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Maximal regularity of second-order evolution equations
with infinite delay in Banach spaces

by

XIANLONG Fu and MING L1 (Shanghai)

Abstract. By using Fourier multiplier theorems we characterize the existence and
uniqueness of periodic solutions for a class of second-order differential equations with
infinite delay. We also establish maximal regularity results for the equations in various
spaces. An example is provided to illustrate the applications of the results obtained.

1. Introduction. In this article, we are concerned with the maximal
regularity and existence of periodic solutions for the following abstract
second-order differential equation with infinite delay in a Banach space X:

(1.1) u”(t) + Bu'(t) + Au(t) = Guj + Fuy + f(t), t €R,

where A and B are two closed linear operators defined on X with do-
mains D(A) and D(B), respectively; u(t) is the state function taking values
in X, and the historical function u; : (—00,0] — X, given as usual by
ut(0) = u(t + ) for 6 < 0, belongs to some abstract phase space & defined
axiomatically below; F' and G are bounded linear operators from 4% to X.

The theory of maximal regularity for linear evolution equations in ab-
stract spaces is a very useful tool in the study of solutions to nonlinear partial
differential equations. See, for instance, Poblete [P] and Denk, Hieber and
Priiss [DHR] for more details. Initiated by Weis [W2] (see also [W1]), the
operator-valued Fourier multiplier techniques have been successfully used
in the investigation of maximal regularity for abstract differential equa-
tions. Some recent results on vector-valued Fourier multipliers in abstract
spaces (Marcinkiewicz-type theorems), established by Arendt, Batty, Bu
and Kim [ABIl [AB2] BK], enable us to obtain characterizations of maxi-
mal regularity of solutions for abstract equations with periodic boundary
conditions in LP, Besov and Triebel-Lizorkin spaces. In fact, several results
characterized the existence and uniqueness of solutions for several classes
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of equations in LP spaces, Lebesgue spaces, Besov spaces, Triebel-Lizorkin
spaces and Holder spaces, have been obtained in the last years: see Keyntuo
and Lizama [KL1l, [KL2, [KL3|, Lizama and Poblete [LP2] and Sforza [S] for
integro-differential equations, and Chill and Srivastava [CS] for second-order
differential equations without delay.

Motivated by the fact that abstract retarded functional differential equa-
tions (abbreviated ARFDE) with delay arise in many areas of applied mathe-
matics, this type of equations has received much attention in recent years. In
particular, the problem of existence of periodic, almost periodic and asymp-
totically almost periodic solutions has been considered by several authors.
We refer to the books [HNMS, [LNV] for information on this subject. The
maximal regularity problem for delay differential equations has also been
studied by many authors via the vector-valued Fourier multiplier approach.
Lizama [L] has studied the first order finite delay equation

(1.2) u'(t) = Au(t) + Fuy + f(t), teTR;

he characterized the existence and uniqueness of periodic solutions of this
inhomogeneous abstract equation and established maximal regularity re-
sults for strong solutions in LP spaces. Some necessary and sufficient con-
ditions for to have C'*-maximal regularity on the real line have also
been explored in Lizama and Poblete [LP1]. Moreover, Bu and Fang [BF2]
have considered the problem in Besov spaces and Triebel-Lizorkin spaces.
Poblete [P] characterized the well-posedness in Holder spaces for equa-
tion with finite delay under the condition that X is a B-convex space.
In addition, Henriquez and Lizama [HL|] have investigated the existence of
periodic solutions for a class of abstract retarded equations with infinite
delay.

The aim of this paper is to extend the results in [HL] and [P] to the
second-order differential equation with infinite delay. This equation is
abstracted from many practical models. For example, some problems in vis-
coelasticity of materials and heat conduction with fading memory were de-
scribed as partial functional differential equations with infinite delay which
can be rewritten as (|1.1)) (see [BP, [C] for more references on applications in
physical problems). We are going to establish maximal regularity for
and obtain the existence of periodic solutions. We shall apply the operator-
valued Fourier multiplier results established in [ABI] to study the existence
of periodic solutions for in LP spaces. We will also discuss the max-
imal regularity of with B = al, a € C in Besov spaces B, (T, X)
and Triebel-Lizorkin spaces F); (T, X). The main tools we will use are the
operator-valued Fourier multiplier theorems on B, (T, X) and F; (T, X)
obtained in [AB2] and [BK]. It is known that for 0 < o < 1, the periodic
a-Holder continuous function space C*(T, X) coincides with B3, (T, X).
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Thus actually our result gives necessary and sufficient conditions for the
problem to have C“-maximal regularity.

Clearly, our results extend those in [BF2], [L] and [P] to the case of infi-
nite delay equations. We point out here that, other than the work in [HL],
our discussion is not based on the existing corresponding results for equa-
tions with finite delay—we study the problem directly via operator-valued
Fourier multiplier arguments by introducing a natural axiom (C2) for the
phase space # (see Section 2), which weakens the conditions on the op-
erators F' and G. It is also worth mentioning that the integro-differential
equations considered in [BFI1l KLl [KL2, [LP2] are special cases of ,
hence our results extend the corresponding theorems in those references as
well.

The paper is organized as follows. Section 2 collects some results about
operator-valued Fourier multipliers, R-boundedness and the phase space 4.
Section 3 is devoted to LP-maximal regularity for . In Section 4 we
consider B; -maximal regularity and F}; -maximal regularlty for (|1.1)) when
B = al, a € C. Finally, in Section 5, We present an example to illustrate
the applications of the results obtained.

