lattice
of measurable functions on (0, 00) and

2/l xo, x5 = I 25 Xo, X1) |-

Moreover, even if (Xp, X1) is not K-monotone, every interpolation space X
with respect to (Xo, X7) which happens to be K-monotone satisfies X =
(Xo, X1)E for some @, of course only up to equivalence of norms (Brudnyi
and Krugljak [BK91, Theorem 3.3.20]). Therefore, the problem of finding
new examples of K-monotone couples or K-monotone spaces becomes very
important.

Calderén [Ca66] and independently Mityagin [Mi65] proved that the
couple (L1, L) is K-monotone. Several years later Sedaev and Semenov
[SST1] proved that every weighted couple (Lq(wq), L1(w;)) is K-monotone
(cf. also Cwikel-Kozlov [CK02] for another proof), and then Sedaev [Se73]
generalized this result to all couples of the form (L,(wo), Ly(wi)) (1 <
p < o0). Finally, Sparr [Sp74], [Sp78] showed that (L,(wo), Le(wi)) is a
K-monotone couple for 0 < p,q < oco. There are other proofs of Sparr’s
result, for example, by Dmitriev [Dm81], Cwikel [Cw76] and Arazy—Cwikel
[ACRA].

In [CNO3], Cwikel and Nilsson considered the problem of K-monotonicity
from a somewhat different point of view. Namely, they investigated when a
weighted Banach couple (X (wp),Y (w1)), with X,Y being separable Ba-
nach lattices with the Fatou property on a measure space (§2,X, u), is
K-monotone for all weights wg, w1 on {2. They proved that this can happen
if and only if X = L,(vg) and Y = Ly(v1) for some weights vg, v1 and some
numbers 1 < p,q < oco. In their proof the concept of a decomposable Ba-
nach lattice on a measure space is essentially used. A Banach lattice X is
called decomposable if for any convergent series > 7 f,, in X with pairwise
disjoint f,, (n = 1,2,...) and any (formal) series > 7, g, with g, € X
and |lgnllx < |[fallx (n = 1,2,...), and with all g,, pairwise disjoint, we
have Y 1 gn € X and |30 gnlly < ClI> o=y fully with a constant C
independent of f,, ¢g,. This notion or some variants of it were introduced
earlier by Cwikel [Cw84] and Cwikel-Nilsson [CN84].

Note that the problem of K-monotonicity of weighted couples (X (wyp),
Y (wy)) can be reduced to considering couples of the form (X, Y (w)). There-
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fore, in what follows, we will examine couples with one weight only. We will
say that a weight w is non-trivial if either w or 1/w is unbounded.

In [Til1], the concept of w-decomposability of a Banach lattice, which
generalizes in a sense the previous one due to Cwikel, was introduced.
A theorem proved in [Til1] states that, whenever X is a Banach lattice with
the Fatou property, the couple (X, X (w)) is K-monotone if and only if X
is w-decomposable (see Theorem [3.1| below). Earlier Kalton [Ka93] showed
that in the case of symmetric sequence spaces with the Fatou property the
K-monotonicity of a couple (X, Y (w)) for some non-trivial weight w implies
that X =1, and Y = [, for some 1 < p,q < oo (note, however, that there
exist examples of shift-invariant sequence spaces X with the Fatou prop-
erty such that (X, X(27%)) is K-monotone but X is not isomorphic to I,
for any 1 < p < oo [ATI0al, [AT10b]). Tikhomirov’s theorem from [Til1]
allows us to examine whether the result of Kalton extends to symmetric
function spaces. We will see that this is not the case and the situation here
is essentially different.

The paper is organized as follows. In Section 2, some necessary defi-
nitions and notations are collected. First, we recall necessary information
about symmetric spaces on [0, 1], and then regularly varying convex Orlicz
functions on [0, 00) and regularly varying quasi-concave functions on [0, 1]
are discussed.

In Section 3 we consider the notion of a w-decomposable Banach lattice,
which plays a central role in these investigations. Using the Krivine theo-
rem we show that this notion can be essentially simplified in the case of
symmetric function spaces. Namely, we prove that for any w-decomposable
symmetric space X there exists p € [1,00] (depending on X) such that X
has, roughly speaking, both restricted lower and upper p-estimates. In par-
ticular, for some p, its fundamental function ¢ has the property that ¢P is
“almost additive” near zero.

Section 4 contains results on the w-decomposability of Lorentz and Mar-
cinkiewicz spaces on [0, 1]. If ¢ is a concave increasing function on [0, 1],
with 7, > 0 and 1 < p < oo, then the couple (X, X(w)), where X is a
Lorentz space A, ,[0,1] and w is a non-trivial weight, is K-monotone if and
only if condition (3.9) holds. This couple is K-monotone for some weight w
if and only if ¢ is equivalent to a function regularly varying at 0 of order p.
Moreover, for any weight w on [0, 1] we can construct a concave function ¢
on [0,1] such that the couple (X, X (w)) with X = A; [0, 1] is K-monotone
and /11?@[0, 1] 75 L1[0, 1]

We obtain analogous results for Marcinkiewicz spaces, as a consequence
of a new duality theorem which is of independent interest. It states that
under suitable mild conditions on a Banach lattice X, the weighted couple
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(X, X(w)) is K-monotone if and only if the couple (X', X'(w)) is K-mono-
tone, where X’ means the Kothe dual to X.

Section 5 deals with w-decomposability of Orlicz spaces Lg[0,1]. It is
shown (Theorem 6) that if the Orlicz function F satisfies the Ag-condition
for large arguments, then Lg[0, 1] is w-decomposable if and only if it satisfies
some restricted p-upper and p-lower estimates (see condition ) More-
over, it is proved (Theorem 7) that if F' is equivalent to an Orlicz function
which is regularly varying at oo of order p € [1,00), then the Orlicz space
Lp = Lp[0,1] is w-decomposable for some weight w on [0, 1] and therefore
the couple (Lp, Lr(w)) is K-monotone.

Finally, in Section 6, we prove that if a symmetric space X on [0, 1]
with non-trivial Boyd indices is w-decomposable with respect to a weight
changing sufficiently fast, then X is an ultrasymmetric Orlicz space. This
result implies that, for such a weight w, every K-monotone couple (X, X (w))
with X having the Fatou property must be an ultrasymmetric Orlicz space.
Moreover, if its fundamental function is of the form px(t) = t1/P for some
1 <p< oo, then X = L.

2. Preliminaries. Let us collect necessary information and results on
symmetric (rearrangement invariant) spaces and regularly varying functions.

2.1. Symmetric spaces. Let ({2, X, 1) be a complete o-finite measure
space and LY = L°(£2) be the space of all classes of j-measurable real-valued
functions defined on 2. A Banach space X = (X, |- |x) is said to be a
Banach lattice on §2 if X is a linear subspace of L(f2) and has the ideal
property: if y € X, z € L% and |z(t)| < |y(t)| for p-almost all ¢ € 2, then
z € X and ||z||x < |ly|lx. We also assume that the support of the space X
is 2 (supp X = 2), that is, there is an 2y € X such that zo(t) > 0 p-a.e.
on (2.

We will say that X has the Fatou property if the conditions 0 < x,, 1
z € LY with 2, € X and sup,cy ||znl|x < oo imply that z € X and
[ znllx 1 [l x-

A Banach lattice X is said to be p-conver (1 < p < 00), respectively
g-concave (1 < g < 00), if there is a constant C' > 0 such that

(S o)) < (X tonit) ™
k=1 k=1
respectively,
(3 ) " <] (S )],
k=1 k=1

for any choice of vectors z1,...,x, in X and any n € N. If in the above defi-
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nitions the vectors x1,...,x, € X are assumed to be pairwise disjoint, then
X is said to satisfy an upper p-estimate and lower g-estimate, respectively.
Of course, p-convexity implies upper p-estimate, and g-concavity implies
lower g-estimate. More properties can be found in the book [LT79].

Let w be a weight on (£2, X, i), i.e., a positive, a.e. finite function, and
let X be a Banach lattice on (£2,X, ). Then the weighted space X (w)
on (£2,X u) is defined by X(w) = {z € 2 : zw € X} with the norm
2] x (w) = [[zw||x. In what follows, we will always suppose that the weight
w is non-trivial, that is, w or 1/w is an unbounded function on (2, X, ).

