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On the algebra of smooth operators
by

Tomasz C1AS (Poznar)

Abstract. Let s be the space of rapidly decreasing sequences. We give the spectral
representation of normal elements in the Fréchet algebra L(s’, s) of so-called smooth op-
erators. We also characterize closed commutative *-subalgebras of L(s’,s) and establish
a Holder continuous functional calculus in this algebra. The key tool is the property (DN)
of s.

1. Introduction. The space s of rapidly decreasing sequences plays a
significant role in the structure theory of nuclear Fréchet spaces. One of the
most explicit examples of this is provided by the Komura—Komura theorem
which implies that a Fréchet space is nuclear if and only if it is isomorphic
to some closed subspace of s (see e.g. [12, Cor. 29.9]). The space s has
also many interesting representations. For instance, it is isomorphic as a
Fréchet space to the Schwartz space S(R™) of rapidly decreasing smooth
functions, the space D(K) of test functions with support in a compact set
K C R" such that int(K) # ), the space C°°(M) of smooth functions on a
compact smooth manifold M, the space C*°|0, 1] of smooth functions on the
interval [0, 1]. Finally, the space s and all of the spaces above are Fréchet
commutative algebras with pointwise multiplication. However, these alge-
bras do not have to be isomorphic as algebras (for instance, s and C*°[0, 1]
with pointwise multiplication are not isomorphic as algebras).

A natural candidate for the “noncommutative s” is the algebra L(s’, s) of
so-called smooth operators, where multiplication is just the composition of
operators (note that s C s’ continuously). It appears in K-theory for Fréchet
algebras ([13, Def. 2.1], [1, Ex. 2.12], [6 p. 144], [10]) and in C*-dynamical
systems ([8, Ex. 2.6]). The algebra L(s',s) is also an example of a dense
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smooth subalgebra of a C*-algebra (namely, it is a dense subalgebra of the
C*-algebra K (¢3) of compact operators on ¢3) which is especially impor-
tant in noncommutative geometry (see [1], [2], [4, pp. 23, 183-184]). From
the philosophical point of view C*-algebras just correspond to analogues of
topological spaces whereas some of their dense smooth subalgebras play the
role of smooth structures.

Representations of s may lead to representations of the algebra L(s, s).
Many of them are collected in [7, Th. 2.1]. For example, L(s',s) is isomor-
phic as a Fréchet *-algebra to the following *-algebras of continuous linear
operators with appropriate multiplication and involution: L(S'(R™), S(R")),
L(&'(M),C>*(M)), L(&'[0,1],C[0,1]), where S'(R™) is the space of tem-
pered distributions, M C R" is a compact smooth manifold, £&'(M) is the
space of distributions on M, and £’[0, 1] is the space of distributions with
support in [0, 1]. Two extra representations of L(s',s) are also worth men-
tioning: the algebra of rapidly decreasing matrices

K = {(gj,k)j,keN : sup [ 4]59k < oo for all g € No}
7,keN

with matrix multiplication and conjugation of the transpose as involution
(see e.g. [4, p. 238], [13, Def. 2.1]), and also the algebra S(R?) equipped
with the Volterra convolution (f - g)(z,y) = \; f(,2)g(2,y) dz and the
involution f*(z,y) := f(y,z) (see e.g. [1, Ex. 2.12]).

The purpose of this paper is to present some spectral, algebra and func-
tional calculus properties of the algebra of smooth operators. The results
are derived from the basic theory of nuclear Fréchet spaces and the theory
of bounded operators on a separable Hilbert space. The heart of the paper
is the theorem on the spectral representation of normal elements in L(s', s)
(Theorem [3.1)). In the proof we use the fact that the operator norm || [|z,—,
is a dominating norm on L(s’, s) (Proposition . As a by-product we ob-
tain a kind of spectral description of normal elements of L(s’,s) among
those of K(f3) (Corollary [3.6). Next, we characterize closed commutative
*-subalgebras of L(s’,s). We prove that every such subalgebra is generated
by a single operator and also by its spectral projections (Theorem , and
moreover that it is a K6the algebra with pointwise multiplication. To do this,
we show that every closed commutative *-subalgebra of L(s', s) has a cano-
nical Schauder basis (Lemma. Finally, we establish a Holder-continuous
functional calculus in L(s',s) (Corollary and we prove the functional
calculus theorem for normal elements in this algebra (Theorem [5.2)).

By a Fréchet space we mean a complete metrizable locally convex space.
A Fréchet algebra is a Fréchet space which is an algebra with continuous
multiplication. A Fréchet *-algebra is a Fréchet algebra with an involu-
tion.
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We use the standard notation and terminology. All the notions from
functional analysis are explained in [12] and those from topological algebras
in [9] or [17].

2. Preliminaries. Throughout the paper, N will denote the set of nat-
ural numbers {1,2,...} and No := NU{0}.

By projection on {5 we always mean a continuous orthogonal (i.e., self-
adjoint) projection.

We define the space of rapidly decreasing sequences as the Fréchet space

= {e= e e e = (3 61%72) " < o0}

with the topology corresponding to the system (|-|q)qen, of norms. Its strong
dual is isomorphic to the space of slowly increasing sequences

s’ = {f = (&j)jen € CY 1 3¢ € Ny €1y = (Z |§j|2j—2q>1/2 < oo}
j=1

equipped with the inductive limit topology given by the system (| - [},)qen,
of norms.

Every n € s’ corresponds to the continuous functional £ — (£,7) on s,
where

7j=1

Furthermore, by the Cauchy—Schwarz inequality we get

(&, m < [€lqlnlg

for all ¢ € No, £ € s and 7 € 8’ with |5, < co.
For 1 < p < oo and a Kéthe matrix (a;q)jen, gen, we define the Kothe

space
1/p
") <o

[o.¢]
Py = (Z IS

Jj=1

N(aq) = {€ = (§)sen € C: Wg € No ¢

and for p = oo,
A (ajq) = {5 = (&)jen € CV : Vg € Ny [€]ooq == sup[€jlajq < OO}
jeN

with the topology generated by the norms (| - [pq)qen, (see e.g. [12, Def.
p. 326]). Note that these spaces are sometimes Fréchet *-algebras with point-
wise multiplication.