2. Preliminaries. We denote by T the group R/27Z. There is an ob-
vious identification between functions on T and 27-periodic functions on R;
the interval [0, 27] is a model for T.

Given 1 < p < oo, define LP(T, X) as the space of all Bochner measurable
vector-valued, p-integrable functions on T. For a function f € L!(T, X), the
kth Fourier coefficient of f is denoted by

2m

A 1

F) = 5=\ e () de
0

for all K € Z and t € T. In what follows, for f € L'(T,X), it will always
be understood that f is periodically extended to the left onto the interval
(—00,0]. In this way, for the functional f;(6) := f(t+6),t € T, 8 <0, the
kth Fourier coefficient in ¢ is then given by f;(k) = e f(k).

Let f € LP(T, X). Then by Fejér’s theorem, one has

(2.1) [ = lim o (f),

where

onlf ::n+1z Zekf

m=0 k=—m
with ey (t) := et
We now introduce the UMD spaces. Since we will just use some results
from the literature, it is enough for us to present a simple definition. A Ba-
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nach space X is said to be UMD if the Hilbert transform is bounded on
LP(R, X) for some (and then all) p € (1, 00).

Next we recall the basic concepts necessary to obtain our results. Let
X and Y be Banach spaces. We denote by .Z(X,Y’) the Banach space of
bounded linear operators from X into Y, and write £ (X) in the case X =Y.

For j € N, denote by r; the jth Rademacher function on [0,1], i.e.
r;(t) = sgn(sin(2/7t)). For z € X denote by 7; @z the vector-valued function
t—ri(t)z.

DEFINITION 2.1. Let X and Y be Banach spaces, and let p € [1,00).
A family 7 € Z(X,Y) of operators is called R-bounded if there is a constant
C > 0 such that

N N
T ‘ < CH . ‘
H;m © 1575 Lr(0,1,Y) j;” © T

forall N € N, T; € T, ; € X. The smallest such C'is called the R-bound
of T and denoted by R,(T).

We remark that large classes of classical operators are R-bounded (see
[GW] and references therein). Hence, this assumption is not too restrictive
for the applications that we consider in this article.

Lr(0,1,X)

REMARK 2.2. Several properties of R-bounded families can be found in
the recent monograph of Denk et al. [DHR]. For the reader’s convenience,
we summarize some results here.

(a) T C Z(X,Y) is R-bounded, then it is uniformly bounded with
sup{||T|| : T € T} < Ry(T).

(b) The definition of R-boundedness is independent of p € [1, 00).

(¢) When X and Y are Hilbert spaces, 7 C Z(X,Y) is R-bounded if
and only if T is uniformly bounded.

(d) Let X, Y be Banach spaces and 7,58 C Z(X,Y) be R-bounded.
Then

T+S={T+5:TeT,SecS}

is R-bounded as well, and R,(T + S) < R,(T) + R,(S).

(e) Let X,Y, Z be Banach spaces, and 7 C Z(X,Y)and S C Z(Y, 2)
be R-bounded. Then

ST={ST:TeT,SeS}

is R-bounded, and R,(ST) < R,(S)R,(T).

(f) In particular, each subset M C £ (X) of the form M ={\I : A€ 2}
is R-bounded whenever 2 C C is bounded. This follows from Ka-
hane’s contraction principle (see [ABI, Lemma 1.7]).
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Now we briefly recall the definition of periodic Besov and Triebel-Lizor-
kin spaces in the vector-valued case, introduced in [AB2] and [BK]. Let S(R)
be the Schwartz space of all rapidly decreasing smooth functions on R, and
D(T) be the space of all infinitely differentiable functions on T equipped with
the locally convex topology given by the seminorm || f||o = sup,er | £ (z)]
for « € N. Let D/(T, X) := .Z(D(T), X) be the space of all bounded linear
operators from D(T) to X. In order to define Besov spaces, we consider the
dyadic-like subsets of R:

Io={teR:|t| <2}, IL={teR:2t"1 <t <2tt]}

for k € N. Let ¢(IR) be the set of all systems ¢ = (¢r)ren C S(R) satisfying
supp(¢y) C Iy for each k € N,

Zqﬁk(:c) =1 forxeR,

keN
and for each o € N,

sup 2’“0‘\@(;‘)(30)\ < 00.
z€R, keN

Let ¢ = (¢r)ken € ¢(R) be fixed. For 1 < p,q < co and s € R, the X-valued
periodic Besov space is defined by

B: (T, X) = {f e D/(T, X) :

£33, = (3297 S ex @ oy fii)|) " < oc)
7>0 kez P

and for 1 < p < 00, 1 < ¢ < 0, s € R, the X-valued periodic Triebel-
Lizorkin space is defined by

F2 (T, X) = {f e D/(T, X) :
s, =] (29| S en e sy i) ]| <oc}
Jj=0 keZ

with the usual modification if ¢ = co. The spaces B, (T, X) and F; (T, X)
are independent of the choice of ¢, and different choices of ¢ lead to equiv-
alent norms [ - ||s , || - |, on B, 4(T, X) and F; (T, X) respectively. All
these spaces are Banach spaces. See [AB2, [BK] for more information.

