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Uncertainty principles for integral operators
by

SAIFALLAH GHOBBER (Nabeul) and PHILIPPE JAMING (Bordeaux)

Abstract. The aim of this paper is to prove new uncertainty principles for integral
operators 7 with bounded kernel for which there is a Plancherel Theorem. The first of
these results is an extension of Faris’s local uncertainty principle which states that if a
nonzero function f € L?(R?, i) is highly localized near a single point then 7(f) cannot be
concentrated in a set of finite measure. The second result extends the Benedicks—Amrein—
Berthier uncertainty principle and states that a nonzero function f € L*(R?, 1) and its
integral transform 7 (f) cannot both have support of finite measure. From these two results
we deduce a global uncertainty principle of Heisenberg type for the transformation 7. We
apply our results to obtain new uncertainty principles for the Dunkl and Clifford Fourier
transforms.

1. Introduction. Uncertainty principles are mathematical results that
give limitations on the simultaneous concentration of a function and its
Fourier transform. They have implications in two main areas: quantum
physics and signal analysis. In quantum physics they tell us that a particle’s
speed and position cannot both be measured with infinite precision. In signal
analysis they tell us that if we observe a signal only for a finite period of time,
we will lose information about the frequencies the signal consists of. There
are many ways to get the statement about concentration precise. The most
famous of them are the so-called Heisenberg Uncertainty Principle [31] where
concentration is measured by dispersion, and Hardy’s Uncertainty Princi-
ple [28] where concentration is measured in terms of fast decay. A little less
known one consists in measuring concentration in terms of smallness of sup-
port. A considerable attention has been devoted recently to discovering new
formulations and new contexts for the uncertainty principle (see the surveys
[4, 25] and the book [29] for other forms of the uncertainty principle).

Our aim here is to extend the uncertainty principle to a very general class
of integral operators. A version of Hardy’s Uncertainty Principle for integral
operators on R™ has been proved recently by Cowling, Demange and Sun-
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dari [I2]. Their result shows that if the kernel k of an operator 7" is bounded
by the heat kernel p¢(x,y) and the operator is bounded by the heat operator
P, in the sense that ||T'f]| < ||P.f]| then k(x,y) = m(z)pi(z,y) where m is
bounded. In this paper, we consider results of a different nature, as concen-
tration is measured either by (generalized) dispersion, like in Heisenberg’s
Uncertainty Principle, or by the smallness of the support. Moreover, we do
not seek for conditions on k which result from concentration but rather the
opposite. The transforms under consideration are integral operators T with
polynomially bounded kernels K and for which there is a Plancherel The-
orem. This class includes the usual Fourier transform, the Fourier—Bessel
(Hankel) transform, the Fourier-Dunkl transform and the Fourier—Clifford
transform as particular cases.

Let us now be more precise. Let (2, 2 be two convex cones in R? (i.e.
Az € 2if A > 0 and = € {2) with nonempty interiors. We endow them with
Borel measures p and fi. The Lebesgue spaces LP(£2,pu), 1 <p < oo, are
then defined in the usual way. We assume that the measure p is absolutely
continuous with respect to the Lebesgue measure and has a polar decom-
position of the form du(r¢) = r2*~tdr Q(¢)do(¢) where do is the Lebesgue
measure on the unit sphere S¥~! of R? and Q € L'(S?!,do), Q # 0. Then
i is homogeneous of degree 2a in the following sense: for every continuous
function f with compact support in {2 and every A > 0,

(1.1) F(5) dute) = 32§ f() dp(a).
§1(3) o= ey

We define a accordingly for i, and assume that a = a.
Next, let K : £2 x 2 — C be a kernel such that

(1) K is continuous; ~
(2) K is polynomially bounded: |K(z,§)| < er (14 |z))™(1 + [£])™;
(3) K is homogeneous: K(Ax, &) = K(x, A).

One can then define the integral operator 7 on S(§2) by
(1.2) T(NE) = | f@K(z,&) du(z), &€ 2.

n

For p > 0, we define the measures dpu,(x) = (1 + |z|)Pdu(z) and dji,(§) =
(1 + |€])Pdi(€). Then T extends to a continuous operator from L'(£2, p,,)

to
. Lf(©)] }
Cs(02) = : L= —2 <00 .

Further, if we introduce the dilation operators Dy, ﬁ)\ for A > 0:

Duf@) = 5 (5). Bt =5 f(3):
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then the homogeneity of IC implies
(1.3) TDy =Dy )\ T.
Also, from the fact that p and fi are absolutely continuous with respect to
the Lebesgue measure, these dilation operators are continuous from (0, co) x
L2(02, 1) to L2(£2, up), resp. from (0,00) x L*(§2,1i,) to L*(£2,1i,).

The integral operators under consideration will be assumed to satisfy
some of the following properties that are common for Fourier-like transforms:

(1) T has an Inversion Formula: When both f € L*($2, ) and T(f) €

LY(02,1i7), we have f € Cpn(82) and
fla) =T HT(M@) = | TAOK (. da(e), = € 2.

