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Heat kernel estimates
for critical fractional diffusion operators

by

LoNGJIE XIE and XICHENG ZHANG (Wuhan)

Abstract. We construct the heat kernel of the 1/2-order Laplacian perturbed by a
first-order gradient term in Holder spaces and a zero-order potential term in a generalized
Kato class, and obtain sharp two-sided estimates as well as a gradient estimate of the heat
kernel, where the proof of the lower bound is based on a probabilistic approach.

1. Introduction and main result. For a € (0,2), let A2 be the
fractional Laplacian in R¢ defined by

It is well-known that the heat kernel p(®(t,z) of A%/? has the following
estimate (e.g. see [10} [§]):
t

1.1 (@) (¢ =

where =< means that both sides are comparable up to some positive con-
stants.
In [3], Bogdan and Jakubowski studied the following perturbation of
A%/2 by a gradient operator:
L(@) = A% 4 b(2) -V, ae(1,2),
where b belongs to Kato’s class Ji/da*l defined as follows: for v > 0,
Ay = {fELlloc(Rd) : lim sup S ’f(yll’_dy:()}.
10 4 cpd a—yl<e |z — yld=
Notice that by Holder’s inequality, LP(R?) C 2 provided p > d/~. Sharp
two-sided heat kernel estimates for Zb(a) like the one in 1’ were ob-
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tained in [3]. The reason for limiting o to (1,2) is that the heat kernel
pga)(t,x) = p®(t,z +t) of .,2”1(&) is not comparable with p(®)(¢,z) for
a € (0,1) (see [3]). In [17], Jakubowski and Szczypkowski considered a time-
dependent perturbation of A%/2. In [15], Jakubowski established a global in
time estimate of the heat kernel of A%/? with small singular drifts. In [6],
Chen, Kim and Song obtained sharp two-sided estimates for the Dirich-
let heat kernel of .,Z”b(a). Moreover, the Dirichlet heat kernel estimates for
nonlocal operators under Feynman—Kac or Schrodinger type perturbations
were also considered in [7]. Recently, in [26], Wang and the second named
author extended Bogdan and Jakubowski’s results to the more general sub-
ordinated stable operator on a Riemannian manifold and obtained sharp
two-sided estimates as well as a gradient estimate.

However, in the critical case of & = 1, the heat kernel estimate for .,%(1)
is an open problem. The critical case is of particular interest in physics and
mathematics (see [5l, 19, [I8] 23] 24] and references therein). We first recall
some related results. In [2I], Maekawa and Miura obtained upper bounds
for the fundamental solutions of general nonlocal diffusions with divergence
free drifts. Their proofs are based upon the classical Davies method. In [23]
and [24], Silvestre established the Holder regularity of the critical parabolic
operator D%(l)(x) with bounded measurable b. In [22], Priola proved the
pathwise uniqueness of SDEs with Holder drifts and driven by Cauchy pro-
cesses. In [29], the well-posedness of a multidimensional critical Burgers
equation was obtained (see [I8] for the study of one-dimensional critical
Burgers equations).

In this paper we consider the following critical fractional diffusion oper-
ator:

Gra = L0 = alt,2) AV 4 b(t, ) -V + et ),

where a,c : [0,00) x R — R and b : [0,00) x R? — R? are measurable
functions. We shall prove the following result.

THEOREM 1.1. Assume that for some ag,a; > 0,
ap < a(t,r) < a,
and for some € (0,1),
a,be Hﬁ, c e K}l,

where HP (resp. KY) is the Holder space (resp. the generalized Kato class)
defined in Definition . Then there ezists a continuous function p(t, x; s,y)
such that:

(i) (C-K equation) For all0 <t <1 < s and x,y € R?, the following
Chapman—Kolmogorov equation holds:
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(1.2) | p(t, 257, 2)p(r, 2;5,y) dz = p(t, 75 5,y).
R4
(ii) (Generator) For any bounded uniformly continuous function f, we
have
(1'3) 115111*? ”Pt,sf - fHoo =0, I;EI HPt,sf - f”oo =0,
where Py f(x) = (pap(t,z;s,y)f(y)dy. Moreover, if a,b,c €
C0.0) L&), the ol 9 € CER)
(14 lm— S 9(@) (P (2) = f(@)) do = | g(2) Zef(w) do
Rd
(15 lmo Hgdg<x><Pt,sf<x> - Sl do = § (o) ef0)