The theory of Fourier multipliers plays an important role in the whole
paper. Here we collect the definitions and some basic results of this theory.

DEFINITION 2.3. Let X and Y be Banach spaces and let I'(T, X) be one
of the following X-valued function spaces: LP(T, X) (1 < p < 00), B, (T, X)
(1<pg<oo,seR), Fj (T, X) (1 <p<oo,1<qg<o0,seR). Wesay
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{Mi}rez C€ Z(X,Y) is a I-multiplier if for each f € I'(T, X) there exists
u € I'(T, X) such that (k) = My f(k) for all k € Z.

From the uniqueness theorem for Fourier series, it follows that u is
uniquely determined by f.

REMARK 2.4. Tt is clear from the definition that if { My }rez C Z(X,Y)
and {Ni}rez CZ(X,Y) are Fourier multipliers, then {My Ny }rez CZ(X,Y)
is a Fourier multiplier as well.

The following theorems are due to Arendt and Bu [ABI], Theorem 1.3],
Arendt and Bu [AB2, Theorem 4.5] and Bu and Kim [BK|, Theorem 3.2]
respectively.

THEOREM 2.5. Let X, Y be UMD spaces and let {My}rez C Z(X,Y).
If the sets { My }rez and {k(My+1 — M) }rez are R-bounded, then { My }rez
1s an LP-multiplier for 1 < p < oo.

THEOREM 2.6. Let X, Y be Banach spaces, let 1 < p,q < 0o and s € R,
and let { My }rez, C Z(X,Y). Assume the so-called Marcinkiewicz condition
of order two holds:

(2.2) Sup(HMkH + k(M1 — My)||) < oo,
(2.3) sup 1E2(Mio — 2Mjy 1 + My)|| < oo.
€7

Then {My}rez is a By, multzplzer Moreover, if X and Y are B-conver,
then the first order condztzon is sufficient for {My}rez to be a B, -
multiplier.

THEOREM 2.7. Let X, Y be Banach spaces, let 1 <p < oo, 1 <g<o0
and s € R, and let {M}rez C Z(X,Y). Assume that the Marcinkiewicz
condition of order three holds:

(2.4) iug(HMkH + [b(My1 — My)|| + k> (Miy2 — 2Mi41 + M) ) < oo
c

(2.5) sup |63 (M3 — 3Mpya + 3My 1 — My)|| < oo.

€
Then {My}rez is an Fj  -multiplier. Moreover, if 1 < p < oo and 1 <
q < oo, then the first condition (2.4) is sufficient for {My}rez to be an
F; ,-multiplier.

Recall that a Banach space X has Fourier type p, with 1 < p < 2, if
the Fourier transform defines a bounded linear operator from LP(R, X) to
LR, X), where ¢ is the conjugate index of p. As examples, the space LP({2)
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with 1 < p < 2 has Fourier type p; a Banach space X has Fourier type 2 if
and only if X is isomorphic to a Hilbert space; X has Fourier type p if and
only if X* has Fourier type p. Every Banach space has Fourier type 1; X is
B-convex if it has Fourier type p for some p > 1. Every uniformly convex
space is B-convex.

In this article, we employ an axiomatic definition of the phase space 4,
that is, 2 will be a linear space of functions from (—oo, 0] into X endowed
with a seminorm || - || and satisfying the following axioms:

(A) Ifz:(—oco0,0+a)— X,a>0,is continuous on [0,0+a) and z, € A,
then for every ¢ € [0, 0 + a) the following hold:
(i) x4 is in A,
(i) ([0l < Ha]
(iil) ||z¢]|e < K(t—o)sup{||z(s)||: 0 < s <t}+M(t—0)||zs| . Here
H > 0 is a constant, K, M : [0,00) — [1,00), K(-) is continuous
and M (+) is locally bounded, and H, K(-), M(-) are independent
of z(t).
(A1) For the function z(-) in (A), z; is a %-valued continuous function on
(0,0 + al.

(B) The space Z is complete.

We will also need an additional property of . For this, let Cpyo(X)
denote the space of continuous functions from (—oo, 0] to X with compact
support. We assume that the following axiom holds for the phase space 4:

(Co) If a uniformly bounded sequence {¢"} in Cyo(X) converges to a func-
tion ¢ uniformly on every compact set on (—oo,0], then ¢ € % and

limp, 00 || = ]l = 0.

It is known from [HMN] that if axiom (C3) holds, then Cy((—o00,0], X),
the space of all bounded continuous functions from (—oo, 0] to X, is contin-
uously imbedded in #A. Set

l¢lloc = sup{lle(d)| - & < 0}
Then there exists a constant ) > 0 such that

(2.6) lellz < Qllello, ¢ € C((—00,0], X).

Here we present two examples of phase spaces satisfying the above ax-
ioms (A), (A1), (B), and (Cs).

ExAMPLE 2.8 (The phase space Cy(X)). Let g be a positive continuous
function on (—00,0]. Let # = C4(X) consist of all continuous functions
¢ : (—00,0] = X such that ||p(0)|/g(#) is bounded on (—o0,0]. We assume
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that ¢ satisfies conditions (g-1) and (g-2) of [HMN]:

(g-1) The function G(t) = supg<_; g;t(;)e) is locally bounded for ¢t > 0.