For two Banach spaces E and F' the symbol E £> F means that the
embedding E C F is continuous with norm at most C, i.e., ||z r < C|z| g
for all x € E.

By a symmetric space (symmetric Banach function space), we mean a
Banach lattice X = (X, || - ||x) on I = [0,1] with the Lebesgue measure
m satisfying the following additional property: for any two equimeasurable
functions z,y € L°(I) (that is, diz(\) = dy()\), where dz(A) = m({t € I :
|z(t)| > A}),A > 0, is the distribution function of z) the condition z € X
implies that y € X and ||z||x = ||y||x. In particular, ||z||x = ||=*||x, where
() =inf{\ > 0:dy(\) <t}, t >0.

Recall that a non-negative function ¢ : [0,1] — [0,00) is called quasi-
concave if it is non-decreasing on [0, 1] with ¢(0) = 0 and if (t)/¢ is non-
increasing on (0, 1]. The fundamental function px of a symmetric space X
on I'is wx(t) = |[x[o,qllx, t € I. It is well known that ¢x is quasi-concave
on . Taking px(t) := infse(o,1)(1 +1/5)px(s) we obtain a concave function
px satisfying px(t) < px(t) < 2¢x(t) for all t € I. For any quasi-concave
function ¢ on I the Marcinkiewicz space M, is defined by the norm

|zllm, = sup @)z (), ()=
tel, t>0 0

It is a symmetric space on I with fundamental function oy, (t) = ¢(t) and

X & M, . The fundamental function of a symmetric space X = (X, |- [/ x)
is not necessarily concave but we can introduce an equivalent norm on X
in such a way that it will be concave (take ||z|% = max(||z|x, zlla, )
z e X).

For any symmetric function space X with concave fundamental function
@ = @x there is also the smallest symmetric space with the same funda-
mental function: it is the Lorentz space A, given by the norm

l2]l4, = " (£) d(t) := 2 (0F) ]| ooy + § 2™ (D) (2) dt.
1 1

1 1
We then have embeddings A, — X < M, . Every non-trivial symmetric
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function space X on I = [0, 1] is an intermediate space between the spaces

Li(I) and Loo(I), and Loo(I) <5 X & Li(I), where €1 = ox(1) and
Cy = 1/¢px(1) (see [BS88, Corollary 6.7, p. 78] or [KPS82, Theorem 4.1,
p. 91] for a similar result when the underlying measure space is (0, c0).)
The lower and upper Boyd indices ax resp. Sx and the dilation indices
~vx resp. 0x of a symmetric space X on I = [0, 1] with fundamental function
wx = ¢ are defined as follows:
. In|jo¢|| x—x o Inlodlx—x
ax= tli%rh Int o Pxo= tlggo Int

orx(s) = z(s/t)xi(s/t)

)

and
gt mat) o(st)
=y, = | 0x =0, = lim t) = .
T = A T 0 X » 7 % Int 2(t) 37851;51 o(s)
We have 0 < ax < vx < d0x < Bx < 1 (see [KPS82, pp. 101-102] and

[Ma85), p. 28]).

A function F : [0,00) — [0, 00) is called an Orlicz function if it is convex
and increasing with F'(0) = 0. For a given Orlicz function F the Orlicz space
Lr =Lp(I)on I=]|0,1]is defined as

Lp(I) = {z € L°%I) : Ir(cz) < oo for some ¢ = c¢(z) > 0},
where Ir(z) := {; F(|z(t)|) dt. The Orlicz space Lp is a symmetric space
on I with the Luzemburg—Nakano norm defined by

|||z, =inf{\>0:Ip(z/N) <1}.
An Orlicz function F satisfies the As-condition for large u if there exist
constants C' > 1 and ug > 0 such that F'(2u) < CF(u) for all u > ug.

Throughout, f g g means that the functions f and g are equivalent
with constant C' > 0, that is, C~1f(t) < g(t) < Cf(t) for all points t of
the set on which these functions are defined, or all points of some explicitly
indicated subset of that set. In the case when the equivalence constant is
not important we write just f ~ g. By [r] we denote the integer part of a
real number r.

More information about Banach lattices and symmetric spaces can be
found, for example, in [BS8§|, [KPS82] and [LT79]; about Orlicz spaces one
can read e.g. in [KR61] and [Ma&9].

2.2. Regularly varying convex and concave functions. An Orlicz
function F' on [0, 00) is called regularly varying at oo of order p (1 < p < o0)
if

F(t
(2.1) lim (fu) =uP for all u > 0.
t—00 F(t)
The following result is due to Kalton [Ka93l Lemma 6.1].
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LEMMA 2.1. Let F' be an Orlicz function. The following conditions are
equivalent:
(a) Fis equivalent to an Orlicz function reqularly varying at oo of order
p e [l,00).
(b) There exists a constant C > 0 such that for any u € (0,1] we can
find ty = to(u) with

uP  for all t > .

Although we do not need it here, there is an analogous definition of Or-
licz functions which are regularly varying of order p at 0 (see e.g. [Ka93]).
However, we do need to consider quasi-concave functions which are regularly
varying of order p at 0. Before recalling their definition we point out that
it is not quite analogous to the definitions for regularly varying Orlicz func-
tions, because the power p which appears in and in the corresponding
definition in [Ka93] will be replaced in by 1/p.

A function ¢ : [0, 1] — [0, 00) which is quasi-concave and satisfies ¢(0) =0
is said to be regularly varying at zero of order p (1 < p < o) if

t
(2.2) lim pltn) = u'/? for all u > 0.
t—0+ (1)

Abakumov and Mekler [AM94], Theorem 5] proved that a quasi-concave
function ¢ is equivalent to a quasi-concave function regularly varying at zero
of order p € [1, 00| if and only if

t
lim sup M ~ ul/P

1ot P(t)
The following lemma is an immediate consequence of this result (see also

the proof of Theorem 5 in [AM94]).

LEMMA 2.2. A quasi-concave function ¢ on [0, 1] is equivalent to a quasi-
concave function which is reqularly varying at zero of order p € [1, 00| if and
only if for some C > 0 and any N € N there exists T(N) € (0,1] such that
for all0 <t < 7(N) with 0 < tN < 1 we have

p(t) '

Recall that the fundamental function of an Orlicz space L on [0, 1] with
the Luxemburg-Nakano norm is ¢y, (t) = 1/F~1(1/t) for 0 < t < 1 and
¢1-(0) =0, where F~1 is the inverse of F' (see [KR61, formula (9.23, p. 79
of the English version)] or [Ma89, Corollary 5, p. 58]). The function ¢r,, is
quasi-concave but not necessarily concave on [0, 1] (see [KR61] or [Ma89]).

The notions of regularly varying Orlicz and quasi-concave functions are
closely related. Using Lemmas [2.1] and and routine arguments one can

for all © > 0.

(2.3)
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establish the following quantitative result showing a connection between a
regularly varying Orlicz function F' and the fundamental function of the
corresponding Orlicz space Lp.

PROPOSITION 2.3. Suppose that p € [1,00) and let F' be an Orlicz func-
tion such that both F and its complementary function F* satisfy the As-
condition for large u. Then the following conditions are equivalent:

(a) There exists a constant C' > 0 such that for any N € N there exists
7(N) € (0,1] with

c’ -
PNt 2N oralluzF H1/T(N)).

(2.4)
(b) There ezists a constant C' > 0 such that for any N € N the funda-
mental function ¢, satisfies condition (2.3) with the same T(N).

3. w-decomposable Banach lattices. Throughout, C' will denote a
constant whose value may be different in different appearances.

The following notion, introduced in [Til1], will be important for us. Let
X be a Banach lattice on (£2, X, 1) and w be a weight on 2. We say that
X is w-decomposable if there exists C' > 0 such that for any n € N and for

all x1,...,Zn, Y1,...,yn in X satisfying the conditions

(3.1) lzillx = lyillx, i=1,...,m,

and

(3.2) inf w(supp ; Usuppy;) > 2sup w(Supp o;4+1 U Supp yi+1)
fori=1,...,n— 1, we have

(3.3) HZQ: ; < sz
=1 =1

To clarify the meaning of condition ({3.2)), consider the following example.
Let X be a Banach lattice of Lebesgue measurable functions on [0,1] and
w(t) =1/t (0 <t <1). Then (3.2) is equivalent to

2sup(supp ; Usuppy;) < inf(supp ;41 Usuppyip1), i=1,...,n—1.

