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Diagonals of projective tensor products
and orthogonally additive polynomials

by

Qingying Bu and Gerard Buskes (University, MS)

Abstract. Let E be a Banach space with 1-unconditional basis. Denote by ∆(⊗̂n,π E)
(resp. ∆(⊗̂n,s,π E)) the main diagonal space of the n-fold full (resp. symmetric) projective
Banach space tensor product, and denote by ∆(⊗̂n,|π|E) (resp. ∆(⊗̂n,s,|π|E)) the main
diagonal space of the n-fold full (resp. symmetric) projective Banach lattice tensor product.
We show that these four main diagonal spaces are pairwise isometrically isomorphic, and
in addition, that they are isometrically lattice isomorphic to E[n], the completion of the
n-concavification of E. Using these isometries, we also show that the norm of any (vector
valued) continuous orthogonally additive homogeneous polynomial on E equals the norm
of its associated symmetric linear operator.

1. Introduction. For every continuous n-homogeneous polynomial P
and its associated symmetric n-linear operator TP we have the Polarization
Inequalities: ‖P‖ ≤ ‖TP ‖ ≤ (nn/n!)‖P‖. It is known that ‖TP ‖ = ‖P‖ for
every polynomial P with any Hilbert space as its domain and any Banach
space as its range (see [6, Proposition 1.44] and [7]), while there is a polyno-
mial P with `1 as its domain such that ‖TP ‖ = (nn/n!)‖P‖ (see [6, Example
1.39] and [7]). It is of interest to find which n-homogeneous polynomials P
satisfy ‖TP ‖ = ‖P‖.

A homogeneous polynomial P on a vector lattice is called orthogonally
additive if P (x+ y) = P (x) + P (y) whenever x and y are disjoint. In this
paper, E will be a Banach space with a 1-unconditional basis (such E is
a Banach lattice with coordinatewise order). We show that for any (vector
valued) continuous orthogonally additive homogeneous polynomial P on E
its associated symmetric linear operator TP satisfies ‖TP ‖ = ‖P‖. To obtain
this result from the linearization of orthogonally additive n-homogeneous
polynomials given by Benyamini, Lassalle, and Llavona in [2], it suffices to
show that ∆(⊗̂n,π E), the main diagonal space of the n-fold full projective
Banach space tensor product, is isometrically isomorphic to ∆(⊗̂n,s,π E), the
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main diagonal space of the n-fold symmetric projective Banach space tensor
product. It is this new result that we prove in this paper, and we emphasize
that our proof does not depend on the degree of homogeneity. To get the
announced isometry, we first show that ∆(⊗̂n,π E) is isometrically isomor-
phic to ∆(⊗̂n,|π|E), the main diagonal space of the n-fold full projective
Banach lattice tensor product. Secondly, we show that ∆(⊗̂n,s,π E) is iso-
metrically isomorphic to ∆(⊗̂n,s,|π|E), the main diagonal space of the n-fold
symmetric projective Banach lattice tensor product. Finally, by using Ba-
nach lattice structure, we show that ∆(⊗̂n,|π|E) is isometrically isomorphic
to∆(⊗̂n,s,|π|E), which, therefore, implies that∆(⊗̂n,π E) is isometrically iso-
morphic to ∆(⊗̂n,s,π E). As a consequence, we also show that each of these
four main diagonal spaces is isometrically isomorphic to E[n], the completion
of the n-concavification of E.

2. Preliminaries. For a Banach space X, let ⊗nX denote the n-fold
algebraic tensor product of X. The projective tensor norm on ⊗nX is de-
fined by

‖u‖π = inf
{ m∑
k=1

‖x1,k‖ · · · ‖xn,k‖ : u =
m∑
k=1

x1,k ⊗ · · · ⊗ xn,k ∈ ⊗nX
}
,

u ∈ ⊗nX.
Let ⊗̂n,πX denote the completion of (⊗nX, ‖·‖π), called the n-fold projective
tensor product of X. For x1⊗ · · · ⊗ xn ∈ ⊗nX, let x1⊗s · · · ⊗s xn denote its
symmetrization, that is,

x1 ⊗s · · · ⊗s xn =
1

n!

∑
σ∈π(n)

xσ(1) ⊗ · · · ⊗ xσ(n),

where π(n) is the group of permutations of {1, . . . , n}. We write ⊗n,sX
for the n-fold symmetric algebraic tensor product of X, that is, the linear
span of {x1 ⊗s · · · ⊗s xn : x1, . . . , xn ∈ X} in ⊗nX. Each u ∈ ⊗n,sX has
a representation u =

∑m
k=1 λkxk ⊗s · · · ⊗s xk where λ1, . . . , λm are scalars

and x1, . . . , xm are vectors in X. The symmetric projective tensor norm on
⊗n,sX is defined by

‖u‖s,π = inf
{ m∑
k=1

|λk| · ‖xk‖n : u =
m∑
k=1

λkxk ⊗s · · · ⊗s xk ∈ ⊗n,sX
}
,

u ∈ ⊗n,sX.
Let ⊗̂n,s,πX denote the completion of (⊗n,sX, ‖ · ‖s,π), called the n-fold
symmetric projective tensor product of X.

