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Connes amenability-like properties
by

AMIN MAHMOODI (Tehran)

Abstract. We introduce and study the notions of w*-approximate Connes amenabil-
ity and pseudo-Connes amenability for dual Banach algebras. We prove that the dual
Banach sequence algebra ¢! is not w*-approximately Connes amenable. We show that in
general the concepts of pseudo-Connes amenability and Connes amenability are distinct.
Moreover the relations between these new notions are also discussed.

1. Introduction. The concept of amenability for Banach algebras was
introduced by B. E. Johnson in 1972 [10]. Several modifications of this no-
tion were introduced by relaxing some of the restrictions on the definition of
amenability. Some of the most notable are the concepts of Connes amenabil-
ity [12] and pseudo-amenability [9]; the former had been studied previously
under different names. We recall the definitions in Definitions 1.1 and 1.2
below.

Suppose that A is a Banach algebra and that £ is a Banach A-bimodule.
A bounded linear operator D : A — E is a derivation if it satisfies D(ab) =
D(a).b+a.D(b) for all a,b € A. A derivation D is inner if there is x € F
such that D(a) =a.x —x.a for a € A.

Let A be a Banach algebra. It is known that the projective tensor product
A® A is a Banach A-bimodule in the canonical way. There is a continuous
linear A-bimodule homomorphism 7 : A ® A — A such that 7(a ® b) = ab
for a,b € A. The dual of a Banach space E is denoted by E*. In the case
where E is a Banach A-bimodule, E* is also a Banach A-bimodule. The
reader may see [I] for more information.

Let A be a Banach algebra. A Banach A-bimodule F is dual if there is
a closed submodule E, of E* such that E' = (E,)*. We call E, the predual
of E. A dual Banach A-bimodule F is normal if the module actions of A
on E are w*-continuous. A Banach algebra is dual if it is dual as a Banach
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A-bimodule. We write A = (A,)* if we wish to stress that A is a dual
Banach algebra with predual A,.

DeFINITION 1.1 ([I2]). A dual Banach algebra A is Connes amenable
if every w*-continuous derivation from A into a normal, dual Banach
A-bimodule is inner.

The reader is referred to [I3] for basic properties of Connes amenable
dual Banach algebras. Let A = (A,)* be a dual Banach algebra and let E
be a Banach A-bimodule. We write cwc(FE) for the set of all elements x € E

such that the maps
a.x,

A— FE, al—>{

x.a,

are w*-weak continuous. The space cwc(FE) ia a closed submodule of E. It is
shown in [15, Corollary 4.6] that 7*(A.) C cwe(A®.A)*. Taking adjoints, we
can extend 7 to an A-bimodule homomorphism 7. from owe((A ® A)*)*
to A. A cwc-virtual diagonal for a dual Banach algebra A is an element
M € cwe((A® A)*)* such that a. M = M .a and amswe(M) = a for a € A.
It is known that Connes amenability of A is equivalent to existence of a
owc-virtual diagonal for A [15].

DEFINITION 1.2 ([9]). A Banach algebra A is pseudo-amenable if there
is a net (my) € A® A, called an approvimate diagonal for A, such that
a.me — Mg .a — 0 and m(my)a — a for each a € A.

In this paper we introduce and investigate two notions of amenability
for dual Banach algebras; w*-approximate Connes amenability and pseudo-
Connes amenability. The former is based on a property of derivations, while
the latter consists in existence of a kind of diagonal (not necessarily bound-
ed) with certain properties.

The organization of the paper is as follows. Firstly, in Section 2 we
study basic properties of w*-approximate Connes amenability. We give some
characterizations of both Connes amenability and w*-approximate Connes
amenability in terms of diagonals.

In Section 3 we show that the dual Banach sequence algebra ¢! = ¢!(N)
is not w*-approximately Connes amenable. The same result holds for the
standard dual Banach sequence algebra ¢! (w), where w is a weight on N.

In Section 4 we introduce the notion of pseudo-Connes amenability. We
show that the ¢!-direct sum of two pseudo-Connes amenable dual Banach al-
gebras is pseudo-Connes amenable. We show that in general A being pseudo-
Connes amenable is weaker than Af being pseudo-Connes amenable. But if
A has an identity, then they are equivalent.

In Section 5 we study the relations between pseudo-Connes amenability
and w*-approximate Connes amenability. We show that a dual Banach al-
gebra A is w*-approximately Connes amenable if and only if its unitization



Connes amenability-like properties 57

A is pseudo-Connes amenable. We examine pseudo-Connes amenability of
a dual Banach algebra with identity and in particular we show that pseudo-
Connes amenability and w*-approximate Connes amenability are the same
in this case. We show that every w*-approximately Connes amenable, com-
mutative dual Banach algebra is pseudo-Connes amenable. We prove that
any w*-approximately Connes amenable dual Banach algebra having a cen-
tral w*-approximate identity is pseudo-Connes amenable. We also describe
w*-continuous derivations from a pseudo-Connes amenable dual Banach al-
gebra A into certain normal, dual Banach A-bimodules.

Finally, in Section 6 we verify these various notions of Connes amenabil-
ity for certain dual Banach algebras. In particular, we see that pseudo-
Connes amenability is weaker than Connes amenability.