(iii) (Two-sided estimates) For any T > 0, there exist constants ki, Ko
> 0 such that for all0 <t < s <T and x,y € R,

(1.6) p(t,z;s,y) < wils —t)(|lz =yl + (s — 1)),
(1.7) p(t.w;5,y) > k(s — )|z =yl + (s — )77

(iv) (Holder estimate) Assume that ¢ € K;V for some v € (0,1). Then
for any T > 0, there exists a constant k3 > 0 such that for all
0<t<s<Tandzz, yecR?

(1.8) |p(t,z;8,y) — p(t,a';s,y)| < ka(|z —2/[V A1)|s —t \1_7
< {(le =yl + (s =)™+ (]2 =yl + (s — )" '}

(v) (Gradient estimate) If we further assume that ¢ € HY for some
€ (0,1), then for any T > 0, there exists a constant ky > 0 such
that for all0 <t < s <T and z,y € R?,

(1.9) Vap(t, 255,9)| < malle =yl + (s =) 770

In order to prove this theorem, we shall use Levi’s parametrix method
and Duhamel’s formula. Compared with the classical case of second-order
parabolic equations, the main difficulties are the heavy tail property of Pois-
son’s kernel and the nonlocal property of AY2. We mention that in the case
of second-order parabolic equations, the following property of the Gaus-
sian heat kernel plays a key role in Levi’s argument (cf. [I4] 20]): for any
B € (0,1), there is a C' = C(3) > 0 such that

Y g|Bem 1t/ < /21— aP/(CY) 5 0, 2 e RY
This means that spatial Hélder regularity can compensate time singularity.

However, such an estimate does not hold for Poisson’s kernel in view of the
heavy tail property. A suitable substitution is an analogue of the so called
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3P-inequality (see Lemma below). On the other hand, to prove the lower
bound , we shall adopt the probabilistic approach used in [11], 12].

This paper is organized as follows: In Section 2, we prepare some lemmas
for later use. In Section 3, by using Levi’s method of constructing funda-
mental solutions, we first construct the heat kernel of Zab .Zabo In
Section 4, we prove the lower estimate for the heat kernel by a probabﬂlstlc
argument. In Section 5, we prove Theorem [I.1] by using Duhamel’s formula.

We conclude this section by introducing the following conventions: The
letter C' with or without subscripts will denote a positive constant, whose
value is not important and may change in different places. We write f(x) <
g(x) to mean that there exists a constant Cp > 0 such that f(z) < Cyg(x)
for all z; and f(x) < g(z) to mean that there exist C7,Cy > 0 such that
Cig(z) < f(z) < Cag(x) for all .

2. Preliminaries

2.1. Basic estimates. For v, 5 € R, we introduce the following function
on Ry x R%:
(21)  &(t @) ==t {|z| A 1} (2* + )" D2 < 0| PA 1} (2] + 1)
By simple calculations, there exists a constant Cy > 0 such that for all
g €10,1/2] and v € R,
(2.2) | Bt 2)de < Ca P

R4

Indeed,

|| iyl
S LA — S G A —
) (|| + )+ Sd(ltylH)d+1

g
_p g o,
) T e

which implies (2.2)). Notice that the following 3P-inequality holds (cf. [3]
Lemma 2.1]):

(2.3) A1 (t, 2)01(s,y) 2 (A} (t, x) + 0] (s, )l (t + s,z +y).
For t < s and z,y € R, set

ot s s,y) =0l (s — t,y — x).

Let B(v, 3) be the usual Beta function defined by
1

B(~,B) = S (1—s)"tsPtds, ~,8>0.
0
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The following lemma is an analogue of the 3P-inequality, which will play a
crucial role in what follows.