X

In other words, there are intervals [a;, b;] C [0, 1] (depending on x;, ;) such
that 2b; < a;41 (1 = 1,...,n — 1), suppz; C [a;,b;] and suppy; C [as, by
(i=1,...,n).

It is not hard to see that 1/t-decomposability is equivalent to 1/t%-
decomposability, and more generally, w-decomposability and w9-decompo-
sability are equivalent for any weight w and any g > 0 (see [Tillal Corol-
lary 2.2, p. 61]).
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It turns out that the w-decomposability of a Banach lattice X guaran-
tees the K-monotonicity of the weighted couple (X, X (w)). More precisely,
Tikhomirov [TilI] obtained the following generalization of Kalton’s results
from [Ka93|.

THEOREM 3.1. Suppose X is a Banach lattice on a o-finite measure
space (£2,X,u) with supp X = (2 which has the Fatou property, and w
is a (non-trivial) weight on (2. Then the Banach couple (X,X(w)) is
K-monotone if and only if X is w-decomposable.

In the case of symmetric spaces on [0, 1] the notion of w-decomposability
can be clarified by using the well-known Krivine theorem.

PROPOSITION 3.2. Let w be a weight on [0,1]. A symmetric space X on
[0, 1] is w-decomposable if and only if there exist C > 0 and 1 < p < oo such
that for any n € N and all 21, ...,x, € X satisfying the conditions
(3.4) inf w(supp x;) > 2supw(suppx;+1), 1<i<n-—1,

we have

(35) [, S (3 i)
i=1 i=1

where, as usual, in the case p = oo the right hand side should be replaced by
maxi<i<n ||| x-

Proof. By Krivine’s theorem (see [LT79, Theorem 2.b.6] or [Ro78]), there
exists p € [1/B8x,1/ax] such that for every m € N there are pairwise disjoint
equimeasurable functions y1,...,ym € X, ||ykllx =1 (k = 1,...,m), such
that for any ap € R (k=1,...,m) we have

(3.6) Sl < || D2 nnn . < 2N@n)lp.
k=1

Obviously, the support of each y; has measure not greater than 1/m.
Suppose that a symmetric space X is w-decomposable and that, for some
n € N, functions z1,...,z, in X satisfy . Without loss of generality we
may assume that x; # 0 for each i = 1,...,n. We choose m € N sufficiently
large so that the support of each z; has measure greater than 1/m (and so
of course m > n). For this choice of m we consider the disjoint measurable
functions y1, ..., Ym, |lyxl|x = 1 (kK =1,...,m), obtained as described in the
previous paragraph. In fact, we will only need the first n of these functions,
and we will only need a special case of for sequences () which satisfy
ar = 0 for k£ > n. We may assume without loss of generality that suppy; C
supp z; for each i = 1,...,n. (If not, since X is symmetric, we can simply
replace each y; by an equimeasurable function which has this property and
the above mentioned special case of will remain valid.) Thus (3.4))
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implies (3.2), and therefore, applying w-decomposability (see (3.3])) and then
the special case of (3.6 , we obtain

S o] < e

for all real «;. In partlcular, when «; = [|z;||x we obtain (3.5)). Since the
reverse implication is obvious, the proof is complete. »

~ [[(ar)iz llp

!%Hx

For a given weight w consider the sets
My, = {t € [0,1] s w(t) € [2¥, 25 1)}, ke

Let (wT)T 1 be the non-increasing rearrangement of the sequence

(m(My));{2° . Since the weight w is non-trivial it follows that w, > 0
for all r = 1 2
For some ﬁxed n € N, let z1,...,z, be functions in X. Suppose first

that they satisfy (3.4). Then it is easy to see that
card{i : My Nsuppx; #0} <1 for each k € Z.

On the other hand, more or less conversely, suppose that the functions z;
satisfy

card{k : My Nsuppx; #0} <1 foreachie {1,...,n},

e., for each ¢, there exists a unique k; € Z for which suppx; C My,.
Furthermore, suppose k1 < --- < k. While this is not sufficient to imply
that the collection of functions z1, ..., x, satisfies , it does imply that
(after relabelling) the collection 1,3, x5, ... satisfies , and so does
Lo, Xy

We will denote by {M,}2, any rearrangement of the sets My (k =
0,+1,42,...) such that m(M,) = w,, r = 1,2,.... Thus, by Proposition
we obtain the following result.

THEOREM 3.3. Suppose w is a non-trivial weight on [0,1]. A symmetric
space X on [0,1] is w-decomposable if and only if there exist C > 0 and
1 < p < oo such that for any n € N and all x1,...,2, € X satisfying the
condition

(3.7) suppz; C M;, 1<i<n,
we have the equivalence ({3.5)).

Next, we will need some corollaries of Theorem Firstly, using the
symmetry of the norm in X, we get

COROLLARY 3.4. Let w be a non-trivial weight on [0,1]. A symmetric
space X on [0,1] is w-decomposable if and only if there exist C > 0 and
1 < p < oo such that for any n € N and all pairwise disjoint x1,...,T, € X
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satisfying the condition
(3.8) m(suppz;) <w;, 1<i<nmn,

we have (3.5)).

COROLLARY 3.5. A symmetric space X on [0,1] is w-decomposable for
some non-trivial weight w on [0,1] if and only if there exist C > 0, 1 < p
< 00, and a sequence { Ay} of disjoint subintervals of [0,1] such that for
any n € N and all x1,...,x, € X satisfying suppz; C A; (1 <i < n) we
have (3.5)).

COROLLARY 3.6. Let w be a non-trivial weight on [0,1] and let (w,)>2,
be as above. Suppose that X is a w-decomposable symmetric space on [0, 1]
with fundamental function ¢. Then there exist C > 0 and p € [1,00] such
that, for every sequence (7,)52, of reals satisfying 0 < 7, < w, (r € N), we

have
o0

39) ()£ (S e
r=1 r=1

with the natural modification for p = co.

COROLLARY 3.7. Let w be a non-trivial weight on [0, 1] such that a sym-
metric space X on [0,1] is w-decomposable. Then there exist C > 0 and
1 < p < oo such that condition is fulfilled with T(N) = wy (N € N).
In particular, the fundamental function ¢ of X is equivalent to a function
reqularly varying at zero of order p and ax = v, = 0, = fx = 1/p.

Proof. First we note that is an immediate consequence of .
Moreover, it is well known that the assertion of Krivine’s theorem holds
for both p = 1/ax and p = 1/8x (see [LT79, p. 141], [Ro78] and [AsII]).
Therefore, the coincidence of the Boyd indices and dilation indices follows

from an inspection of the proof of Proposition [3.2]and the inequalities ax <
Yo < 0, < Bx (cf. [KPS82, p. 102] and [Ma85| p. 28]). =

Let us show that, conversely, (3.9) can be derived from (2.3)) with 7(N) =
wy for a large class of weights w.

THEOREM 3.8. Let w be a weight on [0,1] such that qu,+1 < w, (r =
1,2,...) for some ¢ > 1 and let ¢ be a quasi-concave function on [0, 1].
Suppose there exist C > 0 and 1 < p < oo such that ¢ satisfies with
T(N)=wn (N =1,2...). Then, for any sequence (7,)>2, of reals such that
0<7 <w, (r=1,2,...), estimate holds.

Proof. We present the proof for 1 < p < oo since the case p = co needs
only minor changes.