2. w*-Approximate Connes amenability. We start with basic con-
structions. Let A be a Banach algebra and let £ be a Banach .A-bimodule.
A derivation D : A — E* is w*-approzimately inner if there exists a net
(¢i) € E* such that D(a) = w*-lim;(a.¢; — ¢; . a) for a € A, the limit being
in the w*-topology on E*.

DEFINITION 2.1. A dual Banach algebra A is w*-approximately Connes
amenable if for every normal, dual Banach A-bimodule F every w*-con-
tinuous derivation D : A — F is w*-approximately inner.

We remark that, in [6], the notion of approximate Connes amenabil-
ity was also introduced: a dual Banach algebra A is said to be approxi-
mately Connes amenable if, for each normal dual Banach A-bimodule F,
each w*-continuous derivation D : A — F is the limit of a sequence of in-
ner derivations in the strong-operator topology of B(A, E). Of course, each
approximately Connes amenable dual Banach algebra is w*-approximately
Connes amenable. However, in contrast to [8, Theorem 2.1], we are not able
to prove (or disprove) the converse.

Throughout, if A is a Banach algebra we shall write A% for the forced
unitization of A. The adjoined identity element will usually be denoted by e.

The proofs of the following two propositions are analogous to those of
[6, Propositions 2.2 and 2.3].

PROPOSITION 2.2. Suppose that A is a w*-approximately Connes ame-
nable dual Banach algebra. Then A has a left and right w*-approximate
identity. In particular A? is w*-dense in A.

PRrROPOSITION 2.3. A dual Banach algebra A is w*-approzimately Connes
amenable if and only if A* is w*-approzimately Connes amenable.

PROPOSITION 2.4. Suppose that A and B are dual Banach algebras and
that 6 : A — B is a continuous epimorphism which is w*-continuous. If A
is w*-approzimately Connes amenable, then so is B.
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Proof. Use the argument of 7, Proposition 2.2]. =

PROPOSITION 2.5. Suppose that A is a dual Banach algebra. Then the
following are equivalent:

(i) A is w*-approximately Connes amenable.
(ii) There is a net (My)o C cwc((A* & AH)*)* such that

a. My —My.a"55 0 in owe((AF & A (ae AD),

and Towe(My) Y e in Al
(iii) There is a net (M")s C owe((A* & AH*)* such that

a. M, — M, . a0 inowe((A& A (o€ AP,
and Towe(M]) = e for all a.

Proof. (i)=(iii): By Proposition 2.3, A" is w*-approximately Connes
amenable. Canonically A @ A! is a submodule of owe((Af & A#)*)*. Be-
cause of the normality of the dual module cwe((A* & AF)*)*, the derivation

D: A = owe((A*& AN, ama®e—e®a,
is w*-continuous. Also D attains its values in the w*-closed submodule
ker myye. Therefore, there exists a net (Ny)a C ker gy such that Da =
w*limy(a . Ny — Ng . a) for each a € Af. Letting M! = e®e— N,, we
obtain a net as required in (iii).

(iii)=(ii): It is immediate.

(ii)=(i): Let E be a normal, dual Banach A*bimodule which we may
suppose is unital, i.e., x.e =e.x = x for every x € E. Let D : A* - E
be a w*-continuous derivation. Define ¢ : A* & A* — E by a®@ b+ a . Db.
In [I5, Theorem 4.8], it is shown that ¢* maps the predual E, of E into
owe((A* & A"*), so that the w*-continuous map @ := (¢* E)* maps
owe((A* @ AH*)* into E. Let x, := $(M,). Since A ® AP is w*-dense
in ocwc((A* & AH)*)*, there is a net mg) =0 ’gz)a ®bna e A*& A? such
that M, = w*lim;m{ in owc((AF @ A#)*)*. Then, for each ¢ € E, and
a € Af, we have

(Vya.x4) = lilm<

<
L
Q
S
5=
NS
S
S
=
NG
N—
\/

i (w Z 9.0, . Da) +1im (4,3 afl, . DE,) . a)

n=1
= <1/1= 7Tszcjw'oe . Da) <w7 Ty - a).
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Hence (¢,a . xq — xo.a ) — (¥, Da) so that by Proposition 2.3, A is w*-
approximately Connes amenable. m

The proof of the following lemma is elementary.

LEMMA 2.6. Let A be a dual Banach algebra and let E and F be Banach
A-bimodules. Then cwc(E @ F) = cwc(E) & cwe(F).

Reformulating Proposition 2.5 to avoid using an adjoined identity we
have the following.

THEOREM 2.7. Suppose that A is a dual Banach algebra. Then A is
w*-approxzimately Connes amenable if and only if there are nets (My)a C

cwc((A® A)*)* and (Ua)a, Va)a € cwe(A*)* such that for all a € A:
(i) a.My—My.a+Uy®a—a®V, Y50 in owe((A® A)*)*;
(ii) a.Uy —a Y0 and Vo.a—a Y0 in owc(A*)*;
(if) Towe(Ma) — Un — Ve 25 0 in A.

Proof. Suppose A is w*-approximately Connes amenable, and take the
net (Ny)a C owe((A* & A%)*)* given in Proposition 2.5(ii). By Lemma 2.6,
since (A* @ AN = (AQ A)* D (A* @e) @ (e ® A*) @ (Ce ® e), we have

owe(A* & AN = owe(A& A)* @ (cwe(A") @e) @ (e ® owe(A*)) & (Ce®e).
Therefore
owe((AF & AF))*
= owc((A® A)")* @ (cwe(A")* @ e) @ (e ® cwe(A*)*) @ (Ce @ e).