(9}
(2) T satisfies Plancherel’s Theorem: For every f € S(£2),

1T a0 = 1 22

In particular, T extends to a unitary transform from L?(£2, 1) onto

22,7 [
This family of transforms includes for instance the Fourier transform and
the Fourier—Dunkl transform. We will also slightly relax the conditions to
include the Fourier—Clifford transform. We will here concentrate on uncer-
tainty principles where concentration is measured in terms of dispersion or
in terms of smallness of support. Our first result will be the following local

uncertainty principle that we state here in the case m = m = 0 for simplicity
(see Theorem [2.1]| for the full result):

THEOREM A. Assume m = m = 0. Let X C 2 be a measurable subset
of finite measure 0 < fi(X) < oo. Then:

(1) If 0 < s < a, there is a constant C such that for all f € L*(£2, ),
1Ty < CAENZ 2l ] 12,0
(2) If s> a, there is a constant C such that for all f € L*(£2, ),

1Tl 2 < CAE 2 21 Fl

This theorem implies that if f is highly localized in the neighborhood
of 0, i.e. the dispersion H]a:|sfHL2(Q7M) takes a small value, then 7(f) can-
not be concentrated in a subset X' of finite measure. We refer to [24], [41], 42
43] for the history of these uncertainty inequalities.

Another uncertainty principle which is of particular interest is: a function
f and its integral transform T (f) cannot both have small support. In other

(*) The condition @ = a is necessary for this to hold.
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words we are interested in the following adaptation of a well-known notion
from Fourier analysis:

DEFINITION 1.1. Let S € 2 and ¥ 2 be measurable subsets. Then:

e (S,X) is a weak annihilating pair@if supp f C Sand supp 7 (f) C ¥
implies f = 0.

e (S,X) is a strong annihilating pair if there exists C' = C(S, X)) such
that for every f € L2(£2, i),

(1.4) 11 Z2 (200 < CUFNT2(se oy T NT (D720 7))

where A€ is the complement of the set A in {2 or . The constant
C(S, X)) will be called the annihilation constant of (S, X).

Of course, every strong annihilating pair is also a weak one. To prove
that a pair (S,Y) is a strong annihilating pair, it is enough to show that
there exists a constant D(S, X)) such that for every f € L?(§2, ) supported
in S,

(1.5) 1£112 (2,0 < DS, DT ()72 (50 -

The qualitative (or weak) uncertainty principle has been considered in
various places [2, B, 14} 23, 32 35, 37, 44]. Our main concern here is the
quantitative (or strong) uncertainty principle of the form (L.4). In his pa-
per [17], de Jeu proved a quite general uncertainty principle for integral
operators with bounded transform. This result states that if S, Y are sets
of sufficiently small measure, then (.5, X) is a strong annihilating pair. One
is thus led to ask whether any pair of sets of finite measure is strongly
annihilating.

In the case of the Fourier transform, this was proved by Amrein—Berthier
[1] (while the weak counterpart was proved by Benedicks [3]). It is interesting
to note that, when f € L?(R?), the optimal estimate of C, which depends
only on Lebesgue’s measures |S| and ||, was obtained by F. Nazarov [40]
(d = 1), while in higher dimension the question is not fully settled unless
either S or X' is convex (see [34] for the best result to date). For the Fourier—
Bessel/Hankel transform, this was done by the authors in [27]. Our main
result will be the following adaptation of the Benedicks—Amrein—Berthier
uncertainty principle:

THEOREM B. Let S C 2, X C 2 be measurable subsets with 0 < piom(S),
Hom(X) < 0o. Then there exists a constant C(S,X) such that for any func-
tion f € L?(02, ),

£ 172 < CS, D)2 50 + 1T 250 )):

(?) See also the very similar notion of Heisenberg uniqueness pairs [30].
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For the Fourier transform the proof of this theorem in stated in [I] where
the translation and the modulation operators play a key role. Our theorem
includes essentially integral operators for which the translation operator is
not explicit (the Dunkl transform for example) or does not behave like the
ordinary translation (the Fourier—Bessel transform for example). To do so
we will replace translation by dilation and use the fact that the dilates of a
Co-function are linearly independent (see Lemma .

Finally, from either Theorem A or Theorem B we will deduce the follow-
ing global uncertainty inequality:

THEOREM C. For s, 3 > 0, there exists a constant Cs g such that for all
feL*(2,p),

[l f

28

T NEPT()

2s
s+B8 2
L;fﬁ,ﬁ) > CSﬂHfHL?(Q,p,)‘

In particular when s = § = 1 we obtain a Heisenberg type uncertainty
principle for the transformation 7.

The structure of this paper is as follows: In the next section we prove the
local uncertainty inequality for the transformation 7. Section 3 is devoted
to our Benedicks—Amrein—Berthier type theorem. In Section 4 we apply our
results to the Dunkl and the Clifford Fourier transforms.

NOTATION. Throughout this paper we denote by (-,-) the usual Eu-
clidean inner product in R?, we write |x| = \/(x,z) for z € R?, and if S is
a measurable subset in RY, we write |S| for its Lebesgue measure.

Furthermore, S*! is the unit sphere in R% endowed with the normalized
surface measure do.

We write ¢(7) (resp. ¢(s,T) etc.) for a constant that depends on the pa-
rameters a, m,m and ¢y defined above (resp. to indicate the dependence on
some other parameter s, ...). These constants may change from line to line.

2. Local uncertainty principles. Local uncertainty inequalities for
the Fourier transform were first obtained by Faris [24], and they were sub-
sequently sharpened and generalized by Price and Sitaram [41} [42]. Similar
inequalities on Lie groups of polynomial growth were established by Ciatti,
Ricci and Sundari [I1], based on [43]; they were further extended in [3§].