Firstly, it is easy to see that condition ([2.3) can be extended as follows:
we can find a (possibly different) constant C' > 0 such that for every real
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z > 1 and 7(z) := 7([2]) we have

@(Zt) Q Zl/p i (2
(3.10) ol £0<t<7(z)

Let us show that for every m € N there is a constant C(m) > 0 such
that for all even N € N satisfying N™ < ¢™¥/? and all z € [1, N] we have

m) C(m
(3.11) p(z™t) Cm)
p(t)
In fact, by assumption, 7(N/2) > ¢"/?7(N), whence
Pt <2 < Nr(N) < ¢V2r(N) <7(N/2) <1 (k=0,1,...,m)

provided that ¢ < 7(N). Therefore, using the quasi-concavity of ¢ and the
equivalence (3.10]) for max(1,z/2) we obtain

k E—1
plet)  pmax(L2/2270) a2y < r(w),
p(2F1t) p(2F1t)
with an equivalence constant depending on p. Multiplying these relations
forall k=1,...,m, we come to (3.11]).
Next, let
—0 p(ts)

© (s) = limsup for s > 0.
t—0t So(t)

Clearly, condition implies 7%(s) ~ s/? (s > 0). On the other hand,
in view of Boyd’s result [Bo71] (see also [Ma85|, Theorem 2.2]), @°(s) > 57
if 0 < s <1 and Eo(s) > g% if s > 1. Since Yo < 0y it follows that
Yo = 0, = 1/p > 0. Therefore, there exist A > 0 and x > 0 such that

2P if 0 <t <7(N).

t
(3.12) sup 28U < 4 forano<t <1,
0<s<1 ©(5)

Let us prove that is a consequence of and . Take a
natural number mg > 2 such that kmg > 1 and consider an arbitrary
sequence (7,)°2; satisfying 7 < w,, r = 1,2,.... Since the non-increasing
rearrangement (7,)%2 ; of this sequence also satlsﬁes F <w,forr=1,2,...,
we can assume without loss of generality that the sequence (7,)%2, is itself
non-increasing. Further, set I = {r € N : 7,7 > 7} and J = N\ [.
Clearly, 1 € I. By and the choice of my,

o(Sm) o3 ) <A r) e < Cutr),

red r=2 r=2
Analogously,
S () € 3 ) < A5 ) < o),
red

Thus, it is sufﬁment to prove equlvalence . for (7,)rer-
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If card I < oo then there is nothing to prove. So, assume that card I = oo.
Choose a positive integer iy € I, igp > 2, such that for N = 2[iy/2] we have
N™ < ¢N/2. Denote 8, = (1,/7i,)"/™ for r € IN{1,...,ip}. Then, by the
definition of I, 6, < (Tl/TiO)l/mO < 49 < 2N. Applying in the case
m = mg,z = max(1,9,/2) for all r € I, < ig, we get

() _ (07T) _ smosp _ (n)“ﬁ

Tio

©(Tiy) ©(Tip)
with an equivalence constant depending on mgy and p. The last formula

implies that
P (Ti 3
E : P (1) ~ ( 0) -

. Tig .
reln{l,...io} reln{l,...,io}

On the other hand, setting 6 := (3_, ¢ nf1,. io) 7/ Tis )/ M0+ we get

0 < ( Z Tl/Tio)l/(mOH) < 1p.

reln{l,...io}
Therefore, again by (3.11]), we obtain

D (.
® (7'10) Z T, = (5m0+190p(7'z‘0) ~ (pp((smo+l7_i0)

Tio reln{1,...i0}
= Qpp( Z T’I”)7

reln{l,....io}

Y

with a constant depending on mg and p. Combining the above formulas and
noting that ig can be arbitrarily large, we conclude that equivalence ([3.9)
holds and the proof is complete. =

Theorem allows us to construct non-trivial quasi-concave functions
satisfying condition for a large class of weights. For example, let w(t) =
1/t (0 <t <1).In this case w, =277, r =1,2,.... Define p(t) = tlog (e/t)
(0 < t < 1). Obviously, ¢ is quasi-concave. Elementary calculations show
that holds for ¢ with p =1 and 7(N) = wy =27V (N =1,2,...).
Thus, by Theorem © satisfies .

4. w-decomposable Lorentz and Marcinkiewicz spaces. For 1 <
p < oo and any increasing concave function ¢ with ¢(0) = 0, the Lorentz
space A, , consists of all classes of measurable functions  on [0, 1] such that

1

1/p
el = (Y @etor ) <o

t
0

The space A, , was investigated by Sharpley [Sh72] and Raynaud [Ra92],
who proved that if 0 < v, < d, < 1, then A, is a symmetric space on [0, 1]
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with an equivalent norm

1 1/p
lally, . = (S [w**(t)w(tnpdt) ,

0 t

where z**(t) = %Sé z*(s)ds (cf. [Sh72, Lemma 3.1]). Moreover, if v, > 0,
then applying [KPS82, Corollary 3, p. 57] to ¢ = ¢P (1 < p < o0) (see
also [Ma85, Theorem 6.4(a)]), we conclude that there exists a constant K =

K(p) > 1 such that

(4.1) K0P (1) < | PG 4o < KeP(t)  (0<t<1).
0

Therefore, the fundamental function ¢y, ,(t) is equivalent to ¢(t). Inequal-
ities (4.1) also imply that, if v, > 0, then A, coincides with the Lorentz
space A, with the norm

1
l2]la, = {2 () d ().
0
Recall also that the Kothe dual of the Lorentz space A, is isometric to the
Marcinkiewicz space Mz with @(t) =t/p(t) and its norm is

t

~ 1

|2llar, = sup @(t)a**(t) = sup —— |
0<t<1

z¥(s)ds
o<t<1 ¢(t) 0 (s)

(cf. [KPS82, Theorem 5.2, p. 112]).

We will prove that condition is necessary and sufficient for Lorentz
and Marcinkiewicz spaces to be w-decomposable. We start by proving a
specific geometric property of Lorentz spaces.

PROPOSITION 4.1. Let ¢ be an increasing non-negative concave function
on [0,1] such that v, > 0, and let 1 < p < co. Then for every b > 1 there
exists a constant C = C(b,p,p) > 0 with the following property: for any
two-sided non-decreasing sequence (a;)7°°_ of reals from [0,1] such that

. j=—s0

the function x = ;rﬁioo b X(aj_1,a5) belongs to Ay, we have
¢ <X ;

(4.2) lall, & S bPgP(a; - ay).

j=—o0

Proof. Since v, > 0, there exist x > 0 and A > 0 such that inequality
(3.12) holds. Choose a constant C7 = Cy(p) > 1 satisfying

(C1+ 1)~

(4.3) -

> 2K,
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where K is the constant from (4.1), and denote by I the set of all indices
J € Z such that a; —aj—1 > Cra;j—1. We prove the following equivalences:

aj

P (¢t .
(4.4) | Sot()dtzwp(aj—aj—l), Jel,
aj—1
and, if b > Cy + 1,
Voer()
(4.5) lally, , ~ > b | =2t
jel aj—1
(4.6) Z b P P (a; — aj_1) Zb PIgP(aj — aj_1),
j=—00 jel

with constants which depend only on b, ¢ and p.

First, if j € I then, by (3.12)) and (4.3)),

Ch+1)"
olag) = o((Cr+ Dag) = O ) > 0k ().
Combining this with (4.1]) and
(4.7) pla;) < wla; —aj—1) +v(aj-1) <2¢(a; —aj_1),
we obtain
1 D 1 D 1 2\p P
S (07— a51) < 5gP(ag) < S [26 () — (K7 P las 1)
1 e (a;)
S 2K [2 p(a]) - 2K SD (a] 1)] K] - K(pp(a]_l)
aj—1 P a; P
Sssﬁ() S@(t)dtzxﬁp(t)dt
t t
0 0 aj—1
aj p
< S Ll t(t) dt < K¢P(a;) <2PK¢P(aj — aj—1),
0

which implies .

Now, assuming b > Cy + 1, we show that the set I is unbounded from
below. In fact, otherwise there is jo € Z such that a; —a;—1 < Cra;_1 for all
J < jo. Then aj, < (C1 4+ 1) a; (j < jo) and by and the concavity
of ¢,

Ver) 1 4
HxHP > supb PJ S T——=dt > — sup b P ¢P(ay)
j<jo 5 1 K j<jo
1 (C1+ 1)p(jfjo)
gy ¥lag) =<
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Therefore, for a given i ¢ I we can find k = max{j <i:j € I}. Further,
from the definition of I it follows that a; < (C1+1)""* ay. Since ¢ is concave
and 2ax_1 < ag, we get

a; (C141)i7k
D D
S w(t)dtg S @(t)dt
t t
ai—1 ag
(ClJrl)z k
< ((C1 4+ 1) Fay) S ?) dt
(cl+1)z t)
< 2710y 4 1) DG < > dt
@( )

AN (t)
< 2P(Cy + 1PETRI P 1(;) | (pTdt
ag/2

ag )
< 2P(Cy + 1R | ‘pt(t)dt

ay /2

ag )
< 27(Cy + )PP ‘pt(t) dt

ak—1

and so

Since b > C7 + 1 we obtain (4.5)).
In a similar way, applying (4.7)) for j = k, we get

b PP (a; — ai—1) < b POy + 1)PUR P (ay)

1 p(i—k)
<Cl + > b_kaOP(ak _ ak‘—l)7

< 2P
b

which implies .