Thus we can write Ny = My — Uy, ® e — e @ Vi + coe ® e, where (My)q C
cwe((A® A)*)* and (Up)a, (Va)a € cwe(A*)* and (cq)a € C.
Applying 7y, We observe that

Wowc(Ma) — Uy — Vo +ca w—*> €,

whence ¢q, — 1 and Tpe(My) — Uy — Vy w, 0, that is, we have (iii).
Next, for a € A,
a.No—Ny.a=a. My,—M,.a+U,@a—a@V,+e®@V,.a
fa.Ua®e+a®efe®aw—*>O,
whence we conclude that
ligl(a.Ma—Ma.a+Ua®a—a®Va) =0 and liéna.Ua zlignVa.a:a,

in the w*-topology of cwe((A ® A)*)* and ocwc(A*)*, respectively, as re-
quired.
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Conversely, given (Mg )a, (Us)a and (Vg )a, set ¢o = 1 and define N, :=
M,—-U,®e—e®V,+e®e. Then it is easy to check that, for all a € A,

a.N,— N, .a Y0 and Towe(Na) v, e,
so that, by Proposition 2.5, A is w*-approximately Connes amenable. m
We write F(X) for the family of finite subsets of a given set X.

THEOREM 2.8. A dual Banach algebra A = (A.)* is Connes amenable if

and only if there is a constant C > 0 such that for each € > 0 and any finite
subsets S C A, K C A and H C cwe((A® A)*), there exists F € A® A
with | F|| < C such that

(i) {p,a.F —F.a)|<e (a€S8, ¢ €H);
(ii) [(Y,a —am(F))| <e (a €S, ¢ € K).

Proof. Suppose that A is Connes amenable. By Proposition 4.2 below
there are C' > 0 and a net (mq)q in A ® A with ||my|| < C such that

a.ma—ma.aﬁo and aﬂ(ma)—aw—*>0
in cwe((A & A)*)* and A, respectively. Then, for given ¢ > 0 and finite
subsets S C A, K C A, and H C owe((A® A)*), there exists F € A® A
with ||F'|| < C such that clauses (i) and (ii) of the theorem are satisfied. By
modifying F slightly, we may suppose that F' € A® A.
Conversely, suppose that the condition in the theorem is satisfied. Con-
sider the set

I=1(0,1) x F(A) x F(As) x Flowe((A& A)*)).
We order I by setting (e1,S1,K1,H1) =X (€2,82, K2, Ha) whenever £1 > o,
S1 C 8y, K1 C K9, Hi € Ha. Then [ is a directed set. The conditions show
that there exists a net (F,)aes € A& A such that || F,|| < C and
(p,a.Fy —Fy.a) -0 and (¢,a—an(F,)) —0
foralla € A, € A, and ¢ € cwc((A®.A)*). Therefore, by Proposition 4.2,
A is Connes amenable. =

For comparison, we recall [I1] that a Banach algebra A is amenable if
and only if there is a constant C' > 0 such that, for each € > 0 and each
finite subset S C A, there exists F' € A ® A with |F|| < C such that, for
each a € S, we have

(i) la.F —F.a| <e¢

(i) |la —am(F)| < e.

We can extend Theorem 2.8 to the approximate case as follows.

THEOREM 2.9. Suppose that A = (A.)* is a dual Banach algebra. Then
A is w*-approzimately Connes amenable if and only if, for each ¢ > 0 and
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any finite subsets S C A, K C A, T C owc(A*) and H C owc((A® A)*),
there exist F € A® A and u,v € A such that 7(F) =u+v on K and

(i) {p,a . F—F.a+u®a—a®u)|<e(aeS, ¢pcH);
(ii) [(¢Y,au—a)| <e and |(Y,va—a)| <e (a€ S, eT).

Proof. Suppose that A is w*-approximately Connes amenable and let
(M,), (Uy) and (V) be the nets given in Theorem 2.7. Then, for the specified
e > 0 and finite subsets S C A, K C A,, T C owc(A*), H C cwe((A®.A)*),
there is a = a(e, S, KC, T, H) such that

[{p,a. My — My .a+Us®a—a®V,)| <e,
[(V,a.Uy —a)| <e and |[(¢,Vy.a—a)| <e,
‘<f7 WUwC(Ma) —Usy — Va>‘ <eg,

forallae S, feK,¢ €T and ¢ € H.

By the w*-density of A and A ® A in cwc(A*)* and cwe((A @ A)*)*,
respectively, and by the w*-continuity of 7y, there are F € A& A and
u,v € A such that clauses (i) and (ii) of the theorem are satisfied, and
further such that |(f,7(F) — u — v)| < ¢ for every f € K. By modifying F'
and u slightly, we may suppose that F' € A®.A and that (f, 7(F)—u—v) =0
for all f € K.

Conversely, suppose that the condition in the theorem is satisfied. Similar
to Theorem 2.8, we order the set

I=(0,1) x F(A) x F(A) x Flowe(A)) x F(owe((A A)")).