First from the polar decomposition of our measure we remark that

d
Cy(s) := S ’5‘(22) <00, 0<s<a,
{l=z|<1}
(2.1) on
dp(x)
Cy(s) :== S Tt ) , s>a

2
We can now prove the following:
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THEOREM 2.1. Let ¥ C {2 be a measurable subset of finite measure
0 < fioi(X) < 00. Then:

(1) If 0 < s < a, then there is a constant c(s,T) such that for all
feL?(2,u), I TN 25 is bounded by

2.2)  NTDlle2ep)
_ [ el DA el | oy Pa(5) < 1
o(s, T)Bam( DN |1 fll o,y Fom(Z) > 1.
(2) If a < s < a+m, then for every € > 0 there is a constant c(s,T,¢)
such that for all f € L*(2, ), | T(f)llp2(sp is bounded by
(5, T ) o ()77 | | i el £
Zf NQm(E) < 1’
~ 1/2—¢ 1—a/s+e s pl|a/s—¢
C(S7T7 8)[:“’2 ( )] HfHL2 (£2,p) H’.f‘ fHL2(_Q,M)
if Hom(X) > 1.
(3) If s > m + a, then there is a constant c¢(s,T) such that for all f €
L2(Q)/J’)7 ”T(f)HLQ(Z,ZI) is bounded by
~ 1—a/s s a/s .
{0(8,T)[uzm(2)11/2HfHLz((/Z,M)Hlxl P i m=0,
(s, 2w (D)1l 22(21a0) otherwise.

Proof. For (1), take r > 0 and let x; = Xon{jz|<r} and Xr = 1 — x;. We
may then write

HT(f) HL?(L‘,;’Z) = HT(f)XZHLQ(Qﬁ) < ||T(er)XZ||L2(ﬁ,ﬁ) + ”T(fXNT) ”LQ(ﬁ’ﬁ)a
and Plancherel’s Theorem yields

1T (D2 < o) 2IT U x oo + 1%l 2200,

Now we have

(2.3)

HT(fXT)Hoom = CT”fX’FHLl 2,pm)
<C7'|Hl'| (1+[z]) XTHL2 (2,1) H|x| fHLz (2.10)

< erV/Cils) W+ 1) 7|l £l 2,0
On the other hand,

I

£ L2y < 121X | oo g N2 F1 L2y = 77 2P £ L2

so that
1Tl < (77 + 2073/ Crls) (L4 7)™ o (X)) [[[ F 12
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If flos (X)) > 1 we take 1 = fioz (2) /2% < 1 (thus (1+7)™ < 2™) to deduce
that there is a constant C' depending only on s and 7 such that
||T(f)HL2(E,ﬁ) < Cﬁ?’r/ﬁ(z)% H |ZE|SfHL2(Q“u)

If figm (%) < 1 we take r = Jlos (2)~1/2(6+m) > 1 (thus (1 4 7)™ < 2mp™)
to find that there is a constant C' depending only on s and T such that

1T 22 < Clam( )T |||l F| 12 .-

Next, take 0 < 0 < a < s < a + m, apply (1) with o replacing s, and
then apply the classical inequality

1217 |22, < Clon ) Iz 12l £l 7ot -
As for (3), we write

1Tl 2z < Ao ()P IT (Dl sois < iz ()21 L1 (g2,

Moreover

(1 + )7 (@) di(z))

2
Iz (2

(I
(

Ca(s —m) S(l +[a)*|f (@) du(z).

{QL/ﬁ {QL/;

2
(14 [2) =71+ fa])]f (@) dp(a))

IN

Further, if m = 0, then this last inequality implies
S S 2
”f”%l(n,“) < 2? 02(5)(||f|’%2(9,#) + ||l fHLz(g,u))
Replacing f by Dif, A > 0, in this inequality gives
—za — S 2
171171 < 22°Co(s) A2 12 + X2l 2,0

Minimizing the right hand side over A > 0, we obtain the desired re-
sult. m

We now show that a local uncertainty principle implies a global uncer-
tainty principle type for 7. For the sake of simplicity, we will assume that
m = m = 0. The general case will be treated in the next section.

COROLLARY 2.2. Assume that m = m = 0. For s,8 > 0, s # a, there
exists a constant C' = C’(s, B,T) such that for all f € L*(02, ),

(2.4) ] £ 75

s+8
+ 2o = Cl -
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Proof. In this proof, we write B, = ﬁﬂ{x :|z| < r} and BE = \B,. Let
0 < s <aandf > 0. Then, using Plancherel’s Theorem and Theoreml),

1122 = 1T (I Q#) = 1T e, ) + 1T T2 2
< cls, TIAB) |2 |72y + NPT D205
<d(s,7T) TQSHW fHL2(Q,p,) +r 25‘“5’57 HL2(§,ﬁ)'

The desired result follows by minimizing the right hand side over r > 0.
For s > a and 8 > 0 we deduce from Plancherel’s Theorem and Theo-

rem [2.1(3) that
(25) 1122 = 1T ke 1T (N2, 5) + 1T N25: 5
2—2a/s ~ 2a/s
< o, T2 | Fatorm BB 21 £33 5 0 + 1T 2 e

But, using Plancherel’s Theorem again,

HT(f>H%2(BmsHT< DN e T gl = TN e 112

so that, in , we may simplify by ||f|]2 2a/8 to obtain

L2(02.p)
HfH?L‘Z/‘}M) < e(s. TP AB|lal* £ 7540, + 1T e
< s, T) 2l F [ + 2 NPTy

The desired result follows by minimizing the right hand side over r > 0. =

Inequality has been obtained by Cowling and Price [I3] for the
Fourier transform on R? and later generalized in [38] for any pair of positive
self-adjoint operators on a Hilbert space. In particular when s = § =1 we
obtain a version of Heisenberg’s Uncertainty Principle for the operator 7.
Moreover, if the function f € L?(2, 1) is supported in a subset S of finite
measure, one can easily obtain bounds on 7 (f) that limit the concentration
of T(f) in any small set and may provide lower bounds for the concen-
tration of 7(f) in sufficiently large sets. For instance we have this simple
local uncertainty inequality: if f is supported in a set S of finite measure
fom (S) < 0o, then