Now, s is just the Kothe space A2(j9). Moreover, since s is a nuclear
Fréchet space, it is isomorphic to any K&the space AP(j?) for 1 < p < oo
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(see e.g. [12] Prop. 28.16, Ex. 29.4 (1)]). We use ¢3-norms to simplify further
computations, for example we have |- [o = |- |5 = || - ||¢,-

It is well known that the space L(s',s) of continuous linear operators
from s’ to s with the fundamental system of norms (|| - ||4)geng -

||$Hq = SUP1 ‘5U§|q,

l€lg<

is isomorphic to s as a Fréchet space. Moreover, L(s',s) is isomorphic to
5 @ s, the completed tensor product of s (see [I1], §41.7 (5)]).
The canonical inclusion j : s < s’ is continuous. Hence, for z,y €
L(¢,s),
T-y=zojoy
is in L(s, s) as well and with this operation L(s', s) is a Fréchet algebra.
The diagram
ly <> 5 — s ly

defines the canonical (continuous) embedding of the algebra L(s',s) in the
algebra L(f2) of continuous linear operators on the Hilbert space ¢5. In fact,
this inclusion acts into the space K (¢2) of compact operators on ¢, and the
sequence of singular numbers of elements in L(s',s) belongs to s (see [T,
Prop. 3.1, Cor. 3.2]). Therefore, L(s',s) can be regarded as some class of
compact operators on f2. Clearly, multiplication in L(s’,s) coincides with
composition in L(¢3), and further L(s’,s) is invariant under the hilbertian
involution x — z*.

To see this, consider the Fréchet *-algebra of rapidly decreasing matrices

K:= {E = (& k)jken : |1ZNlq == sup |&x]j%%? < oo for all ¢ € No}
jkeN
with matrix multiplication, with involution defined by ((&j)jken)* =
(&k.j)jken and with (|| - |l¢)gen, as its fundamental sequence of norms. By
[7, Th. 2.1], @: L(s',s) = K, &(x) := ((vek, €j));jken, is an algebra isomor-
phism and we have

D(x)" = ((wej, en)) e = (@7 €x; €5)) jhen-

Hence, 2* = &~ 1(®(z)*) € L(s',s) and @ is even a *-isomorphism. Clearly,
for every matrix = € K and ¢ € Ny, [|=*|l; = [I=]ll4, thus the hilbertian
involution is continuous on L(s', s).

The Fréchet algebra L(s', s) with the involution * is called the algebra of
smooth operators. We will also consider the algebra with unit

L?s\’,/s) ={z+Al:zeL(s,s), \eC},

where 1 is the identity operator on f5. We endow the algebra L(s/,s) with
the product topology.
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Now, we shall recall some basic spectral properties of the algebra L(s, s).
For the sake of convenience, we state the following definition.

DEFINITION 2.1. We say that a sequence (A, )neny C C is a sequence of
eigenvalues of an infinite-dimensional compact operator x on £ if it satisfies
the following conditions:

(i) {An}nen is the set of eigenvalues of x without zero;
(i) [A] > |A2] > --- > 0 and if two eigenvalues have the same absolute
value, then we can order them in an arbitrary way;
(iii) the number of occurrences of the eigenvalue ), is equal to its geo-
metric multiplicity (i.e., the dimension of the space ker(A,1 — z)).

Proposition below is well known (see e.g. [10]) and it is a simple
consequence of Proposition[2.2] However, Propositions[2.2]and [2.3]also follow
from [3, Prop. A.2.8]. Straightforward proofs of Propositions and can
be found in [7, Th. 3.3, Cor. 3.5].

PROPOSITION 2.2. An operator in L(s',s) is invertible if and only if it
is invertible in L({3).

—_—

PROPOSITION 2.3. The algebra L(s',s) is a Q-algebra, i.e., the set of
invertible elements is open.

PROPOSITION 2.4. The spectrum of = in L(s', s) equals the spectrum of
x in L(¢3) and it consists of zero and the set of eigenvalues. If moreover
x 1s infinite-dimensional, then the sequence of eigenvalues of x (see Defini-

tion belongs to s.

The first part of the following proposition is also known (see e.g. [13]
Lemma 2.2]). We give a simple proof that the norms || - ||, are submultiplica-
tive.

PROPOSITION 2.5. The algebra L(s', s) is locally m-convez, i.e., it has a
fundamental system of submultiplicative norms. Moreover, ||xy|lq <||z|l4¥llq
for every q € Ny.

Proof. Let x,y € L(s',s) and let By, B, denote the closed unit ball for
the norms | - |4, | - |}, respectively. Clearly, y(B;) C |lyllqB, and B, C By,
Hence

lzyllq = sup |z(y(§))lq = sup |z(n)]y < sup |z(n)lq
€l<1 n€y(By) n€llyllqBq

= llyllg sup [z(n)lg < llyllg sup [z(n)lg = llzllq/lyllg- =
n€By neBy

3. Spectral representation. In this section we prove the following
theorem on the spectral representation of normal elements in L(s', s).



150 T. Cias

THEOREM 3.1. Every infinite-dimensional normal operator x in L(s', s)
has a unique spectral representation x = Z;’le APy, where (Ap)nen s a de-
creasing (in modulus) sequence in s of nonzero pairwise different elements,
(Pp)nen 18 a sequence of nonzero pairwise orthogonal finite-dimensional pro-
jections belonging to L(s',s) (i.e., the canonical inclusion of Py, into L({2)
is a projection onto {2) and the series converges absolutely in L(s', s). More-
over, (|An|%||Pullq)nen € s for all ¢ € Ng and all 0 € (0,1].