For the basic knowledge about (symmetric) projective tensor products,
we refer to [6], [7], and [16].

For a Banach lattice E, let ⊗̄nE denote the n-fold vector lattice tensor
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product of E. The positive projective tensor norm on ⊗̄nE is defined by

‖u‖|π| = inf
{ m∑
k=1

‖x1,k‖ · · · ‖xn,k‖ : xi,k ∈ E+, |u| ≤
m∑
k=1

x1,k ⊗ · · · ⊗ xn,k
}
,

u ∈ ⊗̄nE,

where E+ denotes the positive cone of E. Let ⊗̂n,|π|E denote the completion
of (⊗̄nE, ‖ · ‖|π|), which is a Banach lattice, called the positive n-fold pro-
jective tensor product of E. Let ⊗̄n,sE denote the n-fold symmetric vector
lattice tensor product of E. The positive symmetric projective tensor norm
on ⊗̄n,sE is defined by

‖u‖s,|π| = inf
{ m∑
k=1

|λk| · ‖xk‖n : xk ∈ E+, |u| ≤
m∑
k=1

|λk|xk ⊗s · · · ⊗s xk
}
,

u ∈ ⊗̄n,sE.

Let ⊗̂n,s,|π|E denote the completion of (⊗̄n,sE, ‖ · ‖s,|π|), which is a Banach
lattice, called the positive n-fold symmetric projective tensor product of E.

For the basic knowledge about (symmetric) vector lattice tensor products
and positive (symmetric) projective tensor products, we refer to [8], [9] and
[18] (also see [3]).

3. Diagonals of projective tensor products. In this section we as-
sume thatX is a Banach space with a 1-unconditional basis {ei : i ∈ N}. Gel-
baum and Lamadrid [10] showed that {ei⊗ ej : (i, j) ∈ N2} with the square
order is a basis of ⊗̂2,πX (it is not necessarily an unconditional basis). For
instance, Kwapień and Pełczyński [14] proved that {ei ⊗ ej : (i, j) ∈ N2} is
not an unconditional basis of ⊗̂2,π `2. In general, Grecu and Ryan [11] estab-
lished that {ei1 ⊗ · · · ⊗ ein : (i1, . . . , in) ∈ Nn} with the order defined in [11]
is a basis of ⊗̂n,πX. They also showed that {ei1 ⊗s · · · ⊗s ein : (i1, . . . , in) ∈
Nn, i1 ≥ · · · ≥ in} with the order defined in [11] is a basis of ⊗̂n,s,πX.

Let ∆(⊗̂n,πX) (resp. ∆(⊗̂n,s,πX)) denote the main diagonal space of
⊗̂n,πX (resp. ⊗̂n,s,πX), that is, the closed subspace spanned in ⊗̂n,πX (resp.
in ⊗̂n,s,πX) by the tensor diagonal {ei ⊗ · · · ⊗ ei : i ∈ N}. A combination of
[12, Theorem 3.12] and [5, Lemma 2] yields the following lemma.

Lemma 3.1. The tensor diagonal {ei⊗· · ·⊗ei : i∈N} is a 1-unconditional
basis of ∆(⊗̂n,πX), and the projection Q : ⊗̂n,πX → ∆(⊗̂n,πX) defined by

Q(ei1 ⊗ · · · ⊗ ein) =

{
ei1 ⊗ · · · ⊗ ein if i1 = · · · = in,

0 otherwise,

is bounded with ‖Q‖ ≤ 1.
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We will use the following Rademacher averaging formula to show that
the tensor diagonal {ei ⊗ · · · ⊗ ei : i ∈ N} is a basis of ∆(⊗̂n,s,πX). For this
formula see [17, Lemma 2.22] and [13, Lemma 2.3].

Rademacher averaging. Let Z1, . . . , Zn be vector spaces and xi,k∈Zi
for i = 1, . . . , n and k = 1, . . . ,m. Then

m∑
k=1

x1,k ⊗ · · · ⊗ xn,k =

1�

0

( m∑
k=1

rk(t)x1,k

)
⊗ · · · ⊗

( m∑
k=1

rk(t)xn,k

)
dt,

where (rk) is the sequence of Rademacher functions on [0, 1].

Lemma 3.2. The tensor diagonal {ei ⊗ · · · ⊗ ei : i ∈ N} is a basis of
∆(⊗̂n,s,πX) and the projection Qs : ⊗̂n,s,πX → ∆(⊗̂n,s,πX) defined by

Qs(ei1 ⊗s · · · ⊗s ein) =

{
ei1 ⊗s · · · ⊗s ein if i1 = · · · = in,

0 otherwise,

is bounded with ‖Qs‖ ≤ 1.