(g-2) g(0) — o0 as  — —oc.
With the seminorm defined by

@)l
Pllg = Sup )
H ||9 <0 g(a)

2 is a phase space that satisfies axioms (A), (B) and (A4;) [HMN, Theo-
rem 1.3.2].

EXAMPLE 2.9 (The phase space C, x LP(p, X)). Let r >0and 1 < p < co.
Let 8 = C, x LP(p, X) consist of all classes of functions ¢ : (—00,0] — X
such that ¢ is continuous on [—r, 0], Lebesgue measurable, and p|p(+)||P is
Lebesgue integrable on (—oo, —r), where p : (—oo, —r) — R is a nonnegative
Lebesgue integrable function which satisfies conditions (g-5), (g-6) of [HMN].
Briefly, this means that p is locally integrable and there exists a nonnegative,
locally bounded function v on (—oc,0) such that p(§ + 0) < v(£)p(0) for
all £ <0 and 6 € (—oo, —r) \ N¢, where Ng C (—o0,7) is a set of Lebesgue
measure zero. The seminorm in 4 is defined by

¢l = supfe(6) : —r <0 <0} + (| ()] (60)] o) Ve

—00

The space # satisfies axioms (A), (B) and (A;). Moreover, when r = 0 and
p =2, we can take H = 1, M(t) = y(—t)"/? and K(t) = 1+ (§~L p(0) d)1/?
for ¢ > 0. See [HMN, Theorem 1.3.8] for details.

In particular, if the function ¢ satisfies conditions (g-1) and (g-2), then
the space Cy(X) defined in Example satisfies axiom (C2) [HMN|, The-
orem 1.3.2]. In a similar way, if {~_p(6) df < oo, then C, x LP(p, X) also
satisfies axiom (Cy).

3. Maximal regularity in L? space. In this section, we establish
some maximal regularity results for equation . For this, we assume
that A and B are closed linear operators with D(A) N D(B) # (). Denote
the domain of A+ B by [D(A) N D(B)], endowed with the graph norm
lzllipaynpsy = Izl + [|Az|| + || Bz||, so that it becomes a Banach space.
In this section we always suppose that the pair (A, B) is coercive, that is,
for all ¢ > 0, the operator A + tB, with domain [D(A) N D(B)], is closed,
and there is a constant M > 0 such that

[Az]| +t|| Bz| < M||Az + ¢ Bz||
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for all x € [D(A)ND(B)]. The hypothesis of coercivity originates from [LP2]
and has also been used in [Pr] and [So|, among others.

To discuss the existence of periodic solutions for equation we adopt
the following notation:

HY7(T, X)
= {u e LP(T, X) : 3v € LP(T, X), o(k) = ika(k) for all k € Z}
= {u € LP(T, X) : u is differentiable a.c., v’ € LP(T, X),
and u(0) = u(2m)},
H?*P(T, X)
= {u € LP(T,X): Jv € LP(T, X), 0(k) = —k*u(k) for all k € Z}
={u € LP(T,X) : u is twice differentiable a.e., v',u” € LP(T, X),
and u(0) = u(27), v/(0) = «'(2m)}.
If w € H'P(T, X), it follows from [ABI, Lemma 2.1] that u has a unique

continuous representative, and we always identify u with this continuous
function. Thus

u(t) =u(0) + {v(s)ds (t€T)
0

and u(0) = u(27) for all u € HMP(T, X).

Now we present the concept of strong LP-solution for . As mentioned
in Section 2, any function u € LP(T, X) is extended 2m-periodically to the
interval (—o0, 0] so that u;(-) makes sense. Moreover, if u € H*P(T, X), we
immediately get u € CY(T, X), so u(-),us(:) € Cp((—00,0],X) C A, and
hence the definition below is meaningful.

DEFINITION 3.1. Let X be a Banach space, and A, B be closed linear
operators on X.

(i) A function u € H?P(T,X) is defined to be a strong LP-solution
of if u e D(A) N D(B) and holds for a.e. t € [0,2m), and
u’, Au+ B, Fus, Guy € LP(T, X).

(ii) Equation is said to have LP-maximal regularity if for every
f € LP(T, X), there exists a unique strong LP-solution of .

Denote ey () := e for all A € R, § < 0, and define the operators
{Fa}rer and {Gh}rer by
Fyz:=F(eyx) and Gz :=G(eyz), forallAeR, ze X.
Since ez € Cy((—00,0], X) C A, by one has
1Fxa|| = [[F(exa)l| < |F| [eallz < QIF| |l
from which we deduce that {F)\}\cr C-Z(X), and similarly {G)} er C-Z(X).
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We denote

o7(A) ={k € Z: —k*I +ikB + A — ikG}, — F,
is not invertible from D(A) N D(B) to X}
and
Ny = (—k*I +ikB + A — ikGy, — F)™', My = —k’N,, kecZ.
We need the following preparation.
LEMMA 3.2. Let A and B be closed linear operators defined on a UMD

space X, let 1 < p < oo, and suppose A satisfies (A)—(C2). Moreover,
suppose that oz(A) = 0. Then the following assertions are equivalent:

(i) {My}rez is an LP-multiplier.

(i1) {My}rez is R-bounded and {ik BNy }kez is uniformly bounded.