The above assumptions show that there exist nets (Fp)aer € A ® A and
(Ua)aer, (Va)aer € Asuch that m(F,) = Uy +V, on K (note that o depends
on K) and such that for each a € A, we have

0. Fy—Fo.a+ta®a—a®va 250 in cwc((A® A)*)*,
aua—aw—*>0 and vaa—aw—*>0 in cwc(A*)*.

Therefore, the conditions of Theorem 2.7 are satisfied, and so A is
w*-approximately Connes amenable. m

For each Banach algebra A, there is an isometry ¢ : A® A — A& A such
that t(a®b) = b ® a.

LEMMA 2.10. Suppose that A is a commutative dual Banach algebra. If
¢ is an element of owc((A® A)*), then so is 1*(¢).

Proof. Since A is commutative

Fla.¢)=1(¢).a and *(¢p.a)=a.(¢) (a€A ¢ (AR A)).
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Let ¢ € owc((A®.A)*) and let (aq)q be a net in A, which tends to a € A
in the w*-topology. For every A € (A ® A)**, we have
(Ao *(8)) = (7 (A),6 aa) = (7 (A), 6. a) = (A 0. *(6))
so that aq . 1*(¢) = a.1*(¢) in (A& A)*. Similarly, t*(¢) . aa — 1*(¢) . a,
as required. m

We now give a variation of Theorem 2.9 in the case where A is commu-
tative.

THEOREM 2.11. Suppose that A = (A)* is a commutative dual Banach
algebra. Then A is w*-approximately Connes amenable if and only if, for
each € > 0 and any finite subsets S C A, K C A, T C ocwc(A*) and
H C owc((A® A)*), there exist F € A® A with «(F) = F and u € A such
that 7(F') = 2u on K and

(i) (¢a. F-—F.atu®a—a®u)|<c(a€S, ¢ €M)

(ii) [(Y,au—a)| <e (a€e S, Y eT).

Proof. By the commutativity of A,

a.F)=uF).a and (F.a)=a.u(F) (a€A FeARA).

Suppose that A is w*-approximately Connes amenable, and take ¢ > 0
and finite subsets S C A, K C A,, T C owc(A*) and H C cwe((A® A)*).
Put H* = {t*(¢) : ¢ € H}. Then, by Lemma 2.10, H* is a finite subset of
owc((A® A)*). By Theorem 2.9, there exist G € A® A and v, w € A with
7(G) = v +w on K, satisfying

(Aja.G—G.a+v®@a—a@uw)|<e (ae8S AeHUHY),
[{(Y,av —a)| <e and |(Y,wa—a)l<e (a€S,PeT).

For each a € § and ¢ € H, we have

[, t(G).a—a.u(G)+a®v—w® a)]
=|p,ila.G—G.a+v®a—a®@w))|
=(t"(¢),a.G—G.a+vR®a—a®w)| <e.

Set F' = (G + «(G)) and u = (v + w). Then ((F) = F and 7(F) = 2u

on K. Further
[{p,a . F—F.a+u®a—a®u)| <e and |[(¢,au—a)| <e
foralla e S, v €T and ¢ € H.

The converse is immediate. m

3. (Non-) w*-approximate Connes amenability for ¢'. We con-
sider the spaces £*°, ¢ and P, 1 < p < oo, in the standard way. These
algebras are discussed in [I, Example 4.1.42]. It is shown in [4] that the
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Banach sequence algebra 7, 1 < p < oo, and its weighted variant F(w),
for any weight w on N, are not approximately amenable. In this section we
show that these algebras are not w*-approximately Connes amenable in the
case p = 1.

As usual cpp will be the subalgebra of CV consisting of all sequences
having finite support. We write d,, for the characteristic function of the
singleton {n}, for every n € N. It is known that ¢! is a Banach algebra
under pointwise multiplication. It is routine to check that ¢y is a closed
¢ -subbimodule of £>°, and so ¢! is a dual Banach algebra. We set e, =
91+ -+ + 6, for every n € N. Then the sequence (ey), is an approximate
identity for ¢1.

We now recall some preliminaries and further notations from [4]. A (dual)
Banach sequence algebra on N is a (dual) Banach algebra .4 which is a
subalgebra of CY such that ¢gg € A. Our specific algebra ¢! is a dual Banach
sequence algebra, and cqg is dense in ¢!. Let A be a Banach sequence algebra,
and let e, be as before, for all n € N. Then (ey), C coo C A. Each element
a € Ais considered both as the sequence (a;); and the formal sum ., a;0;.
We may identify an element a®b in A® A as a function on N x N by setting
(a®b)(i,7) = aibj, i,j € N. In particular, 6; ® d; = d(; ;), the characteristic
function of (i, 7). For an element F' =3, . F(1, j)5(i7j) in oo ® coo, note that

(a.F)(i,j) = aiF(i,j) and (F. a)(%j) =a;F(i,j) (i,j €N)
and that 7(F) = ), F(i,4)0;. For F' € cpp @ cop and for a € A, we set
AgF)=a.F—F.a+7(F)®a—a®n(F).
It is clear that A, (F') € coo ® cop whenever a € cqg.
THEOREM 3.1. Suppose that A = (A.)* is a dual Banach sequence al-
gebra with cog dense in A. Then A is w*-approximately Connes amenable
if and only if, for each ¢ > 0 and any finite subsets S C A, K C A,,

T C owe(A*) and H C owc((A & A)*), there exists F € coo @ coo with
L(F) = F such that

(i) [(0, Aa(F))| <& (a €S, ¢eH);
(i) [(Y,an(F)—a)l<e (aeS,¢YeT).