(2.6)  IT(PHlliesp < BTN 45 < Fham(E )Ilfllil(n,um)
< C%—mm( Ham (X )||f||L2

which implies that the pair (S,Y) is strongly annlhllating provided that
tom (S) fiom (X)) < c7_-2. In the next section we will prove this result for arbi-
trary subsets S and X of finite measure.
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3. Pairs of sets of finite measure are strongly annihilating. In
this section we will show that, if S C {2, X C {2 are sets of finite measure
0 < prom(S), tom(X) < oo, then the pair (S, Y) is strongly annihilating for
the operator 7. In order to prove this, we will need to introduce a pair of
orthogonal projections on L?(£2, 1) defined by

Esf=xsf, Fs=T 'EsT,

where S C 2 and X C {2 are measurable subsets.
We will need the following well-known lemma (see e.g. [27, Lemma 4.1]):

LEmMA 3.1. If HESFEH = HESF2HL2(Q,M)—>L2(Q,M) < 1, then

(31 2 < Q= I1EsFl) 2 (1Bse fl 2 + 1 Fse fll72(0,)-

Unfortunately, showing that ||EsFx| < 11isin general difficult. However,
the Hilbert-Schmidt norm ||EgFx|us is much easier to compute. Let us
illustrate this fact by showing that, if S and X are subsets with sufficiently
small measure, then the pair (S, Y) is strongly annihilating. We can deduce
this result easily from , but we give here another proof that we will use
later.

LEMMA 3.2, If pon(S)f2m(X) < ¢, then for all f € L*(£2, ),

112200 < (1= erv/mam(S)iiam (2)) (1 3ese o + 1T 220 ):

Proof. For f € L*(2, u) we have |T(f)(n)| < e7(1 + [€)™[| flloc,pm» thus

if Jisn (%) < oo, then xx(n)T(f)(n) € L'(£2,7iz). The Inversion Formula
for T thus gives

EsFx f(y ) | x=(n (mK(y,n) di(n)
19}

) | xm)( § S (@)@, ) du(x) ) KTy, n) dii(n)
)

where

N(x,y) -

x=(mK(x,n)K(y,n) dii(n)

|
|

X (MK (y, m)K(x,n) dii(n) = xs()T xs()K(y, )(z).

Here we appealed repeatedly to Fubini’s Theorem, which is justiﬁ(id by the
fact that fism(X) < oo and K is bounded by e (1 + |z])™(1 + |£])™
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This shows that EgFy is an integral operator with kernel /. But, with
Plancherel’s Theorem,

||N”%2((2,u)®L2((2,u)

since |K(y,n)| < er(1+ |y[)™(1 4 |n|)™. It follows that the Hilbert-Schmidt
norm of FgF's is bounded:
32)  [EsFxllus = Nl 20 merz@mu < eV H2m(9)zm(X).

Now using the fact that ||[EgF

|EsFs|| < e/ pam(S)fam (%)
It follows from Lemma [B.1] that
(3.3)
1o < (1~ er/amm (S ian(E)) 2(1Bsef acor + 1P fl2ao)

Plancherel’s Theorem then gives |]Fgcf||%2(9’u) = HT(f)H%g(ZC’m, which

| <||EsFx|us, we obtain

allows us to conclude.

REMARK 3.3. Let S, X be two sets with uon,(S5), fiem(X) < oo. Let
£1,&2 > 0. Assume that there is a function f € L?(£2, u) with Il 20 =1
that is e1-concentrated on S, i.e. ||Egef|12(0,,) < €1, and ez-bandlimited
on X for the transformation T, ie. |[Fxef|2(0,u < e2. Then either

pi2m (S) iz (X) > ¢ or we may apply (3-3) to obtain

L= 7/ ham(S)izm (2) < Ve + 3.
In both cases,
(34) Hom(S)fiam(2) = ¢% (1= Vet +¢3)%,

which is Donoho—Stark’s uncertainty inequality for the integral operator 7T .
This inequality improves slightly the result of de Jeu [I7]. In the case of
the Fourier transform, it goes back to Donoho and Stark [19] in a slightly
weaker form and to [33] in the form (3.4).

Before proving our main theorem, we prove the following lemma which
results directly from a similar result in [27] for functions in Co(R™).

LEMMA 3.4. Let f be a function in L%(£2, ) and assume that

0 < p(supp f) < oo.
Then the dilates {Dxf} x>0 are linearly independent.
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Proof. Let ¢ € S*™ 1N 2 and consider
to=Y2f(t¢) for t > 0,

fe(t) = { F(0)
0 for t < 0.

For ¢ € S% 1N 02°, we just define f¢ = 0. Then there exists ¢ such that
fe € L*(R) and 0 < |supp f¢| < oo, in particular, f; € L'(R). Indeed, the
first property holds for almost every ( since

| V1P dtQ(8) do(8) = I|£ 72, < oo
Sd—1 R
As for the second one, notice that

|supp f¢| < [[0,1]] + S r2a=tdr.
supp f¢N[1,00)

Integrating with respect to Q(¢)do(¢) we get

| Isupp £c|Q(C) do(¢) < 1@l pr(sa-1nay + p(supp f N {Jz] > 1}) < oo.
Sd-1ng
We thus proved that [supp f¢| < oo for almost every ¢. Finally, [supp f¢| > 0
on a set of (’s of positive do measure, otherwise the support of f would have
Lebesgue measure 0, thus p-measure zero.