To prove this result, we need some preparation. Recall (see [12, Def. on
p. 359 and Lemma 29.10]) that a Fréchet space (X, (|| - [/¢)qen,) has the
property (DN) if there is a continuous norm || - || on X such that for any
q € Nop and 6 € (0,1) there are r € Ny and C' > 0 such that for all z € X,

lzllg < Cllal*=? .-

The norm || - || is called a dominating norm.

The following result is closely related to the result of K. Piszczek [14]
Th. 4]. For convenience, we give a more straightforward proof.

PROPOSITION 3.2. The norm ||-||s,—e, is a dominating norm on L(s', s).

Proof. Clearly, || - lle;—e, = || - lo- By [16, Th. 4.3] (see the proof), the
conclusion is equivalent to the condition

1
Vq,0 >0 3r,C >0Vh >0 H'Hq§0<h9H'Hr+h"H0>-

From Holder’s inequality, the norm | - |y is a dominating norm on s. Hence,
again by [16, Th. 4.3], we get

1
Yg,n >0 3r,Dy > 0 Vk >0 |-|q§Do<k"|-lr+k|-lo).

Now, by the bipolar theorem (see e.g. [12, Th. 22.13]), we obtain (following
the proof of [12, Lemma 29.13]) an equivalent condition

1
(3.1) Vg,n>03r,D>0Vk >0 U;CD<k"Uf+kU§>,
where U, := {£ € s : [¢], < 1} and Uy is its polar. If § > 0 and h € (0, 1] are
given, we define 7 := 20 + 1 and k := v/h. Since k27 < k"1, we obtain

o [¢] o [¢] 1 (¢] o 1 o
U,oU, ={r®y z,yeclU)} CD<I<:"UT +ka> ®D<k”UT -|-ka>

1

c D? <k2”U,? @US + 2k U @ UP + 12

Ug ® Ug>
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1 1
k2 h
Since r and D in condition (3.1)) can be chosen so that ¢ < r and D > 1, we
obtain

cw%mﬁﬁ®w+ m®%)=w%mw®w+ %®%)

1

W®ch®wcwﬁww®w+h

Uy ® U;j)
for h > 1, whence

1
Wﬁ>0%£>OW>OZ§®WCCOﬁ$®W+%@%)

h
Therefore,
1
sup |z(z)] < Csup {|z(a:)| 2 e WUS @ U? + EUS ® US}
2€USRUE
1
= C'sup {|(z/ + 2" (x)|: 2 e WU @ U, 2" € EUS ® US}
1
< C'sup {|z’(:c)] + 2" ()] : 2 e WU @ U?, 2" € EUS ® US}

1
= C’(he sup |z(z)| + 5 Sup |z(x)\>
2€ULRUY 2€UgQUg

for all z := Z?:l Tj®yYj; €S S.
Let x: s®s — L(s',5), x(O_7y 75 @ y)(2) = >0 2(y;)z;. We have,
for all p € Ny,
sup

n n
Z(ij ®yj>’ = sup{‘ ZZl(.’Ej)ZQ(yj)‘ 121,20 € U;}
2eUp®Up =1 j=1

= sup {’Zl(jéZQ(?jj).Tj)) 21,29 € U;} = sup{‘ iz(yj)xj‘p 1z € Ug}

j=1
= sup{}x(zn:xj ®yj)(z)’p 1z € U;’} = Hx(znjx] ®yj)
=1 =1
Hence J ]
W(Seren)l, <0 Ss el +Hh(Sren)l)

Finally, since the set {x(> 7, 7; ® yj) : @;,9; € s, n € N} is dense in
L(s',s), we obtain

Hp

1
lell < ¢ (lal, + 3 el )

for all x € L(s',s). m



152 T. Cias

LeMMA 3.3. Let (E,(|| - |lq)qen,) be a Fréchet space with the property
(DN) and let || - ||, be a dominating norm. If (xn)neny C E and (Ay)pneny C C
satisfy the conditions

(i) supney zally < .

(i) Vg € No suppen [Anl [l2allq < o0,

then

Vg e Ny VO € (0,1]  sup |An|’[lznly < oo
neN

Moreover, for any other sequence (yp)nen C E satisfying conditions (i) and
(ii) we have

Vg € No V¢’ € Ny V0 € (0,1] sup Aal’llallqllynlly < oo.
ne

Proof. Fix ¢ € Ng and 6 € (0, 1). Since || - ||, is a dominating norm on E,
we obtain, for some C' > 0 and r € Ny,

—0 0
(3.2) Hanq < CHan[l) 2zl
for all n € N. Let Cy := sup,,cy ||zn|lp < 00, Co := sup,en | An] ||2n]lq < o0.
Then by (3.2),
Aal’llzallg < Cllally (Al lzall)’ < CCI0CE =: Cs,
where C3 does not depend on n.

To prove the second assertion we also fix ¢’ € Ny and let (yp)neny C F
satisfy conditions (i) and (ii). We have

Ml lznllglgnlle = (Al 2nllg) (Aal 2 lynll)
and from the first part of the proof,

sup [An|”|nlly < 00 and  sup | An|”?lynlly < oo,
neN neN

so we are done. m

PROPOSITION 3.4. Let N be a finite set or N. If (Py)nens 15 a sequence of
pairwise orthogonal finite-dimensional projections on la, (Ap)nens C C\ {0}
andx =Y, .\ AP € L5, 5) (the series converging in the norm ||-||s,—e,),
then (Pp)nen C L($',5).

Proof. Since P, = il‘ o P,, it follows that P,: f5 — s. On the other

hand, P, = P, o ix, so P, extends to P,: s’ — ¢5. Hence P, = P,, o Py,:
s =5 m

LEMMA 3.5. Let (Ap)nen be a decreasing (in modulus) sequence of non-
zero complex numbers and let (P,)nen be a sequence of nonzero pairwise
orthogonal finite-dimensional projections on fo. Moreover, assume that the
series Yy o1 An Py converges in the norm || - ||¢,—e, and its limit belongs to

L(s',s). Then (Ap)nen € S, (Po)nen C L(s',s) and the series converges
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absolutely in L(s',s). Moreover, (|\n|?||Pyllq)nen € s for all ¢ € Ny and
6 € (0,1].