Proof. From [ABI], Proposition 1.11] it follows that (i) implies { M }kez
is R-bounded, so N = (—k%)Mk and kN, = iMk are R-bounded as well,
since {—k%f } ez and {il } ez re R-bounded by Remark Moreover,
{_k%l}kez and {il}kez are LP-multipliers by |[AB1, Lemma 1.3]. From
the definition of N, it is obvious that

(A +ikB)Ny, = k* Ny + ikGp Ny + F,Nj, + I.

Thus {(A + ikB)Ng }rez is R-bounded, and hence uniformly bounded. Be-
cause (A,ikB) is a coercive pair, there is a constant K > 0 such that
|ANgz|| + ||ikBNyz|| < K||[(A+ ikB)Ngz|| for all x € X. This proves (ii).

Conversely, in view of Theorem [2.5] it is sufficient to prove that the set
{k(Mj41 — My) }rez is R-bounded. We first prove { Fy }xez and {Gy }rez are
R-bounded. For any given z; € X, from Definition one has

HZWFJ i,

HF<§: (t)ejv’ﬂj)Hp dt < ||F|P

X
J=

1
1 N

<QP|F”P§HZTJ- :CJH dt = QP|FHPHZTJ®:C]‘
M-

Jj=1

1

LP(0,1,X) SHZTJ (e H di

0 N )
HZ rj(t)ejxj“@dt

J=1

O ey =

Lr(0,1,X)
which shows

Ry({Fr}rez) < Q|IF|,

i.e. {Fi}rez is R-bounded. Similarly, {Gg}xez is R-bounded too.
Furthermore, since My, = —k*Ny,, k € Z, it is easy to calculate that

k(Mys1 — M) = —k*(Ngs1 — Ni) — 2k° Npy1 — kNjg1.
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We already know that Mj; = k2N, and kN, = —(k*N)/ik are also
R-bounded, so it suffices to verify that {k3(Nyy;1 — Ni)}rez is R-bounded.
Indeed,
K} (Niew1 — Ni) = B2 Niga (N, = NN
= I3 Ny [(1+ 26)] + i(k + 1)Ghpr — ikGy + Fiosq — Fy, — iB]Ny,
= kNi1(k*Ny) + K N1 [21 + i(Grpa — GR)] (K Ny) + ik Ni 11 G (K2 Ny,
+ kN1 (Fisr — Fi) (K2 Ny) — k*Nig1 (ik BN).

Since products and sums of R-bounded sequences are still R-bounded (cf.
Remark 2.2), we get assertion (i) by Theorem 2.5 u

REMARK 3.3. We note that the coercivity condition on the pair (4, B)
was used only in the implication (i)=-(ii).

The main result of this section is the following theorem.

THEOREM 3.4. Let A and B be closed linear operators defined on a UMD

space X and 1 < p < oco. Suppose B satisfies (A)—(Ca). Then the following
assertions are equivalent:

(i) Equation (L.1) has LP-mazimal reqularity.
(i) oz(A) = 0, and {My}kez is R-bounded and {ikBNy}rez is uni-
formly bounded.

Proof. (1)=(ii). Let k € Z and y € X. Define f(t) = ex(t)y. Since f €
LP(T, X), by hypothesis there exists u € H*P(T, X) with u € D(A) N D(B)
such that
(3.1) u”(t) + Bu'(t) + Au(t) = Guj + Fu + f(t), te€T.
By the linearity of F' and G we have

(Fu)™(k) = F(e™a(k)) = Fya(k)
and
(Gup)"(k) = G(e™*u (k)) = G(e™iku(k)) = ikGra(k).
Then taking the Fourier transform on both sides of (3.1)) and noting @ (k) €
D(A) N D(B), we obtain
(3.2) —K2a(k) + ikBa(k) + Aa(k) = ikGra(k) + Fra(k) + f(k)
= Zka’fL(k) + Fkﬁ(k) + .

So —k?I + ikB + A — ikG}, — F}, is surjective for all k € Z.

Let * € D(A) N D(B). If (=k?I + ikB + A — ikG}, — F)z = 0, that is,

(—=k*I+ikB+ A)x = (ikG),+ Fi)z, then it is easy to check that u(t) = ey
defines a periodic solution of (1.1)) with f = 0. In fact, since us(6) = e™*u(t),
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ub(0) = e*0u/(t) = ike™u(t), we see that F(us) = F(epu(t)) = Fi(u(t)),
and G(u}) = ikG(egu(t)) = ikG(u(t)). Hence
u"(t) + Bu'(t) + Au(t) = (=k*I + ikB + A)e™*'x
= (ikGy + Fy)e™Mz = Gu} + Fuy,
which implies © = 0 by the assumption of uniqueness, and hence x = 0.
These arguments show that oz(A) = 0.
To prove the second part of (ii), by Lemma it is sufficient to show

that the set {My}rez is an LP-multiplier. Let f € LP(T, X) and u be the
corresponding unique strong solution. Then (3.2 easily yields

—k2a(k) = —k*(—k*I + ikB + A — ikGy, — F) "L f (k).
On the other hand, since u € H?P(T, X), there exists v € LP(T, X) such
that (k) = —k2a(k). This proves the claim.
(ii)=>(i). Let f € LP(T, X). From Lemma 3.2} the family {Mj}xez is an
LP-multiplier, so there exists v € LP(T, X) such that

(3.3) i(k) = My f(k).