Now assume that we have a vanishing linear combination of dilates of f:
(3.5) > aif(z/A) =0.

finite

Then, for t > 0 and the above (,

Z ai(/\i/t)afl/2(t/)\i)afl/2f<t<//\i) = ta_;l/? Z 51f<<t/)\l) =0

finite finite

where we have set 8; = ai)\?fl/ 2 Thus

> Bife(t/A) = 0.
finite
Taking the Fuclidean Fourier transform F, we obtain
> BNF(f)(Niz) = 0.
finite

But, as fe € LY(R), it follows from Riemann-Lebesgue’s Lemma that F(f¢)
is in Cp(R). It remains to invoke [27, Lemma 2.1] to see that the dilates of
F(f¢) are linearly independent so that the f3;’s, and thus the «;’s, are 0. =

We can now state our main theorem:

THEOREM 3.5. Let S C 2, ¥ C 2 be measurable subsets with 0 <
pom(S), Hom(X) < co. Then any function f € L?(82, u) vanishes as soon as
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f is supported in S and T (f) is supported in X. In other words, (S, X)) is a
weak annihilating pair.

Proof. We write Eg N Fx, for the orthogonal projection onto the inter-
section of the ranges of Fg and F5, and we denote by Im P the range of a
linear operator P.

First we need the following elementary fact on Hilbert—Schmidt opera-
tors:

(3.6) dim(Im Es NTm F) = ||[Es N Fx|is < | EsFs|fs-
Since pam (S), pom(X) < oo, from (3.2) we deduce that
(3.7) dim(Im Eg NIm Fy) < oo.

Assume now that there exists fy # 0 such that Sy := supp fy and Xy :=
supp 7 (fo) have both finite measure 0 < 112, (50), fi2m (X0) < 00, thus also
1(Sp) < oo so that Lemma applies.

Next, let S (resp. X1) be a measurable subset of 2 (resp. £2) of finite
measure 0 < p2,(S1) < 0o (resp. 0 < fig;m(21) < 00), such that Sy C Sy
(resp. Yo C X). Since for A > 0,

2
,Ume(Sl U )\SO) = ||X>\So - X51HL2(97M2m) + <X)\507X51>L2(Q”u2m)7

the function A — 2, (S1 U ASp) is continuous on RT\{0}. The same holds
for A — fig;m (X1 U AX)). From this, one easily deduces that there exists an
infinite sequence of distinct numbers (\;)52, C RT\{0} with \g = 1 such
that, if we write

S:[j/\jSo and E:G
j=0 j=0

1
— 2
)\j 0

then
p2m(S) < 2u2m(S0),  Ham(X) < 22 (20).
We next define f; = Dy, fo, so that supp fi = \iSp C S. Since T(fi) =
;7D T (fo), we have supp T (fi) = (1/Ai) X0 C 2.
As supp fo has finite measure, it follows from Lemma that (fi)2,
are linearly independent vectors belonging to Im Eg N Im F';, which contra-

dicts (3.7]). =

REMARK 3.6. The theorem can be extended to operators 7 that take
their values in a finite-dimensional Banach algebra.

The proof given here follows roughly the scheme of Amrein—Berthier’s
proof in [I]. It can obviously be adapted so as to replace dilations by actions
of more general groups on measure spaces. The main difficulty would be to
prove that this leads to linearly independent functions as in Lemma
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As we have no specific application in mind, we refrain from stating a more
general result.

A simple well-known functional analysis argument allows us to obtain
the following improvement (see e.g. [4, Proposition 2.6]):

COROLLARY 3.7. Let S C 2, ¥ C 2 be a pair of measurable subsets

of finite measure 0 < 2, (S), flom(X) < co. Then there exists a constant
C(S, X)) such that for all f € L*(£2, 1),

£ 17200, < CSs D)2 (5e ) + T (T2 1y)-

Proof. Assume there is no constant D(S, X') such that for every function
f € L?(£2, 1) supported in S,

11220, < DS DT 2201y

Then there exists a sequence f,, € L?(§2, u) with [ fullr2(,) = 1 and with
support in S such that [[ExeT (fu)ll 2

may assume that f,, is weakly convergent in L?(2, ) with some limit f.
As T (fn)(&) is the scalar product of f,, and EgK(:,&), it follows that T(f,)
converge to 7 (f). Finally, as | T(f,)(€)|? is bounded by ¢2-uan, (S)(1+[€])%™,
we may apply Lebesgue’s Theorem, thus Ex7 (f,) converges to Ex7T (f) in
LQ(Q, ). But we have supp f C S and supp 7 (f) C X, so by Theorem
f is 0, which contradicts the fact that f has norm 1. =

0y converges to 0. Moreover, we

Now we will show a global uncertainty type inequality for the transfor-
mation 7. Following an idea largely exploited by B. Demange [18], we will
use Corollary The proof here is simpler than that using the local uncer-
tainty principle, but, as Corollary does not provide an estimate of the
implied constant, this technique does not lead to an estimate of the constant
either.