Proof. By Proposition the sequence of eigenvalues of the operator
z =Y 2 AP, belongs to s. Clearly, A, is an eigenvalue of Y 2 A\, P,
and the number of its occurrences is less than or equal to the geometric
multiplicity, so (An)nen is, likewise, in s.

By Proposition[3.4] P, € L(s', 5). We will show that (|\n|?|| Py /l¢)nen € s
for all ¢ € Ny and 6 € (0,1], which implies that the series Y~ A\, Py
converges absolutely in L(s, s). Consider the operator Ty: L({3) — L(s', s)
which sends z € L(¢2) to the following composition (in L(s, s)):

S s ly Dty s B,
By the closed graph theorem for Fréchet spaces (see e.g. [12, Th. 24.31]),

T, is continuous and since the sequence (P, )nen is bounded in L(¢3), the
sequence (A2 P,)pen = (T Pp)nen is bounded in L(s', s), i.e.,
(3.3) sup [ An|?[| Pally < 00

neN

for all ¢ € Np.
Let (en)nen be the canonical orthonormal basis in ¢ and let E,,: s — s,

Eng := &nen,
for £ = (&y)nen € ' and n € N. Clearly, each E,, is a projection in L(s', s).
Moreover,
(3:4) |Enllg = sup |Enlg = sup [€nenlq = sup [&]-|en|q =n?-n? = n??.
€,<1 1€, <1 1€15<1
Since (An)nen € S, we have

(3.5) sup |/\n]2HEan < 00
neN

for q € Np.
By Proposition | - ||ey—se, is & dominating norm on L(s, s), and of

course || Pplly—e, = ||Enlley—e, = 1 for n € N. Thus, from (3.3)—(3.5) and
Lemma (applied to the sequences (A2),en, (Ppn)nen and (E,)nen) we get

sup | An| || Pallgn® = sup [An| 2| Pl Bnlly < o0
neN neN

for all @ € (0,1] and ¢,q" € Ny. Hence, (|\,|°||Pyll4) € s for all ¢ € Ny and
NS (O, 1]. =

Now, it is not hard to prove the main theorem of this section.

Proof of Theorem Let = be a normal infinite-dimensional operator
in L(s',s). The operator x (as an operator on f2) is compact (see [T, Prop.
3.1]), thus by the spectral theorem for normal compact operators (see e.g.
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[5, Th. 7.6]), = > .2 | AnPn, where (A,)nen is a decreasing null sequence
of nonzero pairwise different elements, (P,),en is a sequence of nonzero
pairwise orthogonal finite-dimensional projections and the series converges
in the norm || - ||¢g,—¢,. Now, the conclusion follows by Lemma ]

As a corollary, we get a characterization of normal operators in L(s’, s)
among compact operators on fs.

COROLLARY 3.6. Let x be a compact infinite-dimensional normal opera-
tor on ly with spectral representation x =Y 2 | A, P, (the series converges
in norm || + ||ey—e,). Then the following assertions are equivalent:

(i) x € L(¢',s) (as an operator on ls);
(ii) P, € L(8',5) forn € N and (|M|°|| Pullq)nen € s for all ¢ € Ng and
every 6 € (0,1];
(iii) P, € L(¢',s) forn € N, (Ap)nen € s and sup,ey |An| | Pallg < o0
for all g € Ny,
(iv) P, e L(s',s) forn € N and > ;7 |An| | Pullg < 00 for all ¢ € Ny.

Moreover, if © = Zflvzl APy is a finite-dimensional operator on fy, then
x € L(s',s) if and only if P, € L(s',s) forn=1,...,N.

Proof. The implication (i)=-(ii) follows directly from Theorem The
implications (ii)=-(iii) and (iv)=-(i) are obvious.
(iii)=(iv). We have

> o0
>~ Al 1Pally < sup A2 Pallg - D Al < o0,
n=1 neN —

because, by Lemma SUPpen | Al 2| Pullq < 0o and s C Np>o Cp-
The finite case is an immediate consequence of Proposition .

4. Closed commutative *-subalgebras. The aim of this section is to
describe all closed commutative *-subalgebras of L(s', s) (see Theorem [4.8)
and to identify maximal ones among them (see Theorem .

We will need the following lemma.

LEMMA 4.1. Let A be a subalgebra of the algebra A over C. Let N € N,
ai,...,an € A, M,..., Ay €C, a; #0, a? =aj, ajap, =0 forj #k, \j #0
and \j # A\, forj # k. Thenay,...,any € A whenever \jai+---+Ayay € A.

Proof. We use induction on N. The case N =1 is trivial.
Assume that the conclusion holds for all M < N. Let a := A\jay + -
+ Ayany € A. We have

May + -+ May =a® € A,
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and, on the other hand,
ANAQ] + -+ )\?VaN =Aya €A,
SO
()\% - )\N)\l)al + -+ (/\?V,1 - )\N)\N_l)aN_l Y Ana € A.
Since Aj # 0 and \; # Ay for j € {1,..., N — 1}, we have )\? —ANAj =
ANj(Aj —An) #0for je{l,..., N -1} 1If A? — AN Aj are pairwise different
then, from the inductive assumption, a1,...,ay_1 € A so ay € A as well.

Assume that these numbers are not pairwise different. We define an
equivalence relation R on the set {1,..., N — 1} in the following way:

ij ~ )\j()\j — )\N) = )\k()\k — )\N)-

Let Iy,...,In, denote the equivalence classes which contain not less than
two elements and let Iy := {i1,...,in,} be the remaining indices. From our
assumption, Iy # ). For j € {1,..., N1} and k € I; let

A= Xe(Ak = An),

a;» = E Ay,

nEI]-

and let

We also define
)\3\71_,'_1 = )‘il ()‘11 — )\N), ,N1+2 = >\i2(/\i2 — )\N), ey )\/]V1+N0

= /\iNo()‘iNo —AN)

and
ANy 11 7= Qiyy ANy i Gy, +eey ANy = iy -
Clearly, 1 < N':= N1+ Ny < N, a;. #0, a;? = a;, a;«az, =0, )\; # 0, )\; # N\
for j,k e {1,...,N'}, j # k, and
My + -+ Nydy = a® — Aya € A.

