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Unconditionally p-null sequences and
unconditionally p-compact operators

by

Ju Myung KiM (Seoul)

Abstract. We investigate sequences and operators via the unconditionally p-sum-
mable sequences. We characterize the unconditionally p-null sequences in terms of a certain
tensor product and then prove that, for every 1 < p < oo, a subset of a Banach space is
relatively unconditionally p-compact if and only if it is contained in the closed convex hull
of an unconditionally p-null sequence.

1. Introduction and main results. Grothendieck [G] showed that a
subset K of a Banach space X is relatively compact if and only if there
exists a null sequence (x,) in X such that

KC {Zan:cn (ap) € le},

where we denote by By the unit ball of a Banach space Z. The notion
of p-compactness of Sinha and Karn [SK] stems from this criterion. For
1 < p < o0, asubset K of X is called relatively p-compact if there exists
() € €p(X) (or (xy,) € co(X) if p = 00) such that

K C p-co{zyp}) := {Zan:pn : (o) € By, },

where 1/p+1/p* =1 and ¢,(X) (resp. co(X)) is the Banach space with the
norm || - ||, (resp. || - ||oc) of all X-valued absolutely p-summable (resp. null)
sequences.

For 1 < p < oo, the closed subspace £,;(X) of £;/(X), the Banach space
with the norm || - ||’ of all X-valued weakly p-summable sequences, consists
of sequences (x,) satisfying

10, .., 0, Zm, Ty, -+ )l =0
as m — oo. It is well known that (z,) € ¢}(X) if and only if (x,) is an
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unconditionally summable sequence (cf. [R, Example 3.4]). If (z,,) € £;(X),
we call it an unconditionally p-summable sequence. We say that a subset K
of X is relatively unconditionally p-compact (u-p-compact) if there exists
(zn) € £;(X) such that K C p-co({x,}). Note that every u-p-compact set
is a compact set.

Pineiro and Delgado [PD] introduced and studied p-null sequences. For
1 < p < o0, a sequence (z,) in a Banach space X is said to be p-null if for
every ¢ > 0 there exist N € N and (z;) € £,(X) with [|(z;)]|, < € such that
xy, € p-co({z}) for all n > N. The collection of all p-null sequences in X is
denoted by ¢g,(X).

In this paper, a sequence is called unconditionally p-null (u-p-null) when
€p(X) and || - ||, are replaced by £;(X) and | - [|;/. We denote by cg,up(X)
the collection of all u-p-null sequences in X. Note that for every 1 < p < o0,
co.up(X) C co(X) and g uoo(X) = ¢o(X). As in [PD], we can analogously
define a norm on c¢p;,(X) (see Section 3).

Fourie and Swart [FS2] studied the following norm on the tensor product
X ®Y of Banach spaces X and Y. Let 1 < p < oco. For u € X ® Y, define

wp(u) = inf {12 1311 U_ZW%}

Then (X®Y, w,) is a normed space and we denote by X ®wa its completion.
Recall that a norm on tensor products of Banach spaces is a tensor norm
if it is a finitely generated uniform crossnorm (cf. [Rl Section 6.1]). It was
shown in [FS2] that wy, is a tensor norm. Oja [O] studied p-null sequences
in terms of the Chevet—Saphar tensor product. The following theorem is the
analogue of Ol Theorem 4.1] for u-p-null sequences.

THEOREM 1.1. Let 1 < p < oo. The tensor product cgy ®wp* X s iso-
metrically isomorphic to coup(X) and for every u € ¢y ®wp* X there exists
() € coup(X) such that u =7, e, ®xy, in co ®wp* X.

Pineiro and Delgado [PD], Proposition 2.6] showed that for 1 < p < oo,
a sequence (xp) is in ¢ p(X) if and only if (z,) € co(X) and the set
{zp} is relatively p-compact under an assumption depending on p, and
they asked whether the assumption could be deleted. Oja [Ol Theorem 4.3]
gave an affirmative answer to that question. The following is the result of
[Ol Theorem 4.3] adapted to u-p-null sequences.

THEOREM 1.2. Let (x,) be a sequence in X and let 1 < p < co. Then
the following statements are equivalent:

(a) (2n) € coup(X)-
(b) (x,) is null and the set {x,} is relatively u-p-compact.
(¢) (zp) is weakly null and the set {x,} is relatively u-p-compact.
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It was shown in [PDl Theorem 2.5] that for 1 < p < oo, a subset of
a Banach space X is relatively p-compact if and only if it is contained in
the closed convex hull @6({x,}) of a p-null sequence (z,,). For an alternative
straightforward proof, see [AQ]. For relatively u-p-compact sets we obtain
the following result, where bco(A) means the closed balanced convex hull of
a set A.