By Remark Ny, = (=1/k?)Mj, is also an LP-multiplier, thus there exists
u € LP(T, X) such that

(3.4) i(k) = Nif (k).
Combining and gives
(3.5) o(k) = —k*a(k) = —k*Ny, f (k).

This implies u € H*P(T, X) and clearly (k) € D(A)ND(B). It follows from
[ABI, Lemma 2.1] that u(-) is twice differentiable and v”(-),v/(-) € LP(T, X).

We claim that the families {FpNi}trez and {ikGiNi}rez are both
LP-multipliers. In fact, it is clear that {FyNg}rez and {ikGgNg}rez are
R-bounded. On the other hand, since { Fy}xez and {Gj }rez are R-bounded
(cf. the proof of Lemma , the identities

(3.6) k(Fis1Npy1 — FyNi) = Fp1 (kNip1) — Fiu(kNy)
and
k[i(k+1)Gry1Npy1—ikGpNi] = iGry1 (K> Nyy1) —iGr (k2 Ng) +ikG 1 Ny

show that {k(Fk+1Nk+1—Fka)}k€Z and {k}[i(k+1)Gk+1Nk+1—ikaNk]}keZ
are R-bounded as well. Hence from Theorem we infer immediately that
{FxNi }rez, {ikGr Ny rez are both LP-multipliers. Also note that by (3.4]),

ikGri(k) = ikGpNpf(k),  Fyi(k) = FeNif(k), k€ Z,

from which we get Guy, Fu; € LP(T, X).
Now we show that Au(k) + ikBu(k) € LP(T,X). As above, we have
i(k) € D(A)ND(B), k € Z. Observe that {k? Ny + ikGp Ny + FxNi + I }rez
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is an LP-multiplier and
(3.7) Au(k) + ikBa(k) = (k*Ny + ikGpNy + Fy Ny, + I)f(k:)

Then using the fact A+ikB is closed we conclude that Au+ Bu' € LP(T, X)
(cf. [ABI, Lemma 3.1]).

Since for any 6 € (—o0,0], u.(8) € LP(T, X), by Fejér’s theorem (cf. (2.1)))
we have

ut(0) = u(t+0) = lim

n_mon—i_l Z Z ezkt zk@

m=0k=—m

up(0) = u'(t +0) = lim

n_>oon_|_1 Z Z ikt zk;@

m=0k=—m

which implies that

1 Kt .
up = nh_)rglo 1 ZOkZ eer(0)u(k),
=0k=—m
1 n m
I kt ~
up = nh_)rgo i ZOkZ e er(0)iku(k)
=0k=—m
Then, since F' and G are linear and bounded,
_ zkt
(3.8) Fuy = n_mo 1 E:Okzm F(eru(k))
n m

- n—>oo n+1 Z Z elktFku

m=0k=—m

and
I zkt
(3.9) Guy = JL\HQOH_F 1 Z:Ok_z_:m Glepu! (k))
ikt
=iy 2 3 GG

From (3.4) it is easy to get
—k*a(k) + ikBa(k) + Aa(k) = ikGra(k) + Fpi(k) + f(k)  for all k € Z.
Therefore, from (3.8) and (3.9), and uniqueness of Fourier coefficients, it
follows that (1.1)) is valid for a.e. t € T.
Finally, to show uniqueness, let v € H??(T, X) with u(t) € D(A)ND(B)
be such that

u”’(t) + Bu'(t) + Au(t) = Guj + Fuy, teT.
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Then (k) € D(A) N D(B) and (—k%I + ikB + A — ikG), — Fy)i(k) = 0.
Since o7(A) = (), this implies @(k) = 0 for all k € Z and thus u = 0. =

COROLLARY 3.5. In the setting of Theorem if condition (ii) is ful-
filled, we have v, Au+ Bu', Gu!, Fu. € LP(T, X). Moreover, there exists a
constant C' > 0 independent of f € LP(T,X) such that

(3.10) || lpe(r,x) + [[Au 4+ BY|| 1o 1, x) + |GU] Lo, x) + 1 Fw|] Lo, x)
< Clfllee(r,x)-

4. Maximal regularity on Besov and Triebel-Lizorkin spaces.
In this section we consider the By - and F; -maximal regularity for the
equation

(4.1) u”’(t) + o/ (t) + Au(t) = Fug + Guy + f(t), teT,

where A is a closed linear operator in X, a € C, f € B, (T, X) (or
f e F; (T, X)) is given, and the history u(-) : (—00,0] — X, given by
ur(0) = u(t + ) for 6 < 0, also belongs to some abstract phase space % de-
fined axiomatically in Section 2. Assume F,G : 8 — X are bounded linear
operators.

In a Besov space, the definition of strong solution is given below.

DEFINITION 4.1. Let X be a Banach space, A be a closed linear operator
on X, and let 1 < p,q < oo and s > 0.

(i) Given f € B (T, X), a function u € B5t?(T, X) is called a strong
B, ,-solution of (4.1)) if w € D(A) and (4.1) holds for a.e. t € T,
Au € Bj (T, X) and the functions Fu; and Gui also belong to
Bs, (T, X).

(ii) Equation (4.1) is said to have B, -mazimal regularity if for every
f € B, (T, X), there exists a unique strong B, -solution of (4.1)).