From the inductive assumption, a} € A, hence

N
Z Ay = Zan-Z)\nan:aﬁaeA.
n=1

nely nely
Again, from the inductive assumption, a, € A for n € I;, and therefore
Zne{l,...,N}\h Anan € A. Once again, from the inductive assumption, a,, € A
forne {1,...,N}\ I;. Thus ay,...,an € A, which completes the proof. =

PROPOSITION 4.2. Let A be a closed *-subalgebra of L(s',s) (not nec-
essary commutative) and let x be an infinite-dimensional normal operator
in L(s', s) with spectral representation x = > 0" | \yPy. Then x € A if and
only if P, € A for allm € N.
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Proof. Let Ny := 0, Ny :=sup{n € N: |\,| = ||} and for j = 2,3,...
let Nj :=sup{n € N: |[\,| = [Ay,_,+1|}. Since (|As|)nen is a null sequence,
we have N; < oo.

By Theorem B}, if P, € A for all n € N then z € A. To prove
the converse assume that z € A. Then z* = > 7, MP, € A so zz* =
>0 | Anl? P, € A, whence

E( )
Yk - Z |A1’ n ‘)\1‘2

for all k € N. Hence for ¢ and k arbitrary we get

oo ’)\n| 2k
00 2k
S (),
n=N1+1 | 1|
1 <|>‘N1+1|>2k1 .
< == > PalPallq:
RSTRANSNESY N

By Theorem Yoo +1 [ Aal [[Pallg < 00, and moreover [An, 11]/[A1] < 1.
Thus

lyr = (Pr+ -+ + Pny)llg =

q

<y ('A"’)%rp ||

q n=N1+1

lye — (P14 -+ Pny)llg = 0

as k — oo. Therefore, since A is closed, we conclude that Py +---+ Py, € A.
Consequently,

(o]
S PalPP=azt — [MP(Pr 4+ Py,) € 4
n=N1+1
hence, proceeding by induction, Pn;+1 + -+ Pn;,, € A for j € Ny, so
Njt1
Z P, = (PNj+1 + -+ PNj+1)1‘ € A.
n:Nj-‘r-l
Finally, by Lemma P,cAforneN. u

PROPOSITION 4.3. For every othonormal system (en)nen in fo and se-
quence (An)nen € co, the series Y o A\p(-, en)en converges in the norm
H : ”52—%2'

Proof. This is a simple consequence of the Pythagorean theorem and the
Bessel inequality. =

LEMMA 4.4. Let A be a commutative subalgebra of L(s',s). Let P denote
the set of nonzero projections belonging to A and let M be the set of minimal
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elements in P with respect to the order relation
VP,QeP P=xQ & PQ=QP=P.
Then

(i) M is an at most countable family of pairwise orthogonal projections
belonging to L(s',s) such that

vPeP3IP,...,. P eM P=P+---+P.

(i) If A is also a closed *-subalgebra of L(s',s), then M is a Schauder
basis in A.

Proof. (i) By the definition
M={PeP:VQecP (Q=2P=Q=P)}
Firstly, we will show that
(4.1) vPepP3P,....PL,eM P=P+---+P.

Take P € P. If P € M, then we are done. Otherwise, there is Q € P
such that Q@ X P, @ # P. Of course, P—Q € P. If Q,P — Q € M, then
P =Q+ (P — Q) is the desired decomposition. Otherwise, we decompose
Q@ or P — (@ into smaller projections as was done above for P. Since P is
finite-dimensional, after finitely many steps we finish our procedure.

Next, we shall prove that projections in M are pairwise orthogonal. Let
P.Q € M, P # @, and suppose, to derive a contradiction, that PQ # 0.
Since A is commutative,

(PQ)* = P’Q* = PQ
and thus PQ € P. Moreover,

P(PQ) = P*Q = PQ
so PQ < P. Now, PQ # P implies that P ¢ M and if PQ = P then
Q ¢ M, which is a contradiction.

Finally, since projections in M are pairwise orthogonal (as projections
on {9), M is at most countable.

(ii) Let = € A. If z is finite-dimensional and Zf:[:l tn @y is its spectral
decomposition, then from (i) and Lemma z is a linear combination of
projections in M.

Assume that x is infinite-dimensional and let = >">° | 1, @y, (the spec-

tral representation of z). Since A is a closed commutative *-subalgebra of
L(s',s), by Proposition Q. € A for n € N. Next, from (i),

In
vneN3QM,...,QM e M Q.= Q.

ln

j=1
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Hence

o Iy
7 =302 Q)

n=1 j=1

Forlo=0,j=lo+h+-+l1+k 1 <k<l,let P := Q" and let
Aj = fin. Consider the series > >° | A\, P,. Clearly, if the series converges in
L(s',s) then its limit is 2. To prove this we shall first show that the series
converges in the norm || - ||¢,—e,-
Since P, is an (orthogonal) projection of finite dimension d,,, we have
; ))dn
P,. Fordy =0, j = do+di + - +dn Lk 1<k < dy let e = eV

and let \; := \,. By Proposmo the series > 22, N (-, ej)e; converges
in the norm | - ||¢,—¢,. Hence > >, A, P, converges in the norm || - ||lg,—e,

P, = Z;.IQIC, e§n)>e§-n) for every orthonormal basis (e 1 of the image of

n=1
because (ZN A Pr)Nen is a subsequence of the sequence of partial sums
of the series Z] L NG eg)es

Now, by Lemma z =Y 2, AP, and the series converges absolutely
in L(s',s). This shows that every operator in A is represented by an abso-
lutely convergent series Y .- | A P! with P}/ € M. To prove the uniqueness
of this representation assume that ZOO )\” P = 0. Then

(0.9}
N Bl = P S NP =0,

so A7 =0 for m € N. This shows that the sequence of coefficients is unique,
hence M is a Schauder basis in A. u

For a closed commutative *-subalgebra A of L(s’, s) the Schauder basis
M from the preceding lemma will be called the canonical Schauder basis
(of A).