Proof. Since {ei1⊗s · · ·⊗s ein : (i1, . . . , in) ∈ Nn, i1 ≥ · · · ≥ in} is a basis
of ⊗̂n,s,πX, the tensor diagonal {ei ⊗ · · · ⊗ ei : i ∈ N} is a basic sequence,
and hence a basis of ∆(⊗̂n,s,πX). Next we show that Qs is bounded with
‖Qs‖ ≤ 1.

Define s : ⊗nX → ⊗n,sX by s(v) =
∑m

k=1 x1,k ⊗s · · · ⊗s xn,k for every
v =

∑m
k=1 x1,k ⊗ · · · ⊗ xn,k ∈ ⊗nX. Then s is a bounded linear projection

and so can be extended to ⊗̂n,πX with values in ⊗̂n,s,πX (see [7]). Take any
u =

∑
i1≥···≥in bi1,...,inei1 ⊗s · · · ⊗s ein ∈ ⊗̂n,s,πX. For every p, q ∈ N with

p < q, let

up,q =

q∑
i1≥···≥in, i1,...,in=p

bi1,...,inei1 ⊗s · · · ⊗s ein .

Then for every ε > 0 there exist λk ∈ R and xk =
∑∞

i=1 ai,kei ∈ X, k =
1, . . . ,m, such that

up,q =
m∑
k=1

λkxk ⊗s · · · ⊗s xk and
m∑
k=1

|λk| · ‖xk‖n ≤ ‖up,q‖s,π + ε.

Note that {ei1 ⊗s · · · ⊗s ein : (i1, . . . , in) ∈ Nn, i1 ≥ · · · ≥ in} is a basis of
⊗̂n,s,πX and

up,q = s(up,q) =
m∑
k=1

λk
∑
i1,...,in

ai1,k · · · ain,ks(ei1 ⊗ · · · ⊗ ein)

=
∑

i1≥···≥in

ξi1,...,in

( m∑
k=1

λkai1,k · · · ain,k
)
ei1 ⊗s · · · ⊗s ein ,
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where ξi1,...,in are positive integers obtained by adding equal terms. In par-
ticular, ξi,...,i = 1 for i ∈ N. Thus

bi,...,i =

m∑
k=1

λka
n
i,k, p ≤ i ≤ q.

By Rademacher averaging,∥∥∥ q∑
i=p

bi,...,iei ⊗s · · · ⊗s ei
∥∥∥
s,π

=
∥∥∥ m∑
k=1

q∑
i=p

λka
n
i,kei ⊗s · · · ⊗s ei

∥∥∥
s,π

≤
m∑
k=1

|λk| ·
∥∥∥ q∑
i=p

(ai,kei)⊗s · · · ⊗s (ai,kei)
∥∥∥
s,π

=

m∑
k=1

|λk|
∥∥∥ 1�

0

( q∑
i=p

ai,kri(t)ei

)
⊗s · · · ⊗s

( q∑
i=p

ai,kri(t)ei

)
dt
∥∥∥
s,π

≤
m∑
k=1

|λk| ·
1�

0

∥∥∥ q∑
i=p

ai,kri(t)ei

∥∥∥n dt ≤ m∑
k=1

|λk| · ‖xk‖n ≤ ‖up,q‖s,π + ε,

and hence, for every p, q ∈ N with p < q,∥∥∥ q∑
i=p

bi,...,iei ⊗s · · · ⊗s ei
∥∥∥
s,π
≤
∥∥∥ q∑
i1≥···≥in, i1,...,in=p

bi1,...,inei1 ⊗s · · · ⊗s ein
∥∥∥
s,π
.

It follows that Qs is well defined and bounded with ‖Qs‖ ≤ 1.

Remark 3.3. Note that for every u ∈ ⊗n,sX we have ‖u‖π ≤ ‖u‖s,π ≤
(nn/n!)‖u‖π (see [7]). Thus ∆(⊗̂n,s,πX) is isomorphic to ∆(⊗̂n,πX), and
hence {ei ⊗ · · · ⊗ ei : i ∈ N} is an unconditional basis of ∆(⊗̂n,s,πX). In
Section 4 we will show that {ei ⊗ · · · ⊗ ei : i ∈ N} is also a 1-unconditional
basis of ∆(⊗̂n,s,πX).

By a Banach lattice with a Schauder basis we mean a Banach lattice in
which the unit vectors form a basis and the order is defined coordinatewise.
It follows that such a Schauder basis is 1-unconditional. Conversely, every
Banach space with a 1-unconditional basis is a Banach lattice with the order
defined coordinatewise. In what follows, E is a Banach lattice with a basis
{ei : i ∈ N}. As a special case of [4, Lemma 22], the set {ei⊗ej : (i, j) ∈ N2}
with any order is a (1-unconditional) basis of ⊗̂2,|π|E. The following lemma
can be proved in a similar way.
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Lemma 3.4. The tensor basis {ei1⊗· · ·⊗ein : (i1, . . . , in) ∈ Nn} with any
order is a (1-unconditional) basis of ⊗̂n,|π|E, and the tensor basis
{ei1 ⊗s · · · ⊗s ein : (i1, . . . , in) ∈ Nn, i1 ≥ · · · ≥ in} with any order is a
(1-unconditional) basis of ⊗̂n,s,|π|E.