LEMMA 2.1. Let 81,2 € [0,1/4] and v1,v2 € R. There exists a constant
Cq > 0 only depending on d such that for oll 0 <t < r < s < co and
z,y € RY,

24) | Bitasr, 2)082(r, 2 5,y) dz
Rd
< Ca{(r — )+ (s — )2 00(t, 215, y)

+(r— )71+,81 1( r)72 ﬁg(t 5 5,9)
( )71 (S _r)72+ﬁ1+,32 1 O(t T s y)

0 (s — ) g a5, ) ),
and if y1 > —p1 and yo > —Bg, then

S
25) |\ ofrtasr,2)02 (r, 25 5,y) dz dr
t Rd

< Cd{931+72+31+ﬁ2 (t7 x;8,y)B(m + B1+ P2, 1 + 72)
+ ng+"/2+ﬁl (ta €S8, y)6(71 =+ 61; 1+ 72)
+ prl-i-’yg—i-/jl—i-,@g (ta x;s, y)B(’YZ + /81 + BQ? 1+ '71)

+ Q’Yl"l"YQ""ﬁQ (ta €Ty s, y)B(’YQ + B2, 1+ 71)}

Moreover, there exist p > 1 and a constant C > 0 such that for all0 <t < s
< o0 and x #y € RY,

: 3 . B . P L
@6 §(§ Qtair e zsy)dz) dr < — S

t Rd |
Proof. First of all, in view of
(| —y[* +[s — t[) 4D/
<2(jw = 2P+ = )R (|2 g [s DY,
we have
(27) o, @57, 2) 00 (r 2:5,) < 2%(eB(t w37, 2) + 0§(r, 23 8, 9))@d (£ 3 8, y).
Noticing that (a 4+ b)? < a® + b2 for g € (0,1) implies
(Jo =2 AD)(J2 =y A1) < (Jz = 2/ A ((J2 = 2™ + o — ) A 1)
<oz — 2P P2 AL+ (Jo— 2P A D) (2 — g2 A1),
(Jz =z A (2 =y AT < ((J2 = 97 + |z — ") AD)(|2 =91 A1)
<z =yl AL+ (]2 =y AD(Jz -y A ),
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so that we have
o5 (t, ;i m, 2) 052 (1, 255, y)
= |r =t s — [ (lz — 2| A1)(12 =y A D)) (¢, 7, 2)0)(7, 255, y)
< r =t s =12 ((|z — 2P AL)(Jx — y[® A L) + |z — 2|2 A1)
x 09(t, z;7,2) 00 (t, T3 8, y)
=t = o (2 = gl A Dz = g AT+ 12—y A1)
x 0Q(r, 23 5,y) 00 (t, 3 5,)
< |s—r|"? (ggﬁ&(t T, z)go(t x;8,y) + Qﬁl(t T, z)ggz(t,x;s,y))

+ e =t (B2 (r, 258 y)@o(t z;8,y) + 972 (1" 2% 8,9) 00 (1,75 5,1)).

Estimate (2.4) follows from (2.2), and estimate ) follows by observing
that for v, 8 > 0,

(2.8) § (r—t)""Ys —r)~tdr = (s — )P 1B(v, B).

Finally, (2.6) follows from (2.4)) and (2.8)). =

2.2. Holder space and Kato class. We introduce the following classes
of functions.

DEFINITION 2.2. For 8 € (0, 1], define the Hélder space by

HP {fe@(Rde) | flls = sup sup |£(t, )]

tER zeRd

t — f(t

roup sup LA LE0] )
teER g#£ycRd |‘7J - y|

For v > 0, define the generalized Kato class by
K} = {f € Liyo(B x BY) 1 lim K7(c) = 0},

where
g

Kie)= sup || s lft£s,z—y)ldyds, &>0.
(t,x)€[0,00)xR% § pg

A function f on Ry xR? will be automatically extended to R x R? by let-
ting f(t,-) = 0 for ¢ < 0. The following proposition gives a characterization
for K (see [I} 128, 26] for more discussion).