For a subset Z of L(s’, s) we will denote by alg(Z) the closed *-subalgebra
of L(s,s) generated by Z and by lin(Z) the closure (in L(s’, s)) of the linear
span of Z. If A is a closed *-subalgebra of L(s,s), then A denotes the set
of nonzero *-multiplicative functionals on A.

COROLLARY 4.5. The set A of nonzero *-multiplicative functionals on a
closed commutative *-subalgebra A of L(s, s) is exactly the set of coefficient
functionals with respect to the canonical Schauder basis of A.

Proof. Clearly, every coefficient functional is *-multiplicative. Conver-
sely, if ¢ is a nonzero *-multiplicative functional on A and {P, },en is the
canonical Schauder basis then ¢(P,) = p(P2) = (¢(P,))?, thus ¢(P,) =0
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or ¢(P,) = 1. Suppose that ¢(P,) = ¢(Py) =1 for n # m. Then
2=¢(Py) +¢(Pn) = o(Pn + Pn) :‘P((Pn+Pm)2) = (SO(Pn+Pm))2
= (p(Pa) + ¢(Pn))* = 4,
a contradiction. Hence, there is at most one n € N such that ¢(P,) = 1. If
©(P,) = 0for all n € N then, since { P, }nen is a basis, ¢ = 0, a contradiction.

Thus, there is exactly one n € N such that ¢(P,) = 1, and ¢(F,,) = 0 for
m # n, i.e., ¢ is a coefficient functional. m

PROPOSITION 4.6. If {P,}nen is a family of pairwise orthogonal pro-
jections belonging to L(s',s), then

and it is a commutative *-algebra.

Proof. Clearly, in({P,}nen) C alg({Pnlnen) and in({P,}nen) is a
commutative *-algebra. By the continuity of multiplication and involution,
lin({ P, }nen) is a commutative *-algebra as well. Hence, lin({ P, }nen) =

alg({Pn}nEN)' L

PROPOSITION 4.7. Every sequence {Pp}nen C L(s', ) of nonzero pair-
wise orthogonal projections is a basic sequence in L(s’,i), i.e., it is a (cano-
nical) Schauder basis of the Fréchet space (*-algebra) lin({ Py }nen)-

Proof. Let M be the canonical Schauder basis of A := alg({Py }nen)
which consists of all projections which are minimal with respect to the order
relation described in Lemma If we show that {P,},en = M, then, by
Proposition we get the conclusion.

Fix n € N and assume that Q < P,, for some nonzero projection Q € A,
i.e., QP, = Q. Since A = lin({P,}nenr), we have

M;
T (7)
0= SR
for some M; € N and )\,&7 ) € C. From the continuity of algebra multiplication
and scalar multiplication, we get
M; M,
Q=QP, = ( lim ZA,(CJ)P;C)P” — lim (ZA,@PkPn> — lim A9 P,

= ( lim A;J’))Pn = AP,
J—o0
where A\, := lim;j_, )\7(1] ) € C. Since Q) is a nonzero projection, we deduce
that A, = 1 and @ = P,. Hence {P, }nen € M.
Now, suppose that there is a projection @ in M \ {P,}nen. We have
already proved that {P,},enr € M, hence by Lemma i), Qr = 0 for
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all z € lin({P,}nen). By continuity of multiplication, Qz = 0 for every
x € lin({P,}nen) = A. In particular, Q = Q? = 0, a contradiction. Hence,
{Pn}nEN =M. u

Closed commutative *-subalgebras of L(s,s) are, in some sense, quite
simple: each of them is generated by a single operator and also by its spec-
tral projections. From nuclearity we also get the following sequence space
representations.

THEOREM 4.8. Fvery closed commutative infinite-dimensional *-subal-
gebra A of L(s',s) has a (canonical) Schauder basis {Pp}nen consisting of
pairwise othogonal finite-dimensional minimal projections (see Lemma
such that

A= alg({Pu}nen) = A (| Pallg) = A% (| Pally)

as Fréchet *-algebras. Moreover, there is an operator x € A with spectral
representation © =y ° | Ay Py such that A = alg(z).

Proof. By Lemma [4.4] A has a Schauder basis with the desired proper-
ties. By Proposition A = In({P,}nen) = alg({Pn}nen) and since A is
a nuclear Fréchet space with Schauder basis { P, },en, we deduce that

A= X ([|Pallg) = X2(|| Pallg)

as Fréchet spaces (see e.g. [12), Cor. 28.13, Prop. 28.16]). Since on the linear
span of {P, }en multiplication (resp. involution) corresponds to pointwise
multiplication (resp. conjugation) in A!(||P,||,), the isomorphism is also a
*-algebra isomorphism where the Kothe space is equipped with pointwise
multiplication.

Now, we shall show that there is a decreasing sequence (A, )nen of pos-
itive numbers such that the series > > A, P, is absolutely convergent in
L(s', s). To do so, choose a sequence (Cy)q4en such that Cq >maxi<n<q || Pnllq-
Clearly, Cy/||Ppllq > 1 for ¢ > n, so

>m1n{ G ...Cnll}>0

inf
IPalls” " 1 Palln1’

qeN || P, ||q
for n € N. Let A1 := 1 and let

1 C An—1
n = min< — inf 4 .
A mm{n%?wp )2 }

Then A, > 0, the sequence ()\ JneN is Strlctly decreasing and

Z/\ 150 Hq<z NHP H [Pnllg < Z

Consequently, T = anl AP, € L(s',s) and this series is the spectral
representation of . Moreover, since P, € A for n € N and A is closed, we
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have z € A. Finally, the equality alg(z) = alg({ P, }nen) is a consequence of
Proposition [£.2] =

A commutative closed *-subalgebra A of L(s,s) is said to be mazimal
commutative if it is not properly contained in any larger closed commutative
*-subalgebra of L(s, s). We say that a sequence { P, },en of nonzero pairwise
orthogonal projections in L(s’, s) is complete if there is no nonzero projection
P in L(s', s) such that P, P = 0 for every n € N. For a subset Z of L(¢', s),
the set Z' := {x € L(¢,s) : xy = yx for all y € Z} is called the commutant
of Z.