Proof. Suppose that A is w*-approximately Connes amenable, and
take ¢ > 0 and finite subsets S C A, K C A,, T C owc(A*) and H C
owe((A® A)*). Let F and u be given by Theorem 2.11. Since cqgo ® cgo is
dense in A ® A, we can replace F' by an element G € ¢gp ® coo such that (i)
and (ii) of Theorem 2.11 remain true with v = 7(G)/2 replacing u. Set

B = G+Z 0i ® 0; € coo ® coo-
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Clearly m(B) = v on K. We replace G by B and since
a. (Z(vi — (@) @ 51») - (Z(vi —(G),)d: @ 51-) a (ac A,

this does not affect clauses (i) and (ii) of Theorem 2.11. Therefore, conditions
(i) and (ii) of the current theorem are satisfied.
The converse is similar. m

THEOREM 3.2. The dual Banach sequence algebra (' is not w*-approzi-
mately Connes amenable.

Proof. Following the proof of [4, Theorem 4.1], we may choose two suit-
able elements a,b € ¢! and a certain € > 0 such that there is no element
F € cogo ® coo satisfying both the following inequalities:

(1) [ Aa(B)]| + 1 25(F)]| < &
(2) lla — an(E) | + [Ib - br(F)| < <.

We say that if (1) is not true, then there are elements ¢ and ¢9 in
owc((A® A)*) such that the inequality

{91, Aa(F))] + [(P2, Ap(F))| < &

does not hold. Similarly, whenever (2) is not true, there are elements 1); and
19 in cwc(A*) for which the inequality

(1,0 — am(F))| + [(2,b — b (F))| < &

does not hold.
All in all, by Theorem 3.1, we conclude that ¢! is not w*-approximately
Connes amenable. n

We conclude by looking at a weighted variant of the ¢! algebra. Let
w: N — [1,00) be any function. We consider the spaces co(1/w) and £ (w)
in the standard way (see for instance [I, 2]). It is known that ¢!(w) is a dual
Banach algebra under pointwise operations with predual co(1/w).

THEOREM 3.3. The dual Banach sequence algebra ¢*(w) is not w*- ap-
proxzimately Connes amenable for any weight w.

Proof. Using the argument of [4, Theorem 4.2], the proof is similar to
that of Theorem 3.2. =

4. Pseudo-Connes amenable dual Banach algebras. Let A be a
dual Banach algebra. We notice that A ® A is canonically mapped into
owc((A ® A)*)*. Therefore there is an inherited w*-topology on A ® A
from ocwc((A® A)*)*. Therefore we can always speak of the w*-topology on
A ® A without ambiguity. This is the motivation of the basic definition for
the current section.



Connes amenability-like properties 65

DEFINITION 4.1. Suppose that A is a dual Banach algebra. A net (mg)
in A® A is an approzimate ocwc-diagonal for A if for every a € A,

(i) a.mqg—mq.a 2 0in ocwe((A® A)*)*, and
(i) ampwe(ma) 25 a in A.

The following is a characterization of Connes amenability in terms of
virtual and approximate diagonals.

PROPOSITION 4.2. Suppose that A is a dual Banach algebra. Then the
following are equivalent:

(i) A is Connes amenable.
(ii) There exists a cwc-virtual diagonal for A.
(iii) There exists a bounded approzimate cwc-diagonal for A.

Proof. The equivalence of (i) and (ii) is just [I5, Theorem 4.8].

(ii)=-(iii): Let M be a cwc-virtual diagonal for A. Since A ® A is
w*-dense in cwe((A @ A)*)*, there is a bounded net (mg) in A ® A which
tends to M in the w*-topology. It is easy to check that (mg) is an approxi-
mate cwec-diagonal for A.

(iii)=-(ii): Let M € ocwe((A &® A)*)* be a w*-accumulation point of the
given bounded approximate cwc-diagonal (m,,) for A. We may assume that

M = w*-lim, my. Then it is readily seen that M is a cwec-virtual diagonal
for A.

DEFINITION 4.3. A dual Banach algebra A is pseudo-Connes amenable
if there exists an approximate cwc-diagonal for A.

As a consequence of Proposition 4.2, we see that Connes amenability
implies pseudo-Connes amenability. It is obvious that every pseudo-Connes
amenable dual Banach algebra has a w*-approximate identity. For dual Ba-
nach algebras, clearly pseudo-amenability implies pseudo-Connes amenabil-
ity.

Let E and F be Banach spaces and let 8 : E — F be a linear map. We
write § ® @ for the linear map from F ® F into F ® F given by r ® y
O(x) ®0(y) for x € F and y € F.

LEMMA 4.4. Suppose that A and B are dual Banach algebras, and that
0: A — B is a continuous epimorphism which is also w*-continuous. Then

(0 ® 0)*(cwe((B® B)*)) C owe((A® A)*).
Proof. This is straightforward: just notice that for every a € A and
¢ € (B&B),
0. (020)(6) = (020)(0a). ), (020)(9).a=(00)(d.0(a)). =
PRrROPOSITION 4.5. Let A be a Banach algebra, B dual Banach algebra,
and 0 : A — B a continuous epimorphism. Then:
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(i) If A is pseudo-amenable, then B is pseudo-Connes amenable.
(ii) If A is dual and pseudo-Connes amenable and if 6 is w*-continuous,
then B is pseudo-Connes amenable.