Let k € Z. As in Section 3, the operators F), and GG are given by Fpx :=
F(erx) and Gy := G(egx) for all x € X. Then Fy, G € Z(X). We define

the spectrum of (4.1)) by
oz(N) ={k € Z: —k*I +ikal — ikGy — Fr — A
is not invertible from D(A) to X}.
Since A is closed, if k € Z\ 07(A\), then (—k*I +ikal —ikGy, — F, — A)~lis
a bounded linear operator on X. This is an easy consequence of the closed
graph theorem. We will use the following notation: for k € Z,

Dy = ikGYy, N = (—k‘2[ + tkal — ikGy — Fy, — A)_l, My, = —k‘QNk;.

We first establish the following lemma as a preparation to proving that
{Mpy}rez is a B; ,-multiplier.
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LEMMA 4.2. Assume that oz(A) = 0, and {My}rez and {Dy}rez are
uniformly bounded. Then

(4.2) sup |[k*(Nj11 — Ni)|| < o0,
keZ
(4.3) sup |E*(Ngt2 — 2Npg1 + Nip)|| < oo.
S

Proof. For k € Z,

Nit1 — N = Npa (N = NN

= Nk+1[(1 + 2k — ZCY)I+ Dk+1 - Dk + Fk+1 — Fk]Nk

Thus it is easy to check that supyey ||k3(Nki1 — Ni)|| < oo by assumption.
Further, note that for k € Z,

Nito = 2Ngy1 + Ng = (Ngy2 — Nieg1) — (N1 — Ny)
— Niio[(3+ 2k — ia)T + Dyya — Dist + Fipo — Fop1]Nega
— Ni1[(1 + 2k — i) ] + D1 — Dy + Fieq1 — Fi[ Ny,
= (Ngy2 — Np)[(3 + 2k —ia)] + Dygy2 — D1 + Fiy2 — Fe1] Nk
+ Npt1[2] + Dyto — 2Dps1 + Dy + Frso — 21 + Fil Ny

Hence supycy, [|k*(Ngs2 — 2Ngs1 + Ni)|| < 0o. =

It should be seen that without the boundedness of {Dj}rez one can
also obtain (4.2]). Making use of Lemma we can prove the following
theorem.

THEOREM 4.3. Let A : X D D(A) — X be a closed linear operator
defined on a Banach space X. Suppose that oz(A) = 0 and {Dy}rez is
uniformly bounded. Then the following assertions are equivalent:

(i) {My}rez is a B, ,-multiplier for all (or equivalently for some)
1<p,g<ooands€R.
(i1) {My}rez is uniformly bounded.

Proof. (1)=(ii) is trivially true (see [AB2]). Conversely, assume that the
sequence { M }rez is uniformly bounded; we are going to show that { My }rez
satisfies the Marcinkiewicz conditions and . By the definition of
{ My }rez we get, for k € Z,

k(Mg — My) = —k* (N1 — Ni) — 2k° Nyy1 — kNpy1.

Thus k(Mg+1 — My) is uniformly bounded by assumption and Lemma [4.2]
This shows that { My }rez satisfies (2.2). To show that { My }rez also satis-
fies ([2.3), we see that, for k € Z,
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k?(Myyo — 2My 1 + My,)
— kK2 (k +2)*Nito + 2(k + 1) Ny 1 — 2Ny
= —k"(Nig2 — 2Niy1 + Nip) — 46> (Njy2 — Nigg1) — 46° Nigyo + 2k Ny,

which, by Lemma implies (2.3). Then the result follows readily from
Theorem 2.6 =

We now address the B, -maximal regularity for equation (4.1)).

THEOREM 4.4. Let A be a closed linear operator defined in a Banach
space X, and let 1 < p,q < 0o and s > 0. Assume that { Dy }rez is uniformly
bounded. Then the following assertions are equivalent:

(i) Equation (4.1)) has By ,-mazimal regularity.
(i) oz(A) =0 and {Mk}kez is uniformly bounded.

Proof. Note that for s > 0, we have By (T, X) C LP(T, X), hence the
implication (i)=-(ii) follows from the same arguments used in the proof of
Theorem we omit the details.

To show (ii)=-(i), assume that oz(A) = 0 and {Mj}rez is uniformly
bounded. We claim that {F}.Ni}rez and {DyNy}rez are B, -multipliers.
Indeed, it is obvious from the assumption and that {FjNk}rez and
{k(Fj41Nkt1 — F;Ni) }kez are both uniformly bounded. It remains to show
that supyey [|k%(Fry2Nksro — 2Fp11Ng+1 + FeNi)|| < oo; this, however, is
implied by the identity
FrtoNgt2 — 2F 41 N1 + FiNg,

= [Fry2(Nry2 — Nig1) — Fe(Nigr — Ni)]l + (Frp2 — 2Fpq1 + Fi) Npy1
Thus we deduce that {F)Ny}rez satisfies and , and from Theo-
rem [2.0] it is a By -multiplier.

In addition, as {Dg}kez is uniformly bounded, similarly {DyN}rez is

a By -multiplier too. The rest of the proof follows the same lines as that of
Theorem 3.4 =

When the underlying Banach space X is B-convex and 1 < p,q < oo and
s € R, the first order condition is sufficient for the sequence { My }rez
to be a By -multiplier by Theorem @ From this fact and the proof of
Lemma 4.2, we easily deduce the following result on B, -maximal regularity
of the problem when X is B-convex.