PROPOSITION 4.9. For every self-adjoint subset Z of L(s',s), the com-
mutant Z' is a closed *-subalgebra of L(s',s).

Proof. Clearly, if x,y commute with every z € Z then Az, x +y, xy and
z* commute as well. Hence, from the continuity of the algebra operations
and the involution, Z’ is a closed *-subalgebra of L(s',s). m

THEOREM 4.10. For a closed commutative *-subalgebra A of L(s',s) the
following assertions are equivalent:

(i) A is mazimal commutative;

(ii) the canonical Schauder basis { Py }nen of A is a complete sequence
of pairwise orthogonal one-dimensional projections belonging to
L(s,s);

(ifi) A= A’

Proof. (i)=-(ii). Suppose that for some m € N the projection P, is
not one-dimensional. Then there are two nonzero pairwise orthogonal pro-
jections Q1,Q2 € L(s',s) such that P, = Q1 + Q2. By Proposition
lin({P, : n # m} U {Q1,Q2}) is a closed commutative *-subalgebra of
L(s,s), and clearly

A =1in({Po}tnen) Clin({Py : n # m}p U{Q1,Q2}).
By Proposition {P,} nen is the canonical Schauder basis of A, and {P, :
n # m}U{Q1,Q2} is the canonical Schauder basis of lin({P, : n # m} U
{Qla Q2})7 S0 o
A#In({P, :n#m}U{Q1,Q2}).
Thus, A is not maximal, a contradiction.

If P e L(s,s) is a nonzero projection orthogonal to all P, then, using
similar arguments, we find that lin({ P, },en U {P}) is a closed commutative
*-subalgebra of L(s, s) properly containing A, a contradiction.

(ii)=-(iii). Since A is commutative, we have A C A’. Now, suppose that
there is z € A’ \ A. By Proposition e A sor+a*,x—2*e€ A, and
moreover z* ¢ A. Since x = 3(z + 2*) + 3(z — z*), we have z + 2* ¢ A or
x—x* ¢ A. Without loss of generality assume that x +x* ¢ A. The operator
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x + x* is self-adjoint, hence it has a spectral representation » > | ftm Q.
Then, by Propositions and Qm € A’ for all m € N and there exists
myo for which @, ¢ A (otherwise x + z* € A). Let J := {n: P, < Qm,}
(see the definition of < in Lemma . Since @, is finite-dimensional, J
is finite. One can easily check that Q,, — ZjeJ P; is a projection (if J = 0,
then » .. ; P := 0). Moreover,
(4.2) (Quo =D Bj) P =0
JjeJ
for all k € N. Indeed, if £ € J, then from the definition of <, @, Pr = Pk,
SO
<Qm0 - ZPj>P]€ = QmoPr — Pr, = 0.

jeJ
Let k ¢ J. We have Qo Px = PrQm, because Q.,, € A’. This implies that
Qmo Pr is a projection and im @, Py, = im @y, Nim Pj. Therefore, since the
Py, are one-dimensional, we have Q) Py = P or Qm,FPr = 0. But, by our
assumption, Qm,Px # Pg, 50 Qm, Pk = 0. Now,

(Qma = " Pi) P = Quug P = 0.
jeJ
Since the sequence (Pp,)nen is complete, (4.2]) implies that

Qmo — Y _P;=0.
jeJ
Hence @, € A, a contradiction.
(iii)=(i). Follows directly from the definition of the commutant of A. w

REMARK 4.11. (i) Since (P,)nen is a sequence of pairwise orthogonal
one-dimensional projections, we have P, = (-, e,)e,, where (e,)neny C s
is an orthonormal system in ¢5. Then A>°(||P,|l;) = A*(|en|q) as Fréchet
*-algebras. Indeed, from the Holder inequality, if £ € s and g € Ny, then

€12 < 1€]es 1€ |2g-
Hence
1< lenly < lenls = [Pallg = lenls < lenlaq-

This implies that A*°(||P,[lq) = A*°(len|q) as Fréchet spaces, and, since the
algebra operations are the same in both algebras, A°(||P,[lq) = A>(|enlq)
as Fréchet *-algebras.

(ii) The sequence (ep)nen from the previous item need not be an or-
thonormal basis of f2. Indeed, let (e,)nen be an orthonormal basis of /o
such that e, € s forn € N\ {1} and e; ¢ s. Clearly, (en)nen (1} is not
an orthonormal basis of £ and ((-, en)en)nem {1} is @ complete sequence in
L(s,s).
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(iii) Applying the Kuratowski—Zorn lemma, one can easily prove that
every closed commutative *-subalgebra of L(s', s) is contained in some max-
imal commutative *-subalgebra of L(s', s). If { P, }nen is a sequence of pair-
wise orthogonal finite-dimensional projections, then, by Proposition
alg({ P, }nen) is a closed commutative *-subalgebra of L(s’,s) so it is con-
tained in some maximal commutative *-subalgebra alg({Qy }nen) of L(s', s),
where {Q,}nen is a complete sequence of one-dimensional projections in
L(s',s) (see Theorems and [£.10). Now, applying Lemma [4.4{i), it is
easy to show that the sequence { P, },en can be extended to some complete
sequence of projections belonging to L(s', s).

COROLLARY 4.12. Let A be one of the following Fréchet *-algebras with
pointwise multiplication:

(i) the algebra S(R™) of rapidly decreasing smooth functions;

(ii) the algebra D(K) of test functions with support in a compact set
K C R™ such that int(K) # ();

(iii) the algebra C°(M) of smooth functions on a compact smooth man-
ifold M wvanishing at a € M ;

(iv) the algebra C°(2) of smooth functions on {2 vanishing at a € {2,
where 2 # () is an open bounded subset of R™ with C'-boundary;

(v) the algebra E,(K) of Whitney jets on a compact set K C R™ with
the extension property, flat at a € K and such that int(K) # (.