Proof. The cases are completely analogous and we shall only prove (ii).
Let (mq)a € A ® A be an approximate ocwc-diagonal for A. We will show
that (6 ® 0)(me) € B& B is an approximate cwe-diagonal for B. Let b € B,
and take a € A such that b = 6(a). It is readily seen that

b.(0®0)(mg) =0®60)(a.mq) and (0 ®80)(my).b=(0®0)(mg.a).
For every ¢ € cwe((B ® B)*), using Lemma 4.4, we have

(p,b. (0 ®60)(ma) — (0 20)(mg) .b) = (¢, (0@ 0)(a.my —mg . a))
={0®60)(¢),a.mq —mqg . a)
— 0,
so that w*-lima (b . (0 ® 0)(ma) — (0 ® 0)(my) . b) = 0 in cwe((B & B)*)*.
Because Tyupe((0 @ 0)(ma)) = 0(Towe(Mma)), and by the w*-continuity
of 6, we observe that

b owe((0 @ 0)(me)) = 0(a)8(Towe(ma)) = 0(amewe(ma)) v, 0(a) = b,
as required. m

Suppose that A = (A,)* and B = (B,)* are dual Banach algebras. We
consider the ¢!-direct sum A ®' B with norm |la+ b|| = ||a|| + ||b]| for a € A
and b € B. This is a dual Banach algebra under pointwise-defined operations
and with predual the ¢*°-direct sum A, &> B,, where the norm | - || is
defined through ||¢ + ¥||cc = max(]|]|, ||1]|) for ¢ € A, and ¥ € B,. It is
known that the duality is given by

(p+v,a+b) = {(d,a)+ (,b) (a€ A beB, de A e By).

THEOREM 4.6. Suppose that A and B are pseudo-Connes amenable dual
Banach algebras. Then so is A ' B.

Proof. First note that we can naturally embed A& A into E = (A3 B)
® (A @! B). Then we may regard each m € A& A as an element in E, so
that

(a+b).m=a.m, m.(a+b)=m.a, Tygi(m)=ma(m),

for a € A and b € B, where mx denotes the diagonal operator for X. The
same argument works for each u € B ® B. Regarding m + u as an element
of I/, we have

(a+b).(m+u) =a.m+b.u, (m+u).(a+b)=m.a+u.b (a€ A, beB),

and mgqi(m + u) = ma(m) + m8(u).
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Next, using Lemma 2.6, we have the decomposition
owc(E*) = cwe((A& A)*) & cwe((B& B)*) @ R
for some Banach space R. Therefore
owc((E*))* = cwe((A® A)*)* @ owe((B& B)*)* & R*.

Now, let (ma)a € A ® A and (ug)g C B @ B be approximate
cwc-diagonals for A and B, respectively. Given ¢ > 0 and finite subsets
SCA,TCB,KCowe((A®.A)*) and H C cwe((B& B)*), we can choose
a=as,8,K) and g = B(e, T,H) such that

{p,a.mg —mg.a)| <e/2, [{g,ma(ma)a—a)| <e/2 (peEK,acSs),
and

[(,b.ug —ug.b)| <e/2, |(Y,ma(ug)b—"b)|<e/2 (WeH,beT).
Then we see that

‘<¢+¢,(a+b).(ma—i—uB)—(ma—i-uB).(a—Fb)ﬂ <e
and

}<¢+ Y, T garg(Ma +ug)(a+0) — (a+ b)>‘ < e.

This shows that A @' B has an approximate cwc-diagonal, and hence is
pseudo-Connes amenable. u

To end this section we compare pseudo-Connes amenability of A to that
of Af, for a dual Banach algebra A. Using the decompositions given in the
proof of Theorem 2.7, it is not hard to see that the latter implies the for-
mer. The converse, however, is not true. For instance, the Banach sequence
algebra ¢! is pseudo-Connes amenable by Example 6.2 below. If its unitiza-
tion (¢')f is pseudo-Connes amenable, then ¢! would be w*-approximately
Connes amenable by Theorem 5.3 below and Proposition 2.3, which contra-
dicts Theorem 3.2.

5. The relations. In this section we are concerned with relations be-
tween pseudo-Connes amenability and w*-approximate Connes amenability.

THEOREM 5.1. Suppose that A is a dual Banach algebra. Then the fol-
lowing are equivalent:

(i) A is w*-approximately Connes amenable.
(ii) A* is pseudo-Connes amenable.

Proof. Let A be w*-approximately Connes amenable. By Proposition 2.5,
there is a net (My)o € cwe((A*&AF)*)* such that for each a € A and each a,
a.My—My.a — 0 and Type(M,) — e in the w*-topology of cwe((AF&.A%)*)*
and A!, respectively. Take ¢ > 0 and finite subsets S C A, K C (A"), and
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H C owe((AF & A%)*). Then there is o for which
[(fia. My — My .a)|={a.f—f.a,M,)| <e

and [(¢, Towe(Ma) —€)| <cforallae S, ¢ € K and f € H.