Let ∆(⊗̂n,|π|E) (resp. ∆(⊗̂n,s,|π|E)) denote the main diagonal space of
⊗̂n,|π|E (resp. ⊗̂n,s,|π|E), that is, the closed subspace spanned in ⊗̂n,|π|E
(resp. in ⊗̂n,s,|π|E) by the tensor diagonal {ei ⊗ · · · ⊗ ei : i ∈ N}. It follows
from the above lemma that {ei ⊗ · · · ⊗ ei : i ∈ N} is a (1-unconditional)
basis of both ∆(⊗̂n,|π|E) and ∆(⊗̂n,s,|π|E).

Theorem 3.5. The three main diagonal spaces ∆(⊗̂n,π E), ∆(⊗̂n,|π|E),
and ∆(⊗̂n,s,|π|E) are pairwise isometrically isomorphic.

Proof. First we show that ∆(⊗̂n,π E) is isometrically isomorphic to
∆(⊗̂n,|π|E). Since {ei ⊗ · · · ⊗ ei : i ∈ N} is a basis of both ∆(⊗̂n,π E)

and ∆(⊗̂n,|π|E), it suffices to show that ‖u‖π = ‖u‖|π| for every u =∑t
i=1 aiei ⊗ · · · ⊗ ei.
Let Q : ⊗̂n,π E → ∆(⊗̂n,π E) be the projection defined in Lemma 3.1,

and for every t ∈ N, define Qt : ∆(⊗̂n,π E)→ ∆(⊗̂n,π E) by

Qt

( ∞∑
i=1

aiei ⊗ · · · ⊗ ei
)

=
t∑
i=1

aiei ⊗ · · · ⊗ ei.

Then Qt is a bounded projection with ‖Qt‖ ≤ 1.
On the one hand, for every ε > 0, u has a representation

u =

m∑
k=1

x1,k ⊗ · · · ⊗ xn,k ∈ ⊗nE

such that
m∑
k=1

‖x1,k‖ · · · ‖xn,k‖ ≤ ‖u‖π + ε.

Since |u| ≤
∑m

k=1 |x1,k| ⊗ · · · ⊗ |xn,k|, it follows that

‖u‖|π| ≤
m∑
k=1

‖x1,k‖ · · · ‖xn,k‖ ≤ ‖u‖π + ε,

which implies that ‖u‖|π| ≤ ‖u‖π.
On the other hand, for every ε > 0 there exists v =

∑m
k=1 y1,k⊗· · ·⊗yn,k ∈

⊗nE ⊆ ⊗̂n,|π|E with yj,k ∈ E+ for 1 ≤ j ≤ n and 1 ≤ k ≤ m such that
|u| ≤ v and

m∑
k=1

‖y1,k‖ · · · ‖yn,k‖ ≤ ‖u‖|π| + ε.



Diagonals of projective tensor products 107

Write yj,k =
∑∞

i=1 bi,j,kei for 1 ≤ j ≤ n and 1 ≤ k ≤ m. Then

v =

m∑
k=1

∑
i1,...,in

bi1,1,k · · · bin,n,kei1 ⊗ · · · ⊗ ein .

Note that {ei1 ⊗ · · · ⊗ ein : (i1, . . . , in) ∈ Nn} is a 1-unconditional basis of
the Banach lattice ⊗̂n,|π|E and the original order on ⊗̂n,|π|E coincides with
the coordinatewise order. Thus

|u| =
t∑
i=1

|ai|ei ⊗ · · · ⊗ ei ≤
m∑
k=1

t∑
i=1

bi,1,k · · · bi,n,kei ⊗ · · · ⊗ ei.

Since {ei⊗· · ·⊗ei : i ∈ N} is a 1-unconditional basis of ∆(⊗̂n,π E), it follows
that ∆(⊗̂n,π E) is a Banach lattice with the order defined coordinatewise.
That is, ‖ · ‖π is a lattice norm on ∆(⊗̂n,π E). Thus

‖u‖π ≤
∥∥∥ m∑
k=1

t∑
i=1

bi,1,k · · · bi,n,kei ⊗ · · · ⊗ ei
∥∥∥
π

= ‖Qt ◦Q(v)‖π ≤ ‖v‖π

≤
m∑
k=1

‖y1,k‖ · · · ‖yn,k‖ ≤ ‖u‖|π| + ε,

which implies that ‖u‖π ≤ ‖u‖|π|.
Nextwe show that∆(⊗̂n,|π|E) is isometrically isomorphic to∆(⊗̂n,s,|π|E).

Since {ei⊗ · · · ⊗ ei : i ∈ N} is a basis of both ∆(⊗̂n,|π|E) and ∆(⊗̂n,s,|π|E),
it suffices to show that ‖u‖|π| = ‖u‖s,|π| for every u =

∑t
i=1 aiei ⊗ · · · ⊗ ei.