Relations f imply , so we have proved the statement for
b > Cy+ 1. To extend this result to all b > 1 it suffices to prove the
following: whenever ) holds for some b > 1 and every non-decreasing
sequence (aj)joo o w1th constant C, it is automatically fulfilled for b!/2
with a constant not exceeding 2P0PC. Indeed, if
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+o0 400
y= Z b/ X{(aj-1,a;] and 2= Z b ]X(a2j72,azj}7
Jj=—00 j=—00
then
= / v dt
p - —pj/2 D -
i, = > v | S
Jj=—00 aj—1
+o0o azj—1 +00 azj
; dt ) dt
_ —p(2j-1)/2 il —pj P4y
- S o 8 |
J=—00 aj—2 j=—00 azj—1
+o0 azj
pp/2 s dt
~ Y v | e =,
Jj=—00 ag;j—2

On the other hand,

—pJ P 2rpp/2 —pJ P
b Py (agj — a2j72> ~ b Py (CLZj - a2j71)

+ 0PIV (g5 g — ag0),
so we get an analog of ([&.2) for y, and b'/2, and the proof is complete. m

REMARK 4.2. For the space A, = A, the result can also be proved by
using the following well-known formula (cf. [KPS82, formula 5.1, p. 108)):

+m . .
lzlla, = > (077 =7 p(ay).
j=—00

As above, for a given weight w, let M, = {t € [0,1] : w(t) € [2¥,2FF1)}
(k € Z) and let (w,)?2, be the non-increasing rearrangement of the sequence
(m (M) {22 -

THEOREM 4.3. Let ¢ be an increasing concave function on [0,1] such
that v, > 0 and 1 < p < 00, and let w be a weight on [0,1]. Then the Lorentz
space X 1= Ay, ,, is w-decomposable if and only if ¢ satisfies condition (3.9)).

Proof. It X = A, , is w-decomposable then, by Corollary the rela-
tion (3.9)) holds for the fundamental function ¢ x. Since, as mentioned above,

© = px, (3.9) is fulfilled for ¢ as well.
Conversely, suppose that ¢ satisfies (3.9). Let n € N and zy,...,2,
be non-negative functions from X satisfying (3.8). Evidently, there exist

2l ..., 2 € X taking values in {27%}%¢ _ U{0} and such that z;(t) 2 zi(t)
(0 <t <1). Clearly, m(supp z,) = m(suppz;) < w; (1 <i<n) and

m{t : Z:c;(t) = 27’“} = Zm{t - xh(t) = 27K}
i=1 i=1



72 S. V. Astashkin et al.

for all integers k. Therefore, applying (3.9), we get
(4.8)

ng (m{t:zi(t) =27F}) ~ ( { Zx }) (keZ).

On the other hand, Prop051t1on [4.1] yields

(49) il = Z 2P (m{t ai(t) =27} (1<i<n)

k=—00

and

(4.10) Hi;x’ ! zkio 27k (mt ix;(t) =27+})

with a constant which depends only on ¢ and p. Combining (4.9) and (4.10)
with (4.8]), we obtain (3.5) for «} and so for z;. =

In particular, from the above theorem and a remark after Theorem
it follows that the Lorentz space A, generated by ¢(t) = tlog(e/t)
is 1/t-decomposable and therefore the Banach couple (A(y), A(p)(1/t)) is
K-monotone.

THEOREM 4.4. Suppose that ¢ is an increasing concave function on [0, 1]
such that v, > 0 and 1 < p < oo. The following conditions are equivalent:

(a) There exists a weight w on [0, 1] such that the Lorentz space Ay, is
w-decomposable.
(b) ¢ is equivalent to a function regularly varying at zero of order p.

Proof. First, if X := A, is w-decomposable for some weight w on
[0, 1], then, by Corollary as in the proof of the previous theorem, ¢ is
equivalent to a function regularly varying at zero of order p.

Conversely, suppose that ¢ is equivalent to such a function, that is,
¢ satisfies for some 7(N) (N =1,2,...). Consider a family (My)%_;
of pairwise disjoint measurable subsets of [0, 1] with m(Ms) = min(7(2),1/4)
and

m(My) = min(7(N),m(My_-1)/2), N > 2,

and let M; = [0,1] \ UX—y Mn. Set w(t) := 2" for all t € My and N € N.
Clearly, m(Mpyy1) < m(Mn)/2 (N € N). Therefore, by Theorem ¢ sat-
isfies for any sequence (7n)3_; majorized by (m(Mp))F_,, and it
remains to apply Theorem .

It is obvious that Ly-spaces (1 < p < 00) are w-decomposable for every
weight w. On the other hand, we now show that for an arbitrary weight w
there exist w-decomposable Lorentz spaces A, different from L.



New examples of K-monotone weighted couples 73

THEOREM 4.5. Let w be an arbitrary weight on [0,1]. Then there exists
an increasing concave function ¢ such that the space Ay, is w-decomposable

and Ay, # L.

Proof. As above, let My = {t € [0,1] : w(t) € [2¥,2¥+1)} for k € Z and

(w;,)22 be the non-increasing rearrangement of (m(My));>° _ . Define

G(a) = Zmin{a, wp},  a>0.
r=1

Then G(1) =1, G(0) = 0 and G is increasing and continuous at zero.

Let (t)72, be a sequence from (0,1] such that to =1, 0 <t < tx—1/3
for k> 1 and
(4.11) Gltps1) <27%, k=0,1,....

Then we set ¢ (t) = maxz-:()’l,.“,k{?x[oii](t)}, k=0,1,..., and ¢'(t) =
limp o0 ). (t) (0 <t < 1). 1t is easy to see that ¢}, and ¢’ are non-increasing
functions on (0, 1]. Moreover, since

tr (te) =t 28 < 2512571 = 214/ (ten)
it follows that
[e.e] o0 &
fe'®dt <> ¢t <> (3)" <o
0 k=0 k=0

Therefore, the function ¢(t) := Sé ©'(s) ds is well-defined, increasing and con-
cave on (0, 1]. We shall prove that the Lorentz space A, is w-decomposable.

In view of Theorem it suffices to show that for some constant C' > 1
and any sequence (d,)22; of reals such that 0 < d, <w, (r=1,2,...),

‘p<§:dr) < i@(dr) < CsO(idr).
r=1 r=1 r=1

Note that the left hand inequality is an immediate consequence of the
concavity of ¢. Further, since pg(t) = Sf) ¢i(s)ds T ¢(t), it follows that
limp oo D ey @r(dr) =D 02 ¢(dy). Therefore, it is enough to prove that

> re1 Pr(dr)
(4.12) m <3, k>0.

Noting that > 72, dr <ty =1, we set

ko ::max{k:O,l,Q,...:ZdT Stk}.
r=1
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From the definition of ¢y, it follows that

(4.13) @k(idT) :2kidrzi¢k(dr) if 0 < k < k.
r=1 r=1 r=1

Since tgy41 < Doy dr < ti,, again by the definition of ¢}, we have

(4.14) > Grori(d) <2073 d, < 20,0 (Y dr).
r=1 r=1 r=1

Let k > ko be arbitrary. The inequality > 2, d, > t; implies that

(4.15) @k(ZC&«) > on(te) = 25t
r=1

Moreover, since

2k+1dr = 290k(d7°) if d. < tt1,
@k—‘,—l(dr) = k .
2%ty + @k(dr) if d > tgy1,
we obtain
D en(de) =D ek(dy) =Y min(2t441,28d,) < 2°G(t4a).
r=1 r=1 r=1

Hence, for any k > ko, by (4.15) and (4.11)), we obtain
Dot Prt1(dr) < 2 ret Pr(dr) n > ore1 P (dr) — 3002 pildr)

SDk—l—l(ZSil dr) N @k(ZSL dT) 9016(2:11 dr)
S onld) | Gltn) S onld)
Sed) Tt et

Applying the last estimate together with (4.13)) and (4.14)), we obtain (4.12)).
It is easy to see that ¢(t) is not equivalent to ¢, and therefore A, # L;. m

REMARK 4.6. Theorem can be easily extended to all spaces A,
with p € (1,00). Indeed, let w be an arbitrary weight on [0, 1] and ¢ be
the function from the proof of Theorem Set 1) := /P Clearly, 1 is
an increasing concave function not equivalent to t1/7. Therefore, we have
Ay # Ly. Since is fulfilled for ¢ as well, Theorem shows that A,

is w-decomposable.