PROPOSITION 2.3. Fory>0 and p,q€ 1, 00] with d/p+1/q<~, we have
LY(R; L*(RY)) c K,
and for v € (0,d),
A K.
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Proof. Noticing that

£ g
V(s mlftts,a—y)ldyds =57 | ol(s,9)|f(t £ 5,2 — y)|dyds,
0 Rd 0 Rd

by Hoélder’s inequality, for the first inclusion, it is enough to prove

3
* */ * .
(2.9) limI(e) := hms (S (s, y)” dy)q P g — 0,
el0 el0
0 Rd
where ¢* :=¢/(¢ — 1) and p* := p/( —1). As in the proof of (2.2)), we have
S dy < Sd dp

Rd
and since d¢* /p* — dg* + (v — 1)¢* > —1 because d/p + 1/q < 7, we obtain

3
I(e) = Ssdq*/p*—dq“r(v—l)tf ds < gltdd"/p'—da"+(y=1)a"

0

and thus (2.9) holds.
Next we prove the second inclusion. Assume f € %,'. By definitions,

€

sup | | oY(s,9)|f(z —y)|dyds < Ii(e) + Ia(e),

CEERdORd
where
£
sT|f(z—y)|
I1(g) :== sup — = dyds,
CANREr
3
g —
I>(g) := sup S wd ds.

d+1

For I;(g), in view of v < d, we have

]

1>
Ii(e) < sup | !f(ﬂf—y)\<§ $7 4 ds + [y~ s”ds)d
rER4 lyl<e Iyl 0
—d+y —d+~
Y Y
<o | -l B M o cv0
2€RY |y <e v v
For I1(e), we have
15
T — 1 eVt f(p —
Ir(e) < sup S Md Ss'yds— sup wd%
werd) 1Yl = ST

which converges to zero as € | 0 by [3, Lemma 11]. =
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2.3. Estimates of the freezing kernel. Let p(¢,x) be the heat kernel
of the Cauchy operator A2, i.e.,

(2.10) Aup(t, ) = AYV2p(t, z).

It is well-known that

p(t,r) = W—(d+1)/2p<d+1> (|lz? + t2)—(d-}-1)/2t

which is also called the Poisson kernel (cf. [25]), where I is the usual Gamma
function. By elementary calculations, one has

(2.11) IVep(t,z)| <tz +6) 2 |Op(t,2)| = (lz] +1) 74,
(2.12) IV2p(t,2)| + |Vaip(t, z)| = (2] +) "2,
(2.13) IV3p(t,2)| + |V20p(t, z)| = (x| +)~%3,

where for k € N, V¥ denotes the kth-order gradient operator.
Let a : [0,00) x R? — (0,00) and b : [0,00) x R? — R? be bounded
measurable functions. We define
S

po(t, w3 5.y) = p( Ja(r.y) dr.x — y + [b(r,y) dr ),
t t
and

(2.14) L5 = alt,y) AV + b(t,y) - V.

ty

By (2.10) and the Lebesgue differentiation theorem, for all z,y € R? and
almost all t < s, we have

b
(2.15) Aot 5 8,y) + L7, po(t, -5 8,y)(x) = 0.
We prepare the following important estimates for later use.

LEMMA 2.4. Suppose that for some ag,ay,b1 > 0,

(2.16) ap < a(r,y) < ar,  |b(r,y)| < bi.

Then

(2.17) po(t, 3 s,y) = o} (t, 255, y),

and

(2.18) [AY2po(t,235,)] 2 (Jz—y| + s —t) 7,
(2.19) Voot 255,)] < |s =t (Jw =y +[s = t)) ™7,

—d-1
(220) |3tp0(t,:z:; Say)| = (|1: - y| + |8 - t|) )
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(221) Vo Ay po(t,ss,y)| < (Jz =yl + s =) ",
—d—2

(2.22) Vapo(t,z;5,y)] < (lz =yl +|s — 1))
Moreover, if we further assume that a,b € HP for some 8 € (0,1), then
(2.23) || Vapo(t,ass,y)dy| < (s =)

R4
(2.24) ‘ | A 2po(t, i s,y) dy| = (s — 1)

R4

(2.25) |§ Opolt.ais,y) dy| < (s =),

Rd
2.26 (hm) lim su t,x;s,y)dy — 1‘ =0,
(2.26) im ) lin xeﬂgdﬂgpo( y) dy

and for all w € R and v € [0, B],
(2.27) ’ S (Vapo(t,z + w; s,y) — Vapo(t, z;8,y)) dy’ < Jw[(s — )L
R4

Proof. For simplicity of notation, we write

S S

Fr(y) = \a(ry)dr,  G;y) = \b(r,y) dr.