COROLLARY 3.8. Let s, 3> 0. Then there exists a constant C = C(s, 3, a)
such that for all f € L*(£2, 1),

(3-8) [1°f

28
g NEPT) S%A 2 Clf 22,

Proof Let By = 2N {z : |z[ < 1} and Bl = 2n{¢: ¢ <1}, Let
Q\BlandBl .Q\Bl
From Corollary [3.7] there exists a constant C' = C(By, B ) such that

1112 () < CUFIE2 (g ) + 1T (S )HLQ(BC 2)-
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It follows that

£ 7202, < C(H‘x’sinﬁ(Bf,u) + H‘ﬂ’BT(f)H;(Ef,ﬂ))

s o112 2
< Ol F Iz + NEP TN L2 2.2)-
Replacing f by D) f in the last inequality we have, by ,
(39) HDAfHQLQ(Q,u) < C(H|‘T|SID)\inz(Q’#) + H‘€|551/)\T(f)“iz(§’ﬁ))’
which gives
1122, < ©OF 1l 20 + A NPT g )

The desired result follows by minimizing the right hand side over A > 0. =

Let us notice that Theorem is valid in the L'-version. More precisely,
we have the following proposition:

PROPOSITION 3.9. Let S C 2, X C 2 be measurable subsets with 0 <
tom (), o (%) < 00. Suppose f € LY, ji) (in particular f € LY(92, 1))
verifies supp f C S and supp T (f) C X. Then f =0.

Proof. 1f f € LY(82, ), then (1 + [€])"™T(f) € L®(£2,i). Therefore
1T @7, = IXsT Dl 1.2,
< Tom(X)||(1 + !§|)7m7'(f)HLoo(fz,ﬁ) < 0.
This implies that 7(f) € L'(£2, fim), thus (1+|z|)~™f € L>®(£2, u). Finally,

117200 = V@ + 1271 (@) 1f (@)1 + |2])™ du)
2

<+ 12 L0 I 1 2y <
hence f € L?(£2,u). By Theoremwe have f = 0. =

The same argument as the one used in the proof of Corollary gives
the following result:

ProrosiTION 3.10. Let S C §2, X C 2 be measurable subsets with
0 < pom(9), om(X) < co. Then there exists a constant D(S,X) such that
for all functions f € LY (2, 1) supported in S,

£l 0,0 < DS, 2T ()l (se -
4. Examples

4.1. The Fourier transform and the Fourier—Bessel transform.
Let du(z) = (2r)~%? dz be the Lebesgue measure and 7 = F be the Fourier
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transform. For f € LY (R, 1) N L?(R%, 11), the Fourier transform is defined
by
FHE) =\ fa)e ™ du(x), &R,
R4
and is then extended to all L?(R? x) in the usual way. In this case we
take ¢ = 1, a = d/2 and m = m = 0. Then is Donoho—Stark’s
theorem [19] B3], Corollary is Amrein-Berthier’s theorem [I], while the
local and the global uncertainty principles for the Fourier transform go back
respectively to [41) 42] and [I3]. Note that our proof of Theorem is
inspired by one in [I] where we replace translation by dilation.
If f(2) = fo(|z]) is a radial function on R?, then

FUNE) = gy | a2 6 bt = Fapo s () D

where F;/o_; is the Fourier-Bessel transform of index d/2—1. For a > —1/2,
ja is the Bessel function given by

0 n x 2n
ja(z) = 2°T(a + 1)‘](;(;6) =Tla+1)) n!F(f”L_—&)oz — <2) 7

n=0
where I is the gamma function.
We have |j,| <1 and if we denote
1
d =—
Hal®) = e a 1)

then for f € LY(R™, o) NL2(R™T, y1a), the Fourier—Bessel (or Hankel) trans-
form is defined by

x2a+1 de’,

o0

FalH)(€) = | f(@)ja(2€) dua(z), & €RF;
0
it extends to an isometric isomorphism on L?(R*, p,) with F,1 = F,.

Theorems A and B have been stated in [27] for this transformation. Moreover
we have the following two new results.

THEOREM 4.1 (Donoho—Stark’s uncertainty principle for F,). Let S, ¥
be a pair of measurable subsets of RT, and a > —1/2. If f € L*(R™, jua)
of unit L?-norm is e1-concentrated on S and eo-bandlimited on X for the
Fourier—Bessel transform, then

(4.1) pa(S)pa(D) > (1=Ve2+e2)* and |5]|5] > ca(l— Ve +£2)%,
where c,, 1s a numerical constant that depends only on «.

This result improves the estimate in [39] (which has already im-
proved [51]) showing that, if f of unit L?-norm is ej-concentrated on S
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and e9-bandlimited on X, then
1S]15] > (1 — &1 — e2)2.

THEOREM 4.2 (Global uncertainty principle for F,). For s, 3 > 0, there
exists a constant Cs g o such that for all f € L2(RY, pa),

HxsinéﬁR+ oy 1P Falf )Hﬁﬁw ) = Css,

2
all Fllz2 @+ o)

The case when s = § = 1 has been established in [5 [47] with the optimal
constant C 1o = a + 1.

4.2. The Fourier—Dunkl transform. In this section we will deduce
new uncertainty principles for the Dunkl transform. Uncertainty principles
for this transformation have been considered in various places, e.g. [45] [49]
for a Heisenberg type inequality or [26] for Hardy type uncertainty principles
and recently [10, 36] for a generalization and a variant of Cowling—Price’s
theorem, Beurling’s theorem, Miyachi’s theorem and Donoho—Stark’s uncer-
tainty principle.