It follows from the definitions that ‖u‖|π| ≤ ‖u‖s,|π|. Thus we only need to
show that ‖u‖s,|π| ≤ ‖u‖|π|.

Since E is a Banach lattice, for every x1, . . . , xn ∈ E, one can define
(coordinatewise) the expression x1/n1 · · ·x1/nn to be an element of E (see [15,
Section 1.d]). It follows from [15, Proposition 1.d.2] that

(3.1) ‖ |x1|1/n · · · |xn|1/n‖ ≤ ‖x1‖1/n · · · ‖xn‖1/n.

Define T : E × · · · × E → ∆(⊗̂n,s,|π|E) by

T (x1, . . . , xn) =

∞∑
i=1

a1,i · · · an,iei ⊗s · · · ⊗s ei

for every xk =
∑∞

i=1 ak,iei ∈ E for 1 ≤ k ≤ n. Now for any p, q ∈ N with
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p < q, by (3.1) and Lemma 3.2 we have∥∥∥ q∑
i=p

|a1,i · · · an,i|ei ⊗s · · · ⊗s ei
∥∥∥
s,|π|

=
∥∥∥ q∑
i=p

(|a1,i · · · an,i|1/nei)⊗s · · · ⊗s (|a1,i · · · an,i|1/nei)
∥∥∥
s,|π|

=
∥∥∥Qs( q∑

i1,...,in=p

(|a1,i1 · · · an,i1 |1/nei1)⊗s · · · ⊗s(|a1,in · · · an,in |1/nein)
)∥∥∥

s,|π|

≤
∥∥∥ q∑
i1,...,in=p

(|a1,i1 · · · an,i1 |1/nei1)⊗s · · · ⊗s (|a1,in · · · an,in |1/nein)
∥∥∥
s,|π|

=
∥∥∥( q∑

i=p

|a1,i · · · an,i|1/nei
)
⊗s · · · ⊗s

( q∑
i=p

|a1,i · · · an,i|1/nei
)∥∥∥

s,|π|

=
∥∥∥ q∑
i=p

|a1,i · · · an,i|1/nei
∥∥∥n =

∥∥∥( q∑
i=p

|a1,i|ei
)1/n

· · ·
( q∑
i=p

|an,i|ei
)1/n∥∥∥n

≤
∥∥∥ q∑
i=p

a1,iei

∥∥∥ · · · ∥∥∥ q∑
i=p

an,iei

∥∥∥,
which implies that T is well defined and that ‖T‖ ≤ 1. It is clear that
T is a positive n-linear operator. Note that every Banach lattice with a
(1-unconditional) basis is Dedekind complete. By [3, Proposition 3.3] there
exists a positive linear operator T⊗ : ⊗̂n,|π|E → ∆(⊗̂n,s,|π|E) such that
‖T⊗‖ = ‖T‖ ≤ 1 and T⊗(x1⊗· · ·⊗xn) = T (x1, . . . , xn) for every x1, . . . , xn
∈ E. Since

T⊗(u) =
t∑
i=1

aiT (ei, . . . , ei) =
t∑
i=1

aiei ⊗ · · · ⊗ ei = u,

it follows that ‖u‖s,|π| = ‖T⊗(u)‖s,|π| ≤ ‖u‖|π|.

4. Relations to concavification. In this section we assume that E is
a Banach lattice with a (1-unconditional) basis {ei : i ∈ N}. For every a ∈ R
and every α > 0 we define aα = sign(a) · |a|α. For every x =

∑∞
i=1 aiei we

define xα coordinatewise, that is,

xα =

∞∑
i=1

aαi ei.

It follows that if x =
∑∞

i=1 aiei ∈ E (that is,
∑∞

i=1 aiei converges in E) then
xn =

∑∞
i=1 a

n
i ei ∈ E. Let E(n) denote the n-concavification of E (see [15,
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Section 1.d]). It follows that

E(n) =
{
xn =

∞∑
i=1

ani ei : x =
∞∑
i=1

aiei ∈ E
}
.

In other words,

E(n) =
{
x =

∞∑
i=1

aiei : x1/n =

∞∑
i=1

a
1/n
i ei ∈ E

}
.

For every x ∈ E(n) we define

‖x‖E(n)
= inf

{ m∑
k=1

‖x1/nk ‖
n
E : xk ∈ E+

(n), 1 ≤ k ≤ m, |x| ≤
m∑
k=1

xk

}
.

Then ‖ · ‖E(n)
is a lattice norm on E(n), which may not be complete (see [4]).

Let E[n] denote the completion of E(n) with respect to ‖·‖E(n)
. Then E[n] is a

Banach lattice. Note that E(n), being a vector lattice, satisfies the Riesz De-
composition Property (see [1, Theorem 1.13]). Thus the lattice norm ‖ · ‖E(n)

on E(n) has the following equivalent form:

‖x‖E(n)
= inf

{ m∑
k=1

‖x1/nk ‖
n
E : xk ∈E+

(n), 1≤k≤m, |x|=
m∑
k=1

xk

}
, x∈E(n).