Hence, by w*-density of A% ® Af in cwe((A* @ Af)*)* and w*-continuity
of Tywe, there is m € A* @ A! such that

[{(fra.m—m.a)|=(a.f—f.a,m)| <e,

and [(¢,7(m) —e)| <eforallae S, ¢ € L and f € H.

Therefore, there is a net (m;) in A* @ A" such that for every a € A
and every i, a . m; — m; .a — 0 and w(m;) — e in the w*-topology of
owe((A*&.AH*)* and A¥, respectively. Hence A* is pseudo-Connes amenable,

as required.
The converse is immediate by Proposition 2.5. u

LEMMA 5.2. Suppose that A is a dual Banach algebra with identity e,
and a, aq are elements of A for all . Then:

(i) If aq Y ain A and if be A, then aa®bw—*>a®b and b® ag w,
b®a in cwe((A® A)*)*.
(i) If aa®e 25 a®e or e® aq Y e®a in owc((A & A)*)*, then

w .
aq — a in A.

Proof. (i): Let aq Y 4 in A, b € Aand let ¢ € ocwe((A® A)Y).
Then ¢ .aq > ¢.a and ay . ¢ — a. ¢ in owe((A & A)*). In particular,
(¢p.aq)(e®b) = (¢p.a)(e®b) and (aq . @) (b®e) — (a.d)(b®e). Therefore,
d(aq @b) = ¢(a®b) and ¢(b ® aq) = ¢(b® a), as required.

(ii): We shall only prove the statement in the case a, ® e Y a®ein
owc((A ® A)*)*. For each ¢ € A, we know that 7*(¢) € cwe((A & A)*).
Therefore,

Now we examine pseudo-Connes amenability of a dual Banach algebra A
with identity.

THEOREM 5.3. Suppose that A is a dual Banach algebra. Then the fol-
lowing are equivalent:

(i) A has an approzimate cwc-diagonal (my)a such that Tewe(Ma) is
the identity of A, for each a.
(ii) A is pseudo-Connes amenable and has an identity.
(iii) A is w*-approximately Connes amenable and has an identity.
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Proof. (i)=-(ii): This is immediate.

(ii)=-(iii): Let E = (E\)* be a normal, dual Banach .A-bimodule which
we may suppose without loss of generality to be unital, and let D : A — E
be a w*-continuous derivation. Let (my)a € A ® A be an approximate
cwc-diagonal for A. Define a bounded linear map

0: AQA—E, a®bw—a.Db.
Then for every a € A,
a.0(my) =0(a.mg—mg . a)+ Towe(Ma) . Da+0(my) . a.
Letting x,, := 0(my,), for every a € A we have
Towe(Ma) - Da = (a.xq — 2o .a) — 0(a. mg —mg . a).
Since E is unital and normal, Da = w*-lim,, Teye(me) . Da for all a € A.

On the other hand, 6*(E,) C cwc((A®.A)*) by [15, Lemma 4.9]. Therefore,
for every ¢ € F, and a € A,

(,0(a.mo —mg .a)) =(0*(¥),a.mqg —mg .a) =0,

so that w*-lim, 0(a . mg — mq . a) = 0.

All in all, Da = w*-limy(a . x4 — 4 - a) for each a € A, as required.

(iii)=(i): Let e and u be the identities of A and A%, respectively. By
Theorem 5.1, there is an approximate cwc-diagonal (M), C Af& Al for AL
Replacing M, with M/, := M,—7gwe(My)@utu®u and using Lemma 5.2(i),
if necessary, we can assume that 7ype(My) = u for all a. We write M, =
ta + Fo @u+u® Gy + cou @ u where t, € A® A, F,, G, € A and
Co 18 a constant. Applying 7T,we, it is readily seen that ¢, = 1 and that
Towe(ta) + Fo + Go = 0 for all a. For a € A, by Lemma 5.2(ii),

a-ta—ta~a—Fa®a+a®Gaw—*>O, Gaaw—*>—a7 aFaw—*>—a.

Put mg i=ta + Fa ® e+ e® Gy + e ® e. Then by the above observation,
the net (mgy,), is an approximate owec-diagonal for A and 7yc(mq) = e for
all . m

We recall that an approximate identity (eq)q for a Banach algebra A is
central if (eq)a € Z(A), where Z(A) = {a € A : ab = ba for all b € A}
is the centre of A (see for instance [I, Definition 2.9.1]). A w*-approximate
identity for a dual Banach algebra which is also central is called a central
w*-approximate identity.

We do not know in general whether a w*-approximately Connes amen-
able dual Banach algebra is pseudo-Connes amenable. The following shows
that this is true under an additional assumption.