Our next goal is to prove analogous results for Marcinkiewicz spaces M.
To make use of the duality of Lorentz and Marcinkiewicz spaces we will need
the following statement which is of interest in its own right.

THEOREM 4.7. Let X be a Banach lattice on a o-finite measure space
(2, X, u) with supp X = §2 which has the Fatou property, and let w be a
non-trivial weight on 2. Then the couple (X, X (w)) is K-monotone if and
only if (X', X'(w)) is K-monotone, where X' is the Kothe dual of X.
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This follows from Theorem [3.1| proved in [Till] and the following result.

THEOREM 4.8. Let X be a Banach lattice on a o-finite measure space
(2, X, 1) with supp X = 2 which has the Fatou property, and let w be a
non-trivial weight on §2. Then X is w-decomposable if and only if its Kéthe
dual X' is w-decomposable.

Proof. Suppose that X is w-decomposable. Let n € N and the functions
2,2l Y.y, € X osatisfy (3.1) (with the norm of X') and (3.2).
Take z € X with ||z||x =1 such that suppz C |J;_; supp z} and

Hix’ _zg‘zn:x;(t)x(t)‘d
=1 2 =1

Now, consider y; € X such that suppy; C suppy,, ||lyillx = e Xsupp /| x
and

2 .
lyillxe < ==V lgi@®)wi(®) dp,  1<i<n.
foillx )
Then, by hypothesis,

n
2wl
=1

=C,

n
< CH ZJUXsupp:c; x
i=1

and therefore

n
H > i
=1

3

X/2 ‘Zy’ Zyj ‘dﬂ—éZSIy{ Yy ()| dp

2 =1 i=1

v

% Z L lill x = % Z 1270l x| X supp o | x

. 2025'96 ) Xeupp (O] dit > 4CHZ

Certainly, the same argument can be applied to get the opposite estimate. =

Since M;, = Ag (cf. [KPS82, p. 117]) and 0, + 5 = 1 for any increasing
concave function ¢ on [0,1] (cf. [KPS82, Theorem 4.12, p. 107] or [Ma85),
p. 28]), by Theorems and we immediately obtain the following
statements.

COROLLARY 4.9. Let ¢ be an increasing concave function on [0,1] such
that 6, < 1 and let w be a weight on [0,1]. Then the Marcinkiewicz space

M, is w-decomposable if and only if p(t) =t/p(t) satisfies (3.9)) with p = 1.

COROLLARY 4.10. If ¢ is an increasing concave function on [0,1] such
that 6, < 1, then the space M, is w-decomposable for some weight w on
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[0,1] if and only if ¢ is equivalent to a function regularly varying at zero of
order o0.

In [Ka93], Kalton proved that if X and Y are symmetric sequence spaces
with the Fatou property such that the couple (X, Y (w)) is K-monotone for
some non-trivial weight w, then X =1{, and Y = [, with 1 < p,q < oo. The
results in this section and Theorem show that in the case of symmetric
function spaces on [0, 1] the situation is completely different. The following
theorems present new examples of K-monotone Banach couples of weighted
Lorentz and Marcinkiewicz function spaces. The first theorem follows from
Theorem 3.1} Theorem [£.4] Theorem [£.5] and Remark 2 and the second one
from Theorem Theorem [4.§ on duality and Corollary

THEOREM 4.11. If ¢ is an increasing concave function on [0,1] such
that v, > 0 and 1 < p < oo, then the weighted couple (Ap,, Apo(w)) is
K-monotone for some (non-trivial) weight w on [0,1] if and only if v is
equivalent to a function regularly varying at zero of order p. On the other
hand, for an arbitrary weight w on [0,1] and 1 < p < oo there exists an
increasing concave function ¢ on [0, 1] such that the couple (Ay 4, Ap o(w))
is K-monotone and Ay, , # Ly.

THEOREM 4.12. If ¢ is an increasing concave function on [0,1] such
that d, < 1, then the weighted couple (Mg, My(w)) is K-monotone for some
(non-trivial) weight w on [0,1] if and only if ¢ is equivalent to a function
regularly varying at zero of order oco.

5. w-decomposable Orlicz spaces. As we have seen in the previous
section, in order to check w-decomposability for Lorentz spaces, it is enough
to consider only characteristic functions (Theorem . In this section we
will prove that in the case of Orlicz spaces it is sufficient to examine scalar
multiples of characteristic functions.

As above, for a weight w on [0, 1] let My, := {t € [0,1] : w(t) € [2F,2FF1)}
(k € Z), let (w;)22, be the non-increasing rearrangement of the sequence
(m(My))i2° . and let {M,}2, denote any rearrangement of the sets My
such that m(M,) = w,, r =1,2,...

THEOREM 5.1. Let F be an Orlicz function satisfying the As-condition
for large u and let w be a weight on [0,1]. Then the Orlicz space Lp =
Lp[0,1] is w-decomposable if and only if there exists p € [1,00) such that
for any n € N and all measurable sets A, C M), and reals c;, (1 <k<n)
we have

(5.1) H ZCkXAk

Z llerxa iz,
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with a constant independent of cx, Ax, (1 < k <n) and n € N. If, in addi-
tion, the complementary function F* satisfies the As-condition for large u,
then the w-decomposability of Ly implies that F' is equivalent to an Orlicz
function an regularly varying at oo of order p.

Proof. Suppose first that Lg is w-decomposable. By Proposition
there is p € [1,00] such that holds for X = Ly, which implies (5.1)).
Since F satisfies the Ao-condition for large u > 0, we have ax > 0. There-
fore, by Corollary p < 00.

Conversely, let n € N and y;, € Lr with suppyr C My, for 1 < k < n.
We may (and will) assume that y; are positive bounded functions and

n
P _
(5.2) Sl =1
k=1

Taking into account Theorem [3.3] we need to show that

n
P
o3 IS, =
k=1
with a constant independent of n and y. For each 1 < k < n we set
201 (m(supp yk))’ 0 if yi(t) < cp.

Applying (5.1]) to Ax = supp yx and taking into account the definition of ¢
and (5.2) we get

n
H § , Ck X'supp yy,
k=1

P n
. < C1 Y dpr, (m(supp )P
F k=1

n
=Y 27P||uellh, = 277Ch
k=1

Up to equivalence of norms the Orlicz space Ly = Lp[0, 1] depends only on
the behaviour of F' for large enough u > 0. Therefore, we may assume that
F(2u) < CyF (u) for all u > 0. Then, from the last inequality it follows that

(5.4) > m(suppyi) F(cx) < Cs,
k=1

where ('3 is a constant independent of n and y;. Moreover, from the defini-
tion of ¢, and g, we have

(5.5)
10ellze < lukllee  and  |Gkllze > Nyklle — llekXsuppyellze = 31YkllLe-
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Next, let us show that there is 7 € [cg, sup, §x(t)] such that

Tk L
(5.6) ) = F(HMLF) RO
In fact, consider the function
PG L
)= Fam ol €SP

From the equality S(l) F(%) dt = 1 it follows that

1
inf  Hy(t) < | Fgi(t)] dt < sup  Hy(t).

tesupp Yr o tesupp

Thus, since infiequppg, U(t) > ci, by the continuity of F, equality
holds for some 7y € [c,sup; Jx(t)].
Next, define dj, € [0,1] (k= 1,...,n) as follows:
g = {SOL;(HQHLF/M) if ||gkllLr < rrpry(m(suppyr)),
m(supp yx) i [|Gkll e > reeLe (m(supp yi))-
Clearly,

(5.7) TP Le (dk) < || GkllLp-
On the other hand, since 7, > ¢, we obtain
(5.8) reprne (die) > 110kl

whence dj, > ‘PZ;(HZ]kH L/ (2r1)). Hence, taking into account that F' satisfies
the Ag-condition with constant Co for all w > 0, the formula ¢r,, (t) =
1/F~1(1/t) (see [KR61], formula (9.23), p. 79 of the English version] or
[Mag&9, Corollary 5, p. 58]) and (5.6), we have