Remark 4.1. If E = `p for 1 ≤ p < ∞ then E(n) = `p/n as vector
spaces. In the case that p ≥ n, E is n-convex, and hence E[n] = E(n) = `p/n
as Banach spaces. Thus the norm ‖ · ‖E(n)

is the `p/n-norm on E(n). For
p ≤ n, E satisfies the lower n-estimate. It follows from [4, Proposition 21]
that E[n] = `1 as Banach spaces. Thus the norm ‖ · ‖E(n)

is the `1-norm
on E(n).

Theorem 4.2. Let E be a Banach lattice with a basis. Then E[n] is
isometrically lattice isomorphic to ∆(⊗̂n,s,|π|E).

Proof. Define φ : E(n) → ∆(⊗̂n,s,|π|E) by

φ(zn) = φ
( ∞∑
i=1

ani ei

)
=

∞∑
i=1

ani ei ⊗s · · · ⊗s ei

for every zn ∈ E(n), where z =
∑∞

i=1 aiei ∈ E. Now for every p, q ∈ N with
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p < q, we have∥∥∥ q∑
i=p

ani ei ⊗s · · · ⊗s ei
∥∥∥
s,|π|

=
∥∥∥ q∑
i=p

|ai|nei ⊗s · · · ⊗s ei
∥∥∥
s,|π|

≤
∥∥∥ q∑
i1,...,in=p

|ai1 |ei1 ⊗s · · · ⊗s |ain |ein
∥∥∥
s,|π|

=
∥∥∥( q∑

i=p

|ai|ei
)
⊗s · · · ⊗s

( q∑
i=p

|ai|ei
)∥∥∥

s,|π|

=
∥∥∥ q∑
i=p

aiei

∥∥∥n
E
.

It follows that φ is well defined and

(4.1) ‖φ(zn)‖s,|π| ≤ ‖z‖nE , ∀z =

∞∑
i=1

aiei ∈ E.

It is easy to see that φ is a vector lattice homomorphism. Next we show that
it is an isometry.

Take any x =
∑∞

i=1 a
n
i ei ∈ E(n). For every ε > 0, choose xk =

∑∞
i=1 a

n
i,kei

∈ E+
(n) for 1 ≤ k ≤ m such that |x| ≤

∑m
k=1 xk and

m∑
k=1

‖x1/nk ‖
n
E ≤ ‖x‖E(n)

+ ε.

Then, by (4.1),

‖φ(x)‖s,|π| = ‖φ(|x|)‖s,|π| ≤
∥∥∥φ( m∑

k=1

xk

)∥∥∥
s,|π|

≤
m∑
k=1

‖φ(xk)‖s,|π| ≤
m∑
k=1

‖x1/nk ‖
n
E ≤ ‖x‖E(n)

+ ε,

which implies that ‖φ(x)‖s,|π| ≤ ‖x‖E(n)
.

For the reverse inequality, for every ε > 0 choose λk ∈ R+ and yk =∑∞
i=1 bk,iei ∈ E+ for 1 ≤ k ≤ m such that |φ(x)| ≤

∑m
k=1 λkyk ⊗s · · · ⊗s yk

and
m∑
k=1

λk‖yk‖n ≤ ‖φ(x)‖s,|π| + ε.
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Then
∞∑
i=1

|ani |ei ⊗s · · · ⊗s ei = φ(|x|) = |φ(x)|

≤
m∑
k=1

λkyk ⊗s · · · ⊗s yk

=

m∑
k=1

λk
∑
i1,...,in

bk,i1ei1 ⊗s · · · ⊗s bk,inein .

Note that the order on ⊗̂n,s,|π|E is coordinatewise. Thus

φ(|x|) =

∞∑
i=1

|ani |ei⊗s · · ·⊗s ei ≤
m∑
k=1

λk

∞∑
i=1

bnk,iei⊗s · · ·⊗s ei = φ
( m∑
k=1

λky
n
k

)
.

Since φ is bipositive, we have |x| ≤
∑m

k=1 λky
n
k , and hence

‖x‖E(n)
≤

m∑
k=1

λk‖yk‖n ≤ ‖φ(x)‖s,|π| + ε,

which implies that ‖x‖E(n)
≤ ‖φ(x)‖s,|π|.

In conclusion, we have shown that φ is an isometry, and hence φ can be
extended isometrically from E(n) to its completion E[n], still denoted by φ.

We can now easily show that φ is onto. Indeed, take any
∑∞

i=1 aiei ⊗s
· · · ⊗s ei ∈ ∆(⊗̂n,s,|π|E). Define xm =

∑m
i=1 a

1/n
i ei ∈ E for each m ∈ N.

Then xnm =
∑m

i=1 aiei ∈ E(n) and φ(xnm) =
∑m

i=1 aiei ⊗s · · · ⊗s ei, which in
turn converges to

∑∞
i=1 aiei ⊗s · · · ⊗s ei in ∆(⊗̂n,s,|π|E).