Let us fix some notation and present some necessary material on the
Dunkl transform. Let G be a finite reflection group on R?, associated with
a root system R, and R, the positive subsystem of R (see [16, 21, [4]]).
We denote by k£ a nonnegative multiplicity function defined on R with the
property that k is G-invariant. We associate with & the index

yi=qlk)= ) k(€ >0
§ERy

and the weight function wj, defined by

wi(e) = [ 106 2)2©

§ERY

Further we introduce the Mehta-type constant c; by
5 -1
cr = ( | el duk($)> ;
Ra
where @ dug(z) = wi(x)dz. Moreover
~1

Ck
| wi(@)do(x) = R T 47 d.

Sd—1

By using the homogeneity of wy it is shown in [48] that for a radial
function f € L'(R% pz) the function f defined on Rt by f(z) = (|x])

(3) We chose here to stick to the notation that is usual in Dunkl analysis rather than
that of the previous section in which uy is simply denoted by u.
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for all x € R? is integrable with respect to the measure 27+ 4=1dr. More
precisely,

(42) [ f@un@yde=§ (] wilry)doly)) For)r" " dr
Rd R+ Sd—1
= dy, S f(r)r%"’d_l dr.
R+
Introduced by C.F. Dunkl in [20], the Dunkl operators Tj, 1 < j < d,

on R associated with the reflection group G and the multiplicity function
k are the first-order differential-difference operators given by

Ty f(x 8 + Zk f(%(@)j zeR?,
where f is an infinitely differentiable function on R¢, & = (& e5), (e1,...,€q)

being the canonical basis of R?, and o¢ denotes the reflection with respect
to the hyperplane orthogonal to &.

The Dunkl kernel Kj on R? x R? has been introduced by C.F. Dunkl
in [21]. For y € R? the function x + Ky (x,y) can be viewed as the solution
on R? of the initial value problem

Tiju(z,y) = yju(z,y), 1<j<d, u(0,y) =1

This kernel has a unique holomorphic extension to C¢ x C%. M. Rosler [46]
has proved the following integral representation for the Dunkl kernel:

Ki(x,z) = S e duk(y), zeRY zeCd,
Rd

where p” is a probability measure on R? with support in the closed ball By
For all A € C, 2,2 € C? and 2,y € R? we have (see [40])

Ki(z,2") = Ki(,2),  Kr(A\z,2') = K(z,\2),

The Dunkl transform Fy, of a function f € LY(R?, uz) N L2(RY, uy,), which
was introduced by C. F. Dunkl in [22] (see also [16]), is given by
Fi(£)(€) = o | Ki(=i&,0) f(2) dug(w), € €RY
Rd
it extends uniquely to an isometric isomorphism on L?(R%, ) with
Fi H(N(E) = Fr(H)(=9).

The Dunkl transform Fj, provides a natural generalization of the Fourier
transform F, to which it reduces in the case k = 0, and if f(x) = f(|z|) is
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a radial function on R%, then

Fil£)(€) = Fryraprr (HED),

where F. | 4/5_1 is the Fourier—Bessel transform of index v +d /2 —1.
Now if we take ¢ = ¢, a = y+d/2 and m = m = 0, then from Sections 2
and 3 we obtain a new uncertainty principle for the Dunkl transform Fy.

THEOREM 4.3 (Donoho—Stark’s uncertainty principle for Fy). Let S, X
be a pair of measurable subsets of RY. If f € L*(R?, ) of unit L?-norm
s e1-concentrated on S and eg-bandlimited on X for the Dunkl transform,
then

(4.3) e (S)(2) > 2 (1— Vet +¢2)°.

Note that Donoho—Stark’s uncertainty principle has recently been proved
in [36] for the Dunkl transform, but our inequality is a little stronger.

Let us now state how our results translate to the Fourier—Dunkl trans-
form. These results are new to the best of our knowledge.

THEOREM 4.4. Let S, X be a pair of measurable subsets of R% with finite

measure 0 < ug(S), up(X) < co. Then the following uncertainty principles
hold:

(1) Local uncertainty principle for Fy:

(a) For0< s <~v+4d/2, there is a constant c(s, k) such that for all
fe LR ),

(Pl () < s (D5 10l £ o
(b) For s > ~v+ d/2, there is a constant c/(s,k) such that for all
feL*(RY, ),
IF 2y < € (50 Rk (N2 it 2 -

(2) Benedicks-Amrein-Berthier’s uncertainty principle for Fy: There ez-
ists a constant Cy(S, X) such that for all f € L*(R%, u),

112 g0,y < S, Z) s gy + 176 (D50 )

(3) Global uncertainty principle for Fi: For s, > 0, there ezists a
constant Cs g 1. such that for all f L2(RY, ),

Wﬂf;ﬁwMMKﬁﬂU)

A simple computation shows that

2s
: 2
Lngd,uk) 2 Cs gkl fl72Rd puy)-

2v+d

&k @y +d—2s)dy,
S

2v+d

(k) = 5 a2
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and

2td_y 1/2
dy; s 2s v+d/2 y+d/2
/(s,k) = -1 ol REREA b o) (PR R .
) Ck[2v+d<v+d/2 ) < s ) < s

In the particular case s = 8 =1 for the global uncertainty principle, we
recover Heisenberg’s inequality for the Dunkl transform but with Cy ;1 <
v+d/2, where y+d/2 is the optimal constant in the Heisenberg Uncertainty
Principle given in [45, [49].

4.3. The Fourier—Clifford transform. Let us now introduce the ba-
sics of Clifford analysis that are needed to introduce the Fourier—Clifford
transform. Facts used here can be found e.g. in [6, 9]. We also follow as
closely as possible the presentation of Clifford analysis from [8, [15].