Fe) 1 F(n 1
FQ@2ri/|lgells) — Co (Tk/\lkaLF

Conversely, from the equality 1/d, = F (1/¢r,(dk)), and (5.6)) it
follows that

1
(5.9) dpF(ry) > SF
O

1
F(ry) F(re) .
< = =\ Flyk(t)] dt.
F(1/orp(dr)) = F(re/lgllze) (S)
Now, by the definition of dj, we have dj, < m(supp yi). Therefore, we can de-
fine the scalar multiples of characteristic functions fy(t) := ryx B, (t), where

By, C supp yx, and m(By) = dg. According to (5.7)), (5.8) and (5.5)),
ilvelle < fellee <llykllee, k=1,....n

(5.10)  dpF(rg) =
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Therefore, in view of (5.1)) and (/5.2]), we obtain

n p n n
| Sall, =Dl ~ Xl =
k=1 k=1 k=1

with constants which depend only on p. Hence, as F satisfies the Ao-
condition, we conclude that (5.3) will be proved once we show that

n n
szk ~ Hsz\
Lp
k=1 k=1

with constants independent of n and yy. Since the functions fj (respectively,
yi) are pairwise disjoint, in view of estimate ((5.10) we find that

Lr

1 n n n 1
JF[S° f)] de =3 diF(r) < 30 [ F i) de
0 k=1 k=1 k=10

1 n
< P[> (o)) at
0 k=1
Conversely, by (5.9) and ( , we get
S [Zyk }dt<zs dt+2m supp yr ) F'(ck)

0 k=10 k=1
1

n
< (P[] i+ s,
0 k=1

and we come to the desired result.

In order to obtain the second assertion of the theorem it is sufficient to
apply Corollary[3.6] Lemmas[2.1]and [2.2] Proposition [2.3]and the elementary
observation that condition (a) in that proposition implies the equivalence of
F to an Orlicz function which is regularly varying at co of order p. m

REMARK 5.2. Arguing in the same way as in the proof of Theorem
we may obtain the following result: Let F' be an Orlicz function satisfying
the Aa-condition for large u, and let 1 < p, ¢ < oo. The Orlicz space Lr|0, 1]
satisfies the upper p-estimate, respectively the lower g-estimate, if and only
if there exists a constant C' > 0 such that for any n € N, all pairwise disjoint
measurable sets A; and all reals ¢, we have

n " » \1/P
IS aa, (3t )™
k=1 e k

respectively,

<Z|!CkXAkHLF> < CHZCkXAk L
k=1 k=1
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However, an inspection of the proof of results from [KMP97, pp. 120—
121 and 124]) shows that the first of these inequalities is equivalent to either
of the following conditions: the Orlicz space Lp[0,1] is p-convex; Lg|0, 1]
satisfies the upper p-estimate; there exists an Orlicz function F} equivalent
to F for large arguments such that Fy(u'/P) is a convex function on [0, c0).
At the same time, the second condition above is equivalent to each of the
following: Lr[0,1] is g-concave; Lr[0, 1] satisfies the lower g-estimate; there
exists an Orlicz function Fi equivalent to F' for large arguments such that
Fy(u!/9) is a concave function on [0, o).

The following result is analogous to Theorem for Lorentz spaces.

THEOREM 5.3. Let F be an Orlicz function equivalent to an Orlicz func-
tion which is regularly varying at oo of order p € [1,00). Then there is a
weight w on [0,1] such that the Orlicz space Lp is w-decomposable, and
consequently the couple (Lp, Lp(w)) is K-monotone.

Proof. By Corollary it is sufficient to find a sequence {A;}2°, of
pairwise disjoint intervals from [0, 1] such that for any n € N and x4, ..., z,
€ X satisfying suppz; C 4; (1 <i < n), relation holds.

First, since F is equivalent to an Orlicz function regularly varying at oo
of order p, Lemma 1 and a simple compactness argument (see also [Ka93,
Lemma 6.1]) show that there exists a constant C; > 1 such that for every
k € N there is v > 0 such that for all v > vy and u € [k~2/8,1],

C
(5.11) F(uv) = uPF(v).

Let v > 0, > 0 be arbitrary, and let A be a subinterval of [0, 1] such that
m(A) < e/F(v). Moreover, suppose that z € Lg, z > 0 and suppz C A.
Then

| Flz(t)]dt < F(v)m(A) < e.
{teA: z(t)<v}
Let {Ag}72, be a sequence of disjoint subintervals of [0, 1] such that
m(Ay) <275 Y Fop)™t (k=1,2,...).

Then, as noted above, for every z € Lp such that z > 0 and suppz C Ay,
we have

(5.12) | Flz@t)]dt <271 (k=1,2,...).
{teAy: z(t)<vp }

Suppose that {zj}32, is an arbitrary sequence from Ly such that zj > 0
and suppxp C Ag (k=1,2,...). To prove (3.5) we assume that

n
| >
=1

= 1,
Lp
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or equivalently

n

(5.13) >\ Flai(t)]dt = 1.

i=1 A;
If i :==||zillr, (i=1,2,...), then 0 < \; <1 and

it .
(5.14) SF[x/\(.)] d=1 (i=1,2,...).
Denote I1 :={i=1,...,n: \; <i72/8} and Iy := {1,...,n}\ ;. Then
1 1
. P —2p<
519 WD
iclqy i€l

Now, let i € I, i.e., \; > i~2/8. Then, if x;(t) > \v;, from (5.11) it follows
that

(5.16) CrINF {“;A(t)] < Flzi(t)] < Cl/\fF[x;(j)} .

Moreover, by (b.12)) and (5.14)), we have
| F[%( )] dt=1- i F[wi(t)}dt

{tGAil"Ei(t)>)\iUi} AZ {tGAil"Ei(t)S)\iUi}

>1-2""1>3/4,
whence, taking into account the left hand inequality of (5.16]), we obtain

i(t _ .
\ Flai(t)]dt > C7 A | F[x)\( )] dt > 307\, Qe D
A; {tEAill‘i(t)>>\i’Ui} t

Combining this with (5.13)) and m, we get

ZA” DN NG +4012§ Flai ()] dt < 204,

iely i€ly i=1 A,

and the first inequality in (3.5]) is proved.
On the other hand, using the right hand inequality of (5.16)) and ([5.14]),
we infer that

(5.17)
S FmwlazaS | F{x;w] "
i€lz {teAi:zi(t)>Aivi} i€l {teA;:z;(H)>Av} ¢

=1



82 S. V. Astashkin et al.

At the same time, by (5.12)) and the convexity of F'; we obtain

3 | Flai(t)]dt <> A | F ["3;”} dt

i€l {tEAi::Bi(t)S)\ivi} i€lr {teAiixi(t)S)\ivi}

= 1
< g—i—1 _ 2
eyl
=1
and, by (5.14]) and the definition of I,
zi(t)
Flx; < ; <
S| Pl < Y | F[ L } it <
i€l A; i€ly A;
Hence, taking into account (5.13)), we get

> | Floi(t)]dt=1-)" | Fla;(t)] dt

i€l {teAi:xi(t)>)\i’Ui} i€la {tEAi:xi(t)S)\i’Ui}
1
=Y\ Flai())dt > T
i€l A;

From this and (5.17) it follows that > i ; A¥ > 1/(4C}), and so the proof of
(3.5)) is complete. =

I

6. Ultrasymmetric Orlicz spaces and w-decomposability. In the
previous sections we have examined the problem of K-monotonicity of
weighted couples generated by Lorentz, Marcinkiewicz and Orlicz spaces.
We have seen that a central role in this question is played by the notion
of w-decomposibility. It turns out that studying that property in a natural
way leads to so-called ultrasymmetric Orlicz spaces.

Recall that a symmetric space X on [0, 1] is ultrasymmetric if X is an
interpolation space between the Lorentz space A, and the Marcinkiewicz
space M, . These spaces were studied by Pustylnik [Pu03], who proved
that they embrace all possible generalizations of Lorentz—Zygmund spaces
and have a simple analytical description. Moreover, one could substitute
ultrasymmetric spaces into almost all results concerning classical spaces such
as Lorentz—Zygmund spaces, and so they are very useful in applications (see,
for example, Pustylnik [Pu05] and [Pu06]).