In particular, if E is n-convex then E(n) is a Banach lattice (see [15,
Section 1.d]), and hence E(n) = E[n]. This yields the following.

Corollary 4.3. If E is n-convex then ∆(⊗̂n,s,|π|E) = E(n) lattice iso-
metrically.

The following special case of our results is Proposition 21 of [4].

Proposition 4.4. If E satisfies the lower n-estimate with constant M
then ∆(⊗̂n,s,|π|E) is lattice isomorphic (and isometric if M = 1) to `1.

We now arrive at the main result of this paper.

Theorem 4.5. All four main diagonal spaces ∆(⊗̂n,π E), ∆(⊗̂n,s,π E),
∆(⊗̂n,|π|E), and ∆(⊗̂n,s,|π|E) are pairwise isometrically isomorphic.

Proof. It follows from Remark 3.3 and Theorems 3.5 and 4.2 that
∆(⊗̂n,s,π E) is isomorphic to E[n] via the mapping φ : E[n] → ∆(⊗̂n,s,π E)
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defined by

φ(zn) =
∞∑
i=1

ani ei ⊗s · · · ⊗s ei

for every zn =
∑∞

i=1 a
n
i ei ∈ E(n) where z =

∑∞
i=1 aiei ∈ E, with

(4.2) ‖x‖E(n)
≤ ‖φ(x)‖∆(⊗̂n,s,π E) ≤

nn

n!
‖x‖E(n)

, x ∈ E(n).

Since E[n] is a vector lattice, there is an order (which is the coordinatewise
order) in ∆(⊗̂n,s,π E) induced by E[n] such that ∆(⊗̂n,s,π E) is a vector
lattice. Next we show that the norm on ∆(⊗̂n,s,π E) is a lattice norm.

Let Qs : ⊗̂n,s,π E → ∆(⊗̂n,s,π E) be the projection defined in Lemma 3.2.
Take any x =

∑∞
i=1 a

n
i ei ∈ E

+
(n). For every ε > 0, choose xk =

∑∞
i=1 a

n
i,kei ∈

E+
(n) for 1 ≤ k ≤ m such that x =

∑m
k=1 xk and

m∑
k=1

‖x1/nk ‖
n
E ≤ ‖x‖E(n)

+ ε.

Thus

‖φ(x)‖s,π ≤
m∑
k=1

‖φ(xk)‖s,π =
m∑
k=1

∥∥∥ ∞∑
i=1

ani,kei ⊗s · · · ⊗s ei
∥∥∥
s,π

=

m∑
k=1

∥∥∥Qs( ∑
i1,...,in

(ai1,kei1)⊗s · · · ⊗s (ain,kein)
)∥∥∥

s,π

≤
m∑
k=1

‖Qs‖
∥∥∥ ∑
i1,...,in

(ai1,kei1)⊗s · · · ⊗s (ain,kein)
∥∥∥
s,π

≤
m∑
k=1

∥∥∥( ∞∑
i=1

ai,kei

)
⊗s · · · ⊗s

( ∞∑
i=1

ai,kei

)∥∥∥
s,π

=

m∑
k=1

∥∥∥ ∞∑
i=1

ai,kei

∥∥∥n
E

=

m∑
k=1

‖x1/nk ‖
n
E ≤ ‖x‖E(n)

+ ε,

which implies that ‖φ(x)‖s,π ≤ ‖x‖E(n)
, and hence ‖φ(x)‖s,π = ‖x‖E(n)

by
(4.2). Since E(n) is dense in E[n], it follows that ‖φ(x)‖s,π = ‖x‖E(n)

for
every x ∈ E+

[n]. Note that ‖ · ‖E(n)
is a lattice norm on E[n]. Thus ‖ · ‖s,π

is also a lattice norm on ∆(⊗̂n,s,π E). Hence for every x ∈ E[n], we have
‖φ(x)‖s,π =

∥∥|φ(x)|
∥∥
s,π

= ‖φ(|x|)‖s,π =
∥∥|x|∥∥

E(n)
= ‖x‖E(n)

, which implies

that ∆(⊗̂n,s,π E) is isometrically isomorphic to E[n]. The proof is complete
by Theorems 3.5 and 4.2.
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Corollary 4.6. The tensor diagonal {ei ⊗ · · · ⊗ ei :∈ N} is a 1-
unconditional basis of ∆(⊗̂n,s,π E).

5. Applications to polynomials. In this section we assume that Y is
a Banach space and E is a Banach lattice with a (1-unconditional) basis
{ei : i ∈ N}. Recall that an n-linear operator T : E × · · · × E → Y is
called orthosymmetric if T (x1, . . . , xn) = 0 whenever x1, . . . , xn ∈ E with
xi ⊥ xj for some i 6= j and i, j = 1, . . . , n. Also recall that an n-homogeneous
polynomial P : E → Y is called orthogonally additive if P (x+ y) = P (x) +
P (y) whenever x, y ∈ E with x ⊥ y. Let Po(nE;Y ) denote the space of all
continuous n-homogeneous orthogonally additive polynomials from E to Y .
In particular, denote Po(nE;R) by Po(nE).