Throughout this section d > 2 is a fixed integer, and du(z) = dpu(x) =
(2m)~%2dz is the Lebesgue measure on R%. We first consider the Clifford
algebra Cly 4(C) generated by the canonical basis ej, j = 1,...,d. For A =
{Jt,-- gk} C{L,...,d} with j; < --- < ji, we define eq4 = ej, ---¢;,. The
basis of the Clifford algebra is given by € = {e4 : A C {1,...,d}}. The
Clifford algebra is then the complex vector space generated by £ endowed
with the multiplication rule given by

(i) eg = 1 is the unit element,
(ii) e?:—l,jzl,...,d,
(iii) ejer +ere; =0, 5, k=1,...,d, j #k.

Conjugation is defined by the anti-involution for which &5 = —e;, j =
1,...,d with the additional rule i = —1.

The scalars are then identified with span{ep} while we identify a vector
x = (x1,...,xq) with z = Z?:l ejx;. The product of two vectors splits into

a scalar part and a bivector part

d d
ay=—(z.y) +zAy with zAy=> > ejep(ajyr — 2xy;)-
g

Note that 22 = —|z|2.

The functions in this section are defined on R¢ and take their values
in the Clifford algebra Cly 4(C). We can now introduce the so-called Dirac
operator, a first order vector differential operator defined by

d
Op =Y 0Ouje;.
j=1

Its square equals, up to a minus sign, the Laplace operator on R, 8; = —A.
The central notion in Clifford analysis is the notion of monogenicity, the
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higher-dimensional analogue of holomorphy: a function is called (left)-mono-
genic if O, f = 0.

We will denote by M, the space of all spherical monogenics of degree k,
that is, homogeneous polynomials of degree k that are null-solutions of the
Dirac operator. We fix a basis {M,ié)}gzlw7dika of M. Further, the La-
guerre polynomials are denoted by L§. We then consider the following func-
tions, called the Clifford—Hermite functions:

Yaje(@) = 21 LY (122) M ()e 122,
d k 4 12
bajiike(z) = '72j+1,k,€Lj/2+ (Jz)aM O (z)e127/2,

where j,k € Nand £ € {1,...,dim My}. Provided the ~;x ,’s are properly
chosen, this is an orthonormal basis of L*(R?) (see [T]).

(4.4)

Next, introducing spherical coordinates in R%: z = rw, r = |z| € RT,
w € S 1 we see that the Dirac operator takes the form

1
Op = w(&" + F:v)
rE
where

d d
=z N0y =— Z Z ejer(1;0z, — Tx0s;)
j=1k=j+1

is the so-called angular Dirac operator.
We are now in a position to define the Clifford—Fourier transform

on S(R?). This can be done in three equivalent ways:

o Fif] = eidr/4g(in/4)(A-lel*F2T) £,

e via an integral kernel

Felflm) = | f@)Kx(z,n) du(z)
Rd
where Ky (z,n) = eidm/4em /2 —izn).
e via its eigenfunctions
Faltajnel = (=17 (F1) 0,
Flthgjipe = i (=17 (F )M g

The third definition immediately shows that Fi extend to unitary op-
erators on L2(R%, p).

The facts that the integral operator definition makes sense on S(R) and

that the kernel of the inverse transform is indeed K+ (z,7) have been proven
respectively in [I5, Theorem 6.3] and [15, Proposition 3.4].
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Finally, the kernel is not known to be polynomially bounded, except
when the dimension d is even [I5, Theorem 5.3], in which case
K (2, m)] < C(L+ ) 9722 (1 + [n))@2)/2,

Thus m =m = (d—2)/2, cr =C and a = d/2.

It remains to notice that all results from the first part of the paper extend
with no change to Clifford-valued functions. More precisely, we obtain the
following results:

THEOREM 4.5. Let d be even and dv(x) = (1 + |z|)?2du(x). Let S, ¥
be a pair of measurable subsets of R:. Then the Clifford—Fourier transform
satisfies the following uncertainty principles:

(1) Donoho-Stark’s uncertainty principle for Fui: If f € L?>(R% pu) of
unit L%-norm is £1-concentrated on S and e9-bandlimited on X for
the Clifford—Fourier transform, then

v(S)v(X) > C2(1 - Ve2 +£3)%

(2) Local uncertainty principle for Fi: If X is a subset of finite measure
0 < v(X) < oo, then:

(a) For 0 < s < d/2, there is a constant c(s) such that for all

fe LR, p),
E (Dl s < L COPENZET 2l oy (2) <1,
L2(Xn) = s s .

ERZ el fll e,y FE)>1

o For d/2 <s<d—1 and everye > 0, there is a constant c(s,€)

such that for all f € L*(R?, u), [F+ ()l p2(5,m) @ bounded by

ofs, &) ()T
Zf ( )S 1
els, ) N2
) L2(Rd
zf (X)>1
(b) For s > d — 1, there is a constant c/(s) such that for all

f € LAY, ),
IF(D gz < EOPET A+ 2] oz

(3) Benedicks—Amrein—Berthier’s uncertainty principle for Fy: If S, X
are subsets of finite measure 0 < v(S),v(X) < oo, then there exists

a constant C(S, X)) such that for all f € L*(R%, p),
1122 ey < CS DU T2 (se y + IF D72 (e 0)-
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(4) Global uncertainty principle for Fy: For s, > 0, there exists a

constant Cs g such that for all f € L*(R%, ),

28 2s_
H‘xlsf ZJQFSRd’M) H|€’,8F:|:(f) zJQr(BRd”u) > Cs,ﬂ”f”%ﬁ(ﬂ&d,u)'
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