Pustylnik asked about a description of ultrasymmetric Orlicz spaces (see
[Pu03, p. 172]). In the case of reflexive Orlicz spaces this problem was solved
in [AMOg]: such a space is ultrasymmetric if and only if it coincides (up to
equivalence of norms) with a Lorentz space A, for some 1 < p < oo and
some increasing concave function ¢ on [0, 1].

As said above, the class of w-decomposable symmetric spaces is closely
related to the class of ultrasymmetric Orlicz spaces. Our next theorem shows
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that when the weight w changes sufficiently fast, any w-decomposable sym-
metric space with non-trivial Boyd indices is an ultrasymmetric Orlicz space.

Again, as above, for a weight w defined on [0, 1], let My := {t € [0,1] :
w(t) € [2F,25T1)} (k € Z) and let (wy)32, be the non-increasing rearrange-
ment of (m(My))=°

k=—o00"
THEOREM 6.1. Let X be a symmetric space on [0,1] with non-trivial
Boyd indices and w be a weight on [0,1] satisfying the condition:

(6.1) there are ko € N and cg > 0 such that wi2* > ¢ for k > k.

(a) If X is w-decomposable, then X is an ultrasymmetric Orlicz space.
(b) If X has the Fatou property and (X, X (w)) is a K-monotone couple,
then X is an ultrasymmetric Orlicz space.

Proof. (a) Firstly, taking into account the boundedness of the dila-
tion operator and Theorem a symmetric space X is w-decomposable
if and only if it is v-decomposable, where v(u) = w(cu) for some ¢ > 0.
Therefore, we may assume that ¢y = 1. Denote I} := [27% 27%+1) and
X5, = x1.,/9(27%) (k = 1,2,...), where ¢ is the fundamental function
of X. From it follows that m(supp x7,) < wy for all k > ko. Applying
Corollary to scalar multiples of xr, (k > ko), we find that (x7,)3s,
spans [, for some p € [1,00) (p # oo because the Boyd indices of X are
non-trivial). Obviously, replacing (X1, )7, With (Xr1,)32; does not affect
this property, so for all a, € R (k=1,2,...),

[e.9]
H Z%T(rk
k=1

Then, taking into account [AMO8, Proposition 2], we get

L~ @,

X = (L1, Loo)py (402 )

By Corollary 0, = PBx < 1. Therefore, limi_, |0¢||x—x/t = 0, and
we can apply [KPS82, Theorem II1.6.6, p. 137], in the case when A is the
identity operator, to obtain

lzllx ~ (27 2™ (27")R2 s, = 127" 2" (7)) 1,

Co dt\ /P
~(JEostor )

and we conclude that
(6.2) X =4,
Next, denote

E(t)

—Zdt, where F(t)=

Fu) == {t/sol(l) if0<t<l,

/o t(1/t) ift>1.

O e 2
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Since F(t)/t is increasing on (0,00), F(u) is a convex function and for u > 0
we have
. v F .
Fu/2) < | f) dt < F(u) < F(u).
u/2

Moreover, by Corollary we have v, = ax > 0, which implies that F
satisfies the As-condition for all u > 0. Therefore, for all u > 0,

F(u) > F(u/2) > cF(u),

that is, the functions F and F are equivalent on (0, c0).

Now, we recall the following definition due to Kalton [Ka93|] (see also
[AMOS], where the notion is used): For an Orlicz function F' and 1 < p
< 00, define the function \Il%‘jp(u,C) for 0 < u <1and C > 1 to be the
supremum (possibly oo) of all N such that there exist 1 < a; < -+ < ay
with ag/ag—1 > 2 for k = 2,..., N such that for all k either Fy, (u) > CuP
or u? > CF,, (u), where F,(u) := F(au)/F(a) for a,u > 0.

To complete the proof it suffices to verify that for some Cy, C1,7 > 0 we
have

U5, (u,Co) < Cru™"  for all u € (0,1].

Indeed, once this is done, we can apply [AMO8, Theorem 1] to conclude that
the Orlicz space L is ultrasymmetric and coincides with the Lorentz space
A,y generated by some increasing concave function . Since the fundamen-
tal function of Lr is equivalent to ¢, we have Ly = A, ,, and, in view of
, the proof is complete.

Since F and F are equivalent, by [AMOS, Lemma 1] it is sufficient to
show the inequality for F, i.e., to prove that for some Cy, Cy,r > 0,

(6.3) \Il%ip(u, Co) < Ciu™"  forall u € (0,1].

In view of w-decomposability, Corollary 3.7, Lemma[2.2)and the inequal-
ity wy > 2%, there is a constant C' > 0 such that for any [ = 1,2, ..

@(lt) c ll/p

~
~

*

— ifo<t<27l.
()
Since 0 < ay < Bx < 1 it follows that 0 < v, < d, < 1. Therefore, from

the definition of F' it follows that both F and its complementary function
satisfy the As-condition. Hence, by Proposition and the definition of F'
once more, there exists a constant C; > 0 such that, for any [ € N and all
x> F1(2)),

1 < F (a:“l_l/ P)

Ch
< —.
Cll - F(g;) -1
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By standard arguments, there are constants C'y > 0 and Cs > 0 such that

F
(6.4) Cy P < Flua) _
F(a)
for all 0 < u < 1 and any a satisfying F(a) > C32% ".
Suppose that 1 < ay < -+ < ay with ax/ag_1 > 2 for k=2,..., N such
that for all k,
F F 1
either ~(uak) > 2C9uP  or ~(uak) < —uP.
F(ag) Flap) — 202
Then, by (6.4), we have F(ay) < C32 7, which implies F(a;2V"1) <
C32%". Hence, N < Cyu~P, that is, \Il%op(u, 203) < Cqu™ (0 < u < 1),

and (6.3 is proved.

(b) This part follows immediately from (a) and Theorem (3.1 =

Using equality (6.2)) from the proof of Theorem we obtain the fol-
lowing corollary.

COROLLARY 6.2. Let X be a symmetric space on [0,1] and w be a weight
on [0, 1] satisfying . Assume that either X is w-decomposable, or X has
the Fatou property and (X, X (w)) is a K-monotone couple. If px(t) = t'/P
for some 1 <p < oo, then X = L.

REMARK 6.3. Using Krivine’s theorem and the arguments from the be-
ginning of the proof of Theorem one can prove the last assertion for
p=1and p = oo as well.

REMARK 6.4. It is well known that there is an Orlicz function F reg-
ularly varying at oo such that the Orlicz space Lp is not ultrasymmetric
(see [Ka93]). Thus, Theorems [4.4f and |5.3| show that condition on w is
essential in Theorem [6.1] and Corollary [6.2]

REMARK 6.5. Conversely, if Ly is an ultrasymmetric reflexive Orlicz
space on [0, 1], then there is a weight w on [0, 1] such that L is w-decompos-
able, and equivalently the Banach couple (Lp, Lrp(w)) is K-monotone. In
fact, in that case F' is regularly varying at oo of order p € (1, 00) (cf. [AMOS])
and we can apply Theorem

EXAMPLES. Theorem[5.3|guarantees that a weighted couple (Lp, Ly(w))
of Orlicz spaces on [0, 1] is K-monotone for some weight w on [0, 1] if F' is
equivalent to an Orlicz function which is regularly varying at oco of order
p € [1,00). We present some examples of such Orlicz functions below.

1. The function F(u) = wP(1 + |Inu|) for p > (3 + v/5)/2 is an Orlicz
function on (0,00) which is regularly varying at oo of order p (cf. [Ma85
Example 4]).
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2. The function F(u) = wP[l + csin(plnu)] for 0 < ¢ < 1/v/2 and p >
(1 —+/2¢/v/1 —2¢2)~ ! is an Orlicz function on (0, c0) which is not regularly
varying but it is equivalent to uP and iup < F(u) < 2uP for all u > 0
(cf. [Ma85, Example 10] and [Ma89, Example 5, p. 93] with ¢ = 1/1/5 and
p = 6).

3. Let F' be an Orlicz function equivalent for large u to the function

F(u) = vP(Inu)®(Inlnw)? ... (In. .. Inwu)",

where p € (1,00) and ¢y, ..., g, are arbitrary real numbers. It is easy to see
that F' is equivalent to a function regularly varying at oo of order p (in fact,
the corresponding Orlicz space L is even ultrasymmetric [AMO0S]).

4. Some more examples of Orlicz functions that are equivalent to some
functions regularly varying at oo of order p are given by Kalton [Ka93].
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