COROLLARY 1.3. Let K be a subset of X and let 1 < p < oo. Then the
following statements are equivalent:

(a) K is relatively u-p-compact.
(b) There exists (xy) € coup(X) such that K C co({zy}).
(c) There exists (z) € coup(X) such that K C beo({zy}).

We prove Theorems 1.1 and 1.2 and Corollary 1.3 in Section 3 after
studying operators via unconditionally p-summable sequences.

2. Unconditionally p-compact and unconditionally (quasi) p-
nuclear operators. For 1 < p < oo, following the definition of a p-compact
operator in [SK], a linear map 7" : X — Y is said to be u-p-compact
if T(Bx) is a relatively u-p-compact subset of Y. The collection of all
u-p-compact operators from X to Y is denoted by KCyp(X,Y) and we define
a norm u, on Kuy(X,Y) by

up(T) = inf {[[(yn)lly : (yn) € £;(Y) and T(Bx) C p-co({yn})}.

From Grothendieck’s criterion of compactness, the ideal [K, || - ||] of compact
operators equipped with the operator norm coincides with [KCyoe0, Uso] and
we have:

THEOREM 2.1. For every 1 < p < o0, [Kyp,up| is a Banach operator
ideal.

The proof of Theorem 2.1 is similar to the one of [PP, Lemma 4] and
follows the scheme indicated by Delgado, Pineiro and Serrano [DPS] for the
ideal of p-compact operators.

Recall that a p-nuclear operator T € N,(X,Y) from X to Y, for 1 <
p < o0, is represented as T = Yz} ® ypn, where (z}) € £,(X*) ((zn) €
co(X*) if p = 00) and (y,) € £,.(Y), and the p-nuclear norm v,(7T") equals
inf [|(2},)[lpl|(yn) ||}, where the infimum is taken over all such representations
of T' (cf. [DJT}, Proposition 5.23]). When the spaces £,(X™) and £}.(Y)
are replaced by £;(X*) and £, (Y) respectively, the map is well known as
a classical p-compact operator (cf. [P, Section 18.3] and [FS1, [FS2]). To
avoid confusion, in this paper, we call it an unconditionally p-nuclear (u-
p-nuclear) operator. The collection of all u-p-nuclear operators from X to
Y is denoted by Nup(X,Y) and the u-p-nuclear norm v, is defined by



136 J. M. Kim

vup(T) = inf [|(z})[; | (yn) 5+, where the infimum is taken over all such

representations of 7'. It is well known that [Ny, 14, is a Banach operator
ideal (cf. [FS1, Theorems 2.1 and 2.5]).

PROPOSITION 2.2. Kyo = Nyo.

Proof. Clearly Nya C Ky2 (in fact, Ny C Kyp when 1 < p < 00). To
show the other inclusion, let T": X — Y be a u-2-compact operator. Then
there exists (yn) € ¢5(Y) such that T(Bx) C {>, anyn : (an) € By}
Define operators Ey : o — Y by Ey,a =Y, anyn, and B, : o /ker(E,) — Y
by E'y la] = Eyo. Then Ey is a compact operator. In view of the factorization
in [SK| Section 3], T = E,T,, where T, : X — fa/ker(E,) is a bounded
operator. According to [FS1, Theorem 2.3], T' is a u-2-nuclear operator. m

For 1 < p < oo, following the definition of a quasi p-nuclear operator
in [PP], a linear map T : X — Y is called quasi unconditionally p-nuclear
(quasi u-p-nuclear) if there exists (x}) € BZ(X*) such that ||Tz|| <||(z}(z))||p
for every x € X. We denote by /\/’%(X ,Y) the collection of all quasi u-p-
nuclear operators from X to Y. For T' € ./\/qu(X, Y), let u%(T) =inf || (27|,
where the infimum is taken over all such inequalities. Note that a quasi
u-oco-nuclear operator is just a compact operator (cf. [D, Exercise I1.6(ii))]).
We can also use the proof of [PP, Lemma 4] to show that [/\/3,,1/%] is a
Banach operator ideal.

We now obtain the duality of u-p-compact operators, which is the ana-
logue of the duality of p-compact operators from [DPS]. In fact, Theorem 2.3
and the “only if” part of Theorem 2.4 are essentially due to [DPS].

THEOREM 2.3. Let 1 < p < oo andletT : X — Y be a linear map.
Then T € /\/&(X, Y) if and only if T* € Kyup(Y*,X*). In this case,
vip(T) = up(T).