PROPOSITION 5.4. Suppose that A is a dual Banach algebra having a
central w*-approzimate identity. If A is w*-approximately Connes amenable,
then it is pseudo-Connes amenable.
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Proof. Let (eq)q be a central w*-approximate identity for A. Given ¢ > 0
and finite subsets S C A, K C A, and H C owc((A & A)*), we choose
and as such that

|<¢,ea1a—a>| <€/27 ’<¢,6a2€a1a—€a1a>‘ <5/27
for a € S and ¢ € K. Define a bounded derivation D : A — cwe((A® A)*)*
by
Da :=aey, ®€qy — €y @ €aya =0 . (€4 ® €qy) — (€ay D €qy) - a.
Since ocwc((A & A)*)* is normal, D is w*-continuous. Clearly D attains

its values in the w*-closed submodule ker 7,,,.. Hence, there is an element
u=u(e,S,K,H,a1,a) in ker mgyye for which

[{(f,Da—(a.u—u.a))|<e (a€S, feH).
Let M := €4, ® €, —u. Then M € cwe((A® A)*)* and
[(fia. M —M.a)| <e, |(¢,Towc(M)a—a)l<e (a€S, ¢, feH).
This shows that there is a net (M;); C cwe((A & A)*)* such that a . M; —

M; a5 0 and Towe(M;)a Y ain owc((A® A)*)* and A, respectively.
Now, an argument similar to that for Theorem 5.1 (with A in place
of A¥) shows that A has an approximate cwc-diagonal. =

COROLLARY 5.5. Any w*-approximately Connes amenable, commutative
dual Banach algebra is pseudo-Connes amenable.

PROPOSITION 5.6. Suppose that A is a pseudo-Connes amenable dual
Banach algebra and that E is a normal, dual Banach A-bimodule such that
each w*-approximate identity of A is also a one-sided (left or right) w*-ap-
proxzimate identity for E. Then every w*-continuous derivation D : A - E
s w*-approzimately inner.

Proof. Let (mg)a € A& A be an approximate cwe-diagonal for A and
without loss of generality, let (Towe(ma))a be a left w*-approximate iden-
tity for E. Consider the map 6 given in the proof of Theorem 5.3, so that

O(a.mqg —mg . a) 25 0. Putting x, := 6(my) € E, we obtain
a.xa—xa.a—ﬂgwc(ma).Daﬁo (a € A).

. w* . .
Since Tyype(Mme) . Da — Da, Da = w*-limy(a . x4 — 4 - a), as required. m

To state the last result of this section, we first recall some terminology
from [12]. Let A be a Banach algebra and let E be a Banach .A-bimodule. The
normed space of all inner derivations from A to E is denoted by B!(A, E).
Furthermore, if A is a dual Banach algebra and if F is a normal, dual Banach
A-bimodule, we write Z.. (A, E) for the set of all w*-continuous derivations
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from A into E. It is known that BY(A4,E) C Z..(A, E), so that we can
define H}.(A,A) = ZL.(A,E)/BY (A, E).

COROLLARY 5.7. Suppose that A is a pseudo-Connes amenable dual Ba-
nach algebra. Then any w*-continuous derivation from A into A is w*-ap-
prozimately inner. In particular, if A is commutative then Z\.(A, E) = {0}

so that H}.(A, A) = {0}.

6. Examples. In this section, we present some examples of pseudo-
Connes amenable dual Banach algebras which are not Connes amenable.
Moreover, we look at pseudo-amenability and w*-approximate Connes amen-
ability for these algebras.

EXAMPLE 6.1. Let Ny be the set N of natural numbers with the prod-
uct m V n = max{m,n}. It is known that N, is a commutative, uni-
tal, weakly cancellative semigroup, that is, for every s, € Ny the set
{x € Ny : sx = t} is finite. By [3, Theorem 4.6], /}(N,/) is a dual Banach
algebra with predual ¢o(Ny). By [8, Example 4.6] and [9, Proposition 3.2],
?1(Ny) is pseudo-amenable and whence is pseudo-Connes amenable. Thus it
is w*-approximately Connes amenable, by Theorem 5.3. However, it is not
Connes amenable [0, Theorem 5.13].

EXAMPLE 6.2. Define m, =Y ;" ,6; ® §; € ' & 0 for every n € N. It
is readily seen that (m,,) is an approximate owc-diagonal for £* and hence
¢' is pseudo-Connes amenable. It fails to be Connes amenable because of
lack of the identity. Notice that ¢! is pseudo-amenable, indeed it is pseudo-
contractible in the sense of [9]. As shown earlier (Theorem 3.2), ¢! is not
w*-approximately Connes amenable.

EXAMPLE 6.3. Let G be an amenable, non-discrete locally compact
group. It is known that M (G), the measure algebra of G, is Connes amen-
able [14]. Set A := ¢*(Ny) ! M(G). By Example 6.1 and Theorem 4.6, A
is pseudo-Connes amenable. If A were Connes amenable, then so would be
its image under the w*-continuous natural epimorphism A — ¢1(Ny/), which
would contradict Example 6.1. Analogously, if A were pseudo-amenable,
then so would be its homomorphic image M (G) under the natural epi-
morphism A — M(G), which is not the case by [9, Proposition 4.2]. By
[0, Example 2.1(ii)], A is approximately Connes amenable so that it is
w*-approximately Connes amenable.

ExXAMPLE 6.4. We now give an example of a dual Banach algebra which
is pseudo-Connes amenable but is neither Connes amenable, w*-approxi-
mately Connes amenable nor pseudo-amenable. Let G be an amenable,
non-discrete locally compact group and let A := ¢! @' M(G). The argu-
ment of the preceding example (with Example 6.2 in place of Example 6.1)
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suffices to show that A is pseudo-Connes amenable but is neither Connes
amenable nor pseudo-amenable. The same argument, using Theorem 3.2 and
Proposition 2.4, shows that A is not w*-approximately Connes amenable.

(1]
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