COROLLARY 4.5. Let A be a closed linear operator defined in a B-convex
space X, and let 1 < p,q < oo and s > 0. Then the following assertions are
equivalent:

(i) Equation (4.1) has B, ,-mazimal regularity.
(ii) oz(A) =0 and {Mk}keZ is uniformly bounded.
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The periodic Hélder continuous function space is a particular case of
the periodic Besov space B;yq(T, X), Actually, from [AB2, Theorem 3.1], we
have B3, (T, X) = C*(T, X) whenever 0 < a < 1, where C%(T, X) is the
space of all X-valued functions f defined on T satisfying

f(0) = f(27) and supw < 00
Ay |l’ y‘
Moreover,
1/ (=) — f(w)ll

Ifllee:=maxlF O +sup == —e
on C%(T, X) is an equivalent norm of B3, (T, X). If 0 < s < 1, we say that
problem has C*-mazimal regularity.

Finally, the F}} -maximal regularity for equatio can be discussed
in an analogous way, the main tool being Theorem Since the discussion
is very similar to the above arguments, here we only state the F}) -maximal
regularity results briefly for completeness.

DEFINITION 4.6. Let X be a Banach space, A be a closed linear operator
on X,andlet 1 <p<oo,1 <g<ooands>0.

(i) Given f € F5 (T, X), a function u € F5*(T, X) is called a strong
F; -solution of if u(t) € D(A) and (4.1) holds for a.e.
teT, Au € Fj (T, X) and the functions Fu;, Gu; also belong to
Fj (T, X).

(ii) Equation is said to have I -mazimal regularity if for every
f € F;,(T, X), there exists a unique strong F}; -solution of .

THEOREM 4.7. Let A be a closed linear operator defined in a Banach
space X, and let 1 <p < oo, 1 <qg< oo and s > 0. Assume that {kDy}rez
is uniformly bounded. Then the following assertions are equivalent:

(i) For every f € F; (T, X), there exists a unique strong F;  -solution

of @1).
(i) oz(A) =0 and {My}kez is uniformly bounded.

REMARK 4.8. When 1 < p < 00,1 < g < o0 and s € R, the Marcinkie-
wicz condition of order 2 is already sufficient for a sequence {My}rez C £ (X)
to be an F) -multiplier by Theorem This fact together with the proof of
Lemma[£.2]and Theorem implies that under the weaker assumption that
{Dk }kez is uniformly bounded, problem has F)) -maximal regularity
when 1 < p < 00,1 < ¢ < oo and s > 0 if and only if o7(A) = 0 and
{ My} kez is uniformly bounded.
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5. An application. As an application of Theorem [3.4] we study the
following integro-differential equation with infinite delay:

u(z,t) + yue(z, t)
¢
(5.1) = Ugy (T, 1)+ S a(s—t)u(z,s)ds+ f(z,t), teT,0<z<m,

u(0,t) = u(m,t) =0, teT,

where a(-) € C(—00,0], v > 0 is a constant, f(-,-) € LP(T,L?[0,]). This
equation arises in some thermal conduction models.
Let X = L?[0,7], and define the operator (4, D(A)) on X by

Af=¢", DA)={(eXx | " eX, £0)=¢(r) =0}
Then it is well known that A is a closed operator and
o(A) = a,(A) = {-n? | n e NT}.

Here we take the phase space % = C, described in Section 2 (satisfy-
ing axioms (A), (A1), (B), and (C2)). Next, to rewrite (5.1)) into the form
of (1.1), we need to define the operator F' on Cy as

0
F(p) = S a(0)p(0)df  for any ¢ € Cy,

—0o0

where a(-) : (—o00,0] — C is a continuous function with S(ioo la(0)]g(6) dO
< oo. Since

IF(o)lx = H(S) a(@)p(6) ds|

0
o)
<| 1 oo 55 ]
0
< | Lal)lg(6)d0 £(0)

we see F' € L(#,X), and can be rewritten in the form (1.1) with
B =~I and G = 0.

In what follows, we verify condition (ii) in Theorem so that
has LP-maximal regularity (existence of T-periodic solutions on R). As X
is a Hilbert space, it suffices to show that the family { My }recz is uniformly
bounded.

First it is known that, for any «, 8 € R, 8 # 0, one has o +i8 € p(A)
and 0 € p(A). Moreover, supyc,(4) AN — A)7!| < C (< o0) for some
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C > 0. Then from the identity
—k2T 4 ikyl — A — F = [(—k* 4+ iky)T — AJ[I — ((—K* + iky) ] — A) 7' Fy],
it follows that —k?I + ikyI — A — Fy, is invertible whenever
I((=k + iky) T — A7 F| < 1.
Observe that
1((=k? + iky) T = A Fyl| = A A=k + iky)] — A) " F |
< Ol A7 < LOjA™Y,
where L = Q|| F|| (see Section 3). Therefore, under the condition
<L
- oA

we infer that o7(A) = 0. Moreover, since |A\(A] — A)7!|| < 1 for A € p(A),
we have

L

|—k2(—k2I + ikyI — A — Fp) 74|
< |R2((=k* + k)T = A) YT = (k% 4 iky) T = A) LR |

i | .
- || 1w e ey - )
= (42 k)T ) E
S
—1-LC|AT

which means condition (ii) in Theorem [3.4]is fulfilled and consequently equa-
tion (5.1)) has LP-maximal regularity.
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