Proof. This is immediate from [DPS| Proposition 3.2]. =

THEOREM 2.4. Let 1 < p< oo andletT : X = Y be a linear map.
Then T € Kuy(X,Y) if and only if T* € N%(Y*,X*). In this case,
Vi (T%) < up(T).

Proof of the “only if” part of Theorem 2.4. Let T' € Ky, (X,Y) and let

(yn) € £;(Y) be such that T(Bx) C p-co({yn}). Then by [DPS| Proposi-
tion 3.1],

1Ty < [1Gy (yn) (W)l
for every y* € Y. Note that (iy(yn)) € £,(Y™), where iy : Y — Y** is the
natural isometry, and ||(iy (yn))|l; = [|(yn) |l - Hence T* € NL%(Y*,X*) and
Vip(T") < up(T). w
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From Theorems 2.3 and 2.4, we have:

COROLLARY 2.5. Let 1 < p<oo andletT : X = Y be a linear map.
Then T € Kyup(X,Y) (resp. /\/}%(X,Y)) if and only if T** € KCyup(X ™, Y*)
(resp. NQ%(X**,Y**)). In this case, u,(T™*) < u,(T) (resp. V%(T**) <
vip(T))-

In order to prove the “if” part of Theorem 2.4, we also use an argu-
ment from [DPS]. By definition we see that Ny,(X,Y) C N2(X,Y) and
V(T < 1y(T) for every T € Nyy(X,Y), and we have:

LEMMA 2.6. Let 1 < p < oo. Suppose that Y 1is injective. If T €
NE(X,Y), then T € Nyp(X,Y) and vs(T) = vy (T).

Proof. This proof is essentially due to [PP]. Let T' € NL%(X,Y). Let
e > 0 be given. Then there exists (},) € £;(X*) such that for every z € X,

|Tx|| < [[(z;(2))llp and [[(z)]l; < Vqu(T) + £. Consider the linear sub-
space Z = {(z;(x)) : « € X} of ¢, (or of ¢y if p = 00) and the map J :
Z =Y, (z}(x)) — Tx. Then J is well defined and linear, and ||J|| < 1. Since
Y is injective, there exists an extension J : £, — Y of J with ||J|| = [|.J|.
Define a map U : X — £, by Uz = (z};(z)). Then U is a compact operator

and the following diagram is commutative:

N

Hence by [FSI, Theorem 2.5], T € Nyp(X,Y) and v, (T) < U || <
[l < vi(T) + e, and s0 vg(T) = vip(T). =

Let K be a bounded subset of X. In [DPS], the authors defined the
operators ur : ¢1(K) — X and jg : X* — (lx(K), respectively, by
U (§e)eek = e o and jra* = (2¥(2))zex. We see that uj = jx.

We now obtain the versions for u-p-compactness of [DPS, Proposi-
tion 3.5, Corollary 3.6, Remark 3.7].

PROPOSITION 2.7. Let 1 < p < oo and let K be a bounded subset of X.
Then the following statements are equivalent:

X Y

(a) K is relatively u-p-compact.

(b) ug is u-p-compact.

(¢) jr is u-p-nuclear.

Proof. (a)=+(b). Let (v,) € £;(X) be such that K C p-co({x,}). Then
ug (By, (k)) C beo(K) C p-co({2n}). Hence ug is u-p-compact.
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(b)=>(a). Since K C ug(By,(k)), this is clear.

(b)=(c). If ug is u-p-compact, then by Theorem 2.4(=), uj, = ji is
quasi u-p-nuclear. Since /o, (K) is injective, (c) follows from Lemma 2.6.

(c)=(b). If u}, = jk is u-p-nuclear, then by [DES, Proposition 1.5.7], ux
is u-p*-nuclear. Hence ug is u-p-compact, because, clearly, Nyp C Kyp. =

The following is a duality version of Proposition 2.7.

PROPOSITION 2.8. Let 1 < p < oo and let C' be a bounded subset of X*.
Then the following statements are equivalent:

(a) C is relatively u-p-compact.

(b) The map uc : £1(C) = X* defined by uc((&a+)arec) = P prco o™
18 a u-p-compact operator.

(¢) The map jo : X — lx(C) defined by joxr = (x*(x))zxec is a u-p-
nuclear operator.

Proof. Use the duality relationships ugix = jo and joi, (o) = uc, and
Theorems 2.3 and 2.4(=). m

COROLLARY 2.9. Let1 <p < oo and let K be a subset of X. Ifix(K) is
a relatively u-p-compact subset of X**, then K is a relatively u-p-compact
subset of X.