Then A is isomorphic to s as a Fréchet space but it is not isomorphic to
any closed commutative *-subalgebra of L(s',s) as a Fréchet *-algebra.

Proof. Tt is well known that the spaces from items (i)—(v) are isomorphic
to s as Fréchet spaces (see e.g. [12, Ch. 31], [15], Satz 4.1]).

To prove the second assertion let us compare the relevant sets of *-
multiplicative functionals. If A is one of the spaces from items (i)—(v),
then every point evaluation functional on A is *-multiplicative and since
the underlying space has the cardinality ¢ of the continuum, the cardinality
of the set of *-multiplicative functionals on A is not less than ¢. On the
other hand, by Corollary the set of *-multiplicative functionals on any
infinite-dimensional closed commutative *-subalgebra of L(s, s) is at most
countable, hence none of the spaces from items (i)—(v) is isomorphic to A. m

It is clear that the algebra s with pointwise multiplication is a *-subal-
gebra of L(s,s) (consider, for example, diagonal operators). The previous
corollary shows that this is not the case for many other interesting Fréchet
*-algebras isomorphic to s (as Fréchet spaces). This leads to the following:

OPEN PROBLEM 4.13. Is every closed commutative *-subalgebra of
L(s',s) *-isomorphic to some closed *-subalgebra of s with pointwise multi-
plication?
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By Theorem [£.10] and Remark [£.11] this problem is equivalent to the
following:

OPEN PROBLEM 4.14. Let (en)nen be an orthonormal system in ly such
that (en)neny C s and ((-,en)en)nen is a complete sequence in L(s',s). Is the
algebra X*(|e,|q) isomorphic to some closed *-subalgebra of s?

5. Functional calculus. If z is a normal operator in L(s',s) C K ({2)
and f is a continuous function on the spectrum o(z) of z vanishing at
zero, then the continuous functional calculus for normal operators provides
a uniquely determined operator f(z) € K (¢2) (see e.g. [12, Prop. 17.20]). In
this section, we want to describe those functions f for which f(z) is again
in L(s,s).

From the general theory of Fréchet locally m-convex algebras we get the
holomorphic functional calculus on L(s', s) (see Prop. and [I3, Lemma
1.3], [I7, Th. 12.16]). More precisely, if z is an arbitrary operator in L(s’, s)
and f is a holomorphic function on an open neighborhood U of o(x) with
f(0) =0, then f(z) € L(s',s), and moreover the map &: Hy(U) — L(5', s),
f — f(z), is a continuous homomorphism (Hy(U) stands for the space of
holomorphic functions vanishing at zero).

Recall that a function f: X — C (X C C, 0 € X) is Hélder continuous
at zero if there are § € (0,1] and C > 0 such that |f(t) — f(0)] < C[t|?
for all ¢ in a neighborhood of 0. As a consequence of Theorem [3.1] we get
the following Holder continuous functional calculus for normal operators in
L(s',s).

COROLLARY 5.1. If ¢ € L(s',s) C K({3) is normal, then for every
function f: o(x) — C Hélder continuous at zero with f(0) = 0, we have
f(z) € L(s, s) as well. In particular, for every normal operator x € L(s', s)
with o(z) C [0,00) and 6 € (0,00), we have 2% € L(s', s).

Proof. Let x =3\ AnPp be a normal operator in L(s’, s) with non-
negative spectrum and let § € (0,00). If § € (0, 1], then, by Theorem
2 =3 MNP, € L(s,s), and for 6 € (1,00) we have 27 = 20] . 20-19] ¢
L(s',s), where |0] is the floor of 6.

Now, let = Y~ s AnPn € L(s',s) be normal and let f: o(x) — C be
Holder continuous at zero with f(0) = 0. Then |f| < C| - |? for some C' > 0
and 0 € (0,1]. Hence >, v [ F(An) Pullg < C X nen [Al? || Pally < 00 so, by
Corollary [3.6] f(z) € L(s,s). u

For a normal operator x in L(s,s) with spectral representation = =
Yool APy, we define the function space

Cs(a(@)) :==A{f:0(x) > C: f(0) =0, (f(An))nen € AZ([[Pullg)}-
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It is easy to show that the space Cs(o(x)) with the system (¢g)q4en,, ¢q(f) =
sup,en | f(An)| || Pnllg, of seminorms, pointwise multiplication and conjuga-
tion is a Fréchet *-algebra.

THEOREM 5.2. If x = > 07 A\ Py, is an infinite-dimensional normal
operator in L(s',s), then the map

P : Cs(o(z)) — alg(z), O(f) = f(z):= Z () P,

n=1
is a Fréchet algebra isomorphism such that ®(id) = x and ¢(f) = &(f)*.

Proof. By Theorem & is well defined, and of course ¢(id) = x and
&(f) = @(f)*. The space alg(r) is a nuclear Fréchet space (as a closed
subspace of the nuclear Fréchet space L(s',s)) so A®°(||Pyllq) = alg(z) (see
Theorem is a nuclear Fréchet space as well. Thus, by the Grothendieck—
Pietsch theorem (see e.g. [I2, Th. 28.15]), for given ¢ € Ny one can find
r € Ny such that C' := EZO 1 1 Pallg/ || Pallr < co. Hence

1P|
12(Hllq < Zlf ) Pn ||q—Z|f ) nHrHP Hq

P,
< sup 1 IIPHTZHPIIZ_ e (£)

and thus @ is continuous.

Clearly, @ is injective. To prove that it is also surjective, take y € alg(z).
By Theorem (Pp)nen is a Schauder basis, so there is a sequence (fip )neN
such that y = Y7 | pnP,. Let g(\,) := iy, for n € N. Then

sup [g(An)| [ Pallq = sup |l | Pallq < oo,
neN neN

hence g € Cs(o(x)), and of course, P(g) =y. =
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