For Banach spaces Z and Y , let L(Z;Y ) denote the space of all contin-
uous linear operators from Z to Y , and let Z∗ := L(Z;R). Theorem 4.2,
Proposition 4.4, and [3, Corollary 4.4] have the following consequences (see
also [2, Theorem 2.3]).

Corollary 5.1. Po(nE;Y ) is isometrically isomorphic to L(E[n];Y ).
In particular,Po(nE) is isometrically isomorphic to (E[n])

∗= (E(n), ‖ · ‖E(n)
)∗.

Corollary 5.2. If E satisfies the lower n-estimate with constant 1 then
Po(nE;Y ) is isometrically isomorphic to L(`1;Y ). In particular, Po(nE) is
isometrically isomorphic to `∞.

Remark 5.3. We cover the well known results of Sundaresan [19] (see
also [2]). If E = `p for 1 ≤ p <∞ then by Remark 4.1, E[n] = `p/n if p ≥ n,
and (E(n), ‖ · ‖E(n)

) = (`p/n, ‖ · ‖`1) if p ≤ n. It follows from Corollary 5.1
that Po(n`p) = `p/(p−n) if p > n, and Po(n`p) = `∞ if p ≤ n.

For an n-homogeneous polynomial P : Z → Y , let TP : Z × · · · ×Z → Y
denote the symmetric n-linear operator associated to P . The Polarization
Inequality states that ‖P‖ ≤ ‖TP ‖ ≤ (nn/n!)‖P‖ (see [7]). It is known that
if Z is a Hilbert space then for every n-homogeneous polynomial P : Z → Y ,
we have ‖TP ‖ = ‖P‖ (see [6, Proposition 1.44] and [7]). Now define the n-
homogeneous polynomial P (x) = a1 · · · an for every x = (ai)i ∈ `1. Then
P : `1 → R and ‖TP ‖ = (nn/n!)‖P‖ (see [6, Example 1.39] and [7]). Next
we will show that every continuous n-homogeneous orthogonally additive
polynomial P : E → Y satisfies ‖TP ‖ = ‖P‖.

Theorem 5.4. For every P ∈ Po(nE;Y ), ‖TP ‖ = ‖P‖.
Proof. Take any P ∈ Po(nE;Y ). It follows from [3, Lemma 4.1] that

its associated symmetric n-linear operator TP is orthosymmetric. By lin-
earization of P there exists P̃ ∈ L(⊗̂n,s,π E;Y ) such that ‖P̃‖ = ‖P‖ and
P̃ (x ⊗ · · · ⊗ x) = P (x) for every x ∈ E. By linearization of TP there
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exists T̃P ∈ L(⊗̂n,π E;Y ) such that ‖T̃P ‖ = ‖TP ‖ and T̃P (x1 ⊗ · · · ⊗ xn)
= TP (x1, . . . , xn) for every x1, . . . , xn ∈ E. For every ε > 0 there exists
u ∈ ⊗̂n,π E such that ‖u‖π ≤ 1 and ‖T̃P ‖ ≤ ‖T̃P (u)‖ + ε. Note that
{ei1 ⊗ · · · ⊗ ein : (i1, . . . , in) ∈ Nn} with the order defined in [11] is a
basis of ⊗̂n,π E. We write

u =
∑
i1,...,in

ai1,...,inei1 ⊗ · · · ⊗ ein .

Let Q : ⊗̂n,π E → ∆(⊗̂n,π E) be the projection defined in Lemma 3.1. Then∥∥∥ ∞∑
i=1

ai,...,iei ⊗ · · · ⊗ ei
∥∥∥
π

= ‖Q(u)‖π ≤ ‖u‖π ≤ 1.

It follows from Theorem 4.5 that
‖TP ‖ = ‖T̃P ‖ ≤ ‖T̃P (u)‖+ ε =

∥∥∥ ∑
i1,...,in

ai1,...,inTP (ei1 , . . . , ein)
∥∥∥+ ε

=
∥∥∥ ∞∑
i=1

ai,...,iTP (ei, . . . , ei)
∥∥∥+ ε =

∥∥∥ ∞∑
i=1

ai,...,iP (ei)
∥∥∥+ ε

=
∥∥∥P̃( ∞∑

i=1

ai,...,iei ⊗ · · · ⊗ ei
)∥∥∥+ ε

≤ ‖P̃‖
∥∥∥ ∞∑
i=1

ai,...,iei ⊗ · · · ⊗ ei
∥∥∥
s,π

+ ε

= ‖P̃‖
∥∥∥ ∞∑
i=1

ai,...,iei ⊗ · · · ⊗ ei
∥∥∥
π

+ ε ≤ ‖P̃‖+ ε = ‖P‖+ ε,

which implies that ‖TP ‖ ≤ ‖P‖, and hence ‖TP ‖ = ‖P‖.

Acknowledgments. The authors are grateful to the referee for sugges-
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