Proof. Ifix(K) is arelatively u-p-compact subset of X**, then by Propo-
sition 2.8, the operator j; (k) : X* — loo(ix(K)), which is actually the
operator ji : X* — (o (K) in Proposition 2.7, is u-p-nuclear. Hence K is
relatively u-p-compact. =

We now complete the proof of Theorem 2.4.

Proof of the “if ” part of Theorem 2.4. If T € J\/Z%(Y*, X™*), then by The-
orem 2.3, T** € ICpup(X**,Y*). Thus iyT (Bx) = T*ix(Bx) is a relatively
u-p-compact subset of Y**. Hence by Corollary 2.9, T(Bx) is a relatively
u-p-compact subset of Y and so T' € Kp(X,Y). u

3. Proofs of main results. For a bounded sequence & := (z,,) in X, de-
fine an operator ug : €1 — X by uz(on) =Y, an2y. Then for 1 < p < oo, by
Proposition 2.7, the set {x,} is relatively u-p-compact if and only if the oper-
ator uz is u-p-compact. As indicated for p-null sequences [PD, Remark 2.2],
a simple verification shows that a sequence (x;,) is u-p-null if and only if
{zn} is relatively u-p-compact and uy,(uz,) — uz) — 0 as n — oo, where
z(n) = (z1,...,2n,0,...).

Let 1 < p < co. We define a norm on ¢gupy(X) by [|(zn)|9, = up(uz) for
(21) € co.up(X). Then (couco(X), |- I9) = (co(X), |- loo) and we have the
following result whose proof is straightforward.
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PROPOSITION 3.1. Let 1 < p < 0o. Then (coup(X), || - 119,) is a Banach
space.

We need the following result to prove Theorem 1.1. Its prototype is [DPS,
Proposition 3.11].

LEMMA 3.2. Let 1 < p < oo and letT :' Y — X be a linear map.
Then T € Kyup(Y, X) if and only if Tup, € Nyp+(¢1(By),X). In this case,
up(T) = vup(Tupy ).

Proof. If T € Kyup(Y, X), then by Theorem 2.4, T* € NT%(X*,Y*) and
V%(T*) < up(T). It follows from Lemma 2.6 that

(TuBY)* = jBYT* € NUP(X*7EOO(BY))'
Hence by |[DFS| Proposition 1.5.7], Tup, € Nyp+(¢1(By),X) and
Vup~ (TUBY) = Vup(jByT*) = z?p(jByT*) < UP(T)'

To show the converse, let Tup, =", (¢))y ® Tn € Nup~(f1(By), X) be

a representation, where (((j})y) € £y« (oo(By)) and (x5) € £;(X). Then

T(By) = { Gty € By f € peo{{I(Gul-0})

Hence T € Ky, (Y, X) and u,(T') < ||((C5)y)k||;f’* [ ()| Since the represen-
tation was arbitrary, u,(T") < vyp-(Tup, ). =

Since for every operator 1" : £ — X, T coincides with Tu By, %, where the
map i : {1 — £1(By,) is the canonical isometry, by Lemma 3.2 we have:

COROLLARY 3.3. Let 1 < p < oo and let T : {1 — X be a linear
map. Then T € Kyup(€1, X) if and only if T € Nyp+(¢1,X). In this case,
up(T) = vy (T).

We also need a result of Fourie and Swart [F'S2] to prove Theorem 1.1.

LeEMMA 3.4 ([ES2, Proposition 3.2]). Let 1 < p < oo. If (zn) € £;(X)
and (yn) € £y (Y), then 3 xn ® Yy, converges in X ®w, Y. Conversely, if

u € X @y, Y, then there exist (z,) € £4(X) and (yn) € £2(Y) such that
Zn Ty ® Yp converges to u. Moreover,

wp(u) = i0f {J| ) 121 wn) 2 0= D 0@y, () € LX), () € 05 (V)

n=1
Proof of Theorem 1.1. In order to show the first part, consider the linear
map J : (cg ® X, wp+) —= co.up(X) defined by

H(Eoiom) = (S ),

Jjsn
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First, one may check that J(co ® X) C cpup(X) using elementary tensors.
Since, for every (zn) € coup(X) and m € N, &(m) = J (3, €; ® x;) and

lgnoo Hx( ) - i‘”gp = nlgnoo up(u:i:(m) - ui) =0,

J(co ® X)) is dense in ¢ p(X).

To show that the map J : (co ® X, wp+) — co,up(X) is an isometry, let
T=3%c,(XN)i®x; € cg®X and let () := (3_;<, Mz;)i- Then T = us.
From [DES| Proposition 1.5.5] and Corollary 3.3, it follows that

1118 = upluz) = wp(T) = v (T) =0y (S (N)s @ 35).
J<n

Since ¢gup(X) is a Banach space, the extension J ®wp* X = coup(X)
of J is a surjective linear isometry.
In order to show the second part, let u € ¢y ®wp* X. Then by Lemma 3.4

there exist (()\Z)Z)J € £y (co) and (z;) € £(X) such that u = Z;‘;l(/\g)i(@zj
in ¢y ®wp* X. For every i, let

e8]
€Ty = E )\?Zj.
J=1

We show that (z;) is the desired sequence. Let ¢ > 0 be given. Since
((M)i)j € € (co), it is easily seen that there exists an N € N such that

sup\|<A£>j DY < e

Let C := sup;> v [|(A ) || p=. We may assume that C' # 0. Then ¢ > N implies
that

x; = Z EZC'Zj C p-co({Cz;}).
j=1
Since [|[(Cz)|ly < &, (%:) € coup(X). Recall the 1sometr J: e ®w . X =
coup(X). Let j( ) = (u). Since limy, oo (Y., M 2i)i = J(u ) i coup(X),
i) =

i<n iz
limy, o0 32 cp A Jz; = u; in X for every i. Hence (z;) = (u J(u) and so

— T ()= i 7—1(4 — 1 ) .
u=J "((x;)) —n}gnooJ (Z(m)) —nlgrloo;@@a%. .
We need the main theorem in [O] to prove Theorem 1.2.

LeEmMMA 3.5 ([O, Theorem 2.4]). Let o be a tensor norm. Assume that
X*** or'Y has the approzimation property. If T € No(X*,Y) and T*(Y*)
Cix(X), thenT € X ®Y in No(X*,Y).



Unconditionally p-null sequences 141

COROLLARY 3.6. Let 1 < p < oo. Assume that X™* or Y has the
approzimation property. If T € Nyup(X*,Y) and T*(Y*) C ix(X), then
T =320 ®@Yn in Nup(X*Y), where (x,) € £3(X) and (yn) € £ (Y).

Proof. From Lemma 3.5, [DES, Corollary 1.4.9 and Proposition 1.5.5],
it follows that

TeXay e

X**®wp

— XY V=X &, Y

Hence from Lemma 3.4 we obtain the conclusion. =

Proof of Theorem 1.2. (a)=(b) and (b)=(c) are obvious.

(c)=>(a). This proof is essentially due to [O Theorem 4.3]. If {z,}
is relatively wu-p-compact, then uz € Kyp(41,X). By Corollary 3.3, u; €
Nup= (€1, X) and up(uz) = vyp=(uz).

Since (x,,) is weakly null, we see that u}(X™*) C cp. Since ¢j** has the
approximation property, it follows from Corollary 3.6 that us € ¢ ®wp* X.
Hence by Theorem 1.1 there exists (2,) € coup(X) such that u; =
donen ® 2z in ¢ ®wp* X and so zp = xp for every k, which completes
the proof. u

REMARK 3.7. We can also prove Theorem 1.2 using the argument of
Lassalle and Turco [LT] based on Carl-Stephani theory [CS].

Proof of Corollary 1.3. (b)=(c) is trivial.

(c)=(a). If (zn) € coup(X), then the set {x,} is relatively u-p-compact.
Thus there exists (z,) € £,(X) such that {x,} C p-co({2s}). By (c) we have
K C p-co({zn}), hence the assertion (a) follows.

(a)=(b). Since K is relatively u-p-compact, there exists (z,) € £;(X)
such that K C p-co({z,}). By a standard argument we can find a sequence
(Bn) of positive numbers such that 3, — 0 and (z,/8n) € £;(X). Recall
the operators Ey, E, /5 : {,» — X defined in the proof of Proposition 2.2,
and the diagonal operator Dg : £y — £y« via (B,). We see that Dg is a
compact operator. Then there exists a null sequence (z,) in £y« such that
Dg(By,.) C ¢o({2,}). Hence we have

K C pco({zn}) = Eo(Bu,.) = EuysDs(By,.) € ({Ew/pon})
and, by Theorem 1.2, (E,/32,) € coup(X) because (E,/32,) is a null se-

quence in X and the set {E,/32,} is relatively u-p-compact. =

We can also prove [PD, Theorem 2.5] using [O, Theorem 4.3].
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