(1) By (2.16), we have
(2.28) Ffy)=<s—t, Gily)=<s—t, yeR
and for any |w| < |s — t,
(2.29) lz+w—y+Giy)|+]|s—t| <|z—y|l+]s—t
Estimate follows by definition. For , by we have
A Ppo(t, w5 8,y) = (AY?p) (FP(y), 2 — y + G5 (y))
= (0p) (FY (y), = —y + Gi(y))-

Est1mate follows from - Similarly, (| - - follow from
210, @15 md £19

(2) Define
&tz s,y;2) ¢ (Earzdrx— +§brzd7’>
t t
)

p(Ff (), =y + Gi(2).
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Clearly, for any t < s and z, z € R,
| etowis,ys2)dy = | p(F(2),y)dy =1

Rd R
and
| Vab(t,m;s,y:2)dy =0, | AYZE(t,2;8,y;2) dy = 0.
Rd Rd
Thus, to prove , it suffices to show that
(2.30) ( | (Vapolt, w5 5,y) — Val(t, 255,93 2)) dy =G t)° 1.
Rd

Since a,b € HP, by the definitions of pg and &, one has
(2.31)  |Vapo(t, @ s,y) — Va€(t, 5 5,y; 2)|2=a|
= [(Vep) (FF (), 2 — y + G{(y) — (Vap) (Ff (2), 2 — y + Gi(2))]
=< lallgs (Jz = y|° A )]s — 1]
1
x | [Va0ipl (0F7 (y) + (1 = O)F (), & — y + G(y)) dO
0
+ [1bllgzs (J — yI” A )]s — 1]
1
< IV2pI(F (@), 2 — y + 0G3(y) + (1 - 0)Gi (x)) db
0
vv (Jz —y|® A1)|s — ¢ < lz —ylP Al
- (lz =yl +[s =)= = (Jo —y[ + s — ¢])4+1"
which gives (2.30) by .
Similarly, we can prove
’ S (Ai/2p0(t,l', S, y) - A;/Qé(t’l'? 5, Y; Z)) dy’ = (3 - t)ﬁ_la
Rd Z=X

< (s —1)%.

zZ=T

] (polt, 235,9) = 0t 235,0:.2)) dy
Rd

Thus, (2.24) and ([2.26) follow.
(3) Next, we prove (2.25). By [@.15), (2.18), @.19), (2.23) and (2-24),

we have

’ S atp()(t?x; S, y) dy‘

Rd

= ) | (alt, ) A)Ppo(t, 23 5,y) + b(t,y) - Vapo(t, z; s,y))dy‘
Rd
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< la(t,2)|| § AYpolt,wss.y) dy| + [b(t, )| § Vapolt,a:s,y) dy
R4 Rd

+ | lat,y) — a(t, )| - | A} *po(t, x5 5,y)| dy

R4
R4
(2.2)
< (s— )"+ [ of(tmss,y)dy 2 (s—1)° 7

Rd
(4) Lastly, we prove (2.27). If |w| < |s — ¢, then

|(vmp0(t> T+ w;s, y) - V:Eg(ta T+ w;s,y; z)|Z::L")
- (vzp()(t?xa S, y) - v$§<t7x7 S, Y5 Z)‘Z:I)’

1

= ‘w : S [(Vip) (Ff(y),z 4+ 0w —y + Gi(y))
0

—(V2p)(Ff(2), 2+ 0w — y + F(x }de(

—t N
<=l —al Ay
(lz =yl + (s = 1))
where we have used the same argument as in proving (2.31)). Integrating both

sides with respect to y and using (2.2)), we obtain (2.27)) for |w| < |s —¢t|. If
|lw| > |s —t|, (2.27) follows from (2.23)). m

< |w'(s — )77 ) (t, 75 53 y),

3. Heat kernel of .ft‘?;cb = a(t,x)AY? + b(t,z) - V. We look for the
heat kernel of Dfo in the following form:
S

(31)  pas(t:zis,y) =polt,zss,y) + | | polt, x5, 2)q(r, 235, y) dz dr.
t Rd

Levi’s classical argument (see [20} [14]) suggests that ¢(¢, z; s, y) must satisfy
the following integro-differential equation:

S

(32) q(t,l', 87 y) = QO(t7m7 873/) +S S q0<t7x7 7", Z)q(T', Zv Say) dZ dT’,
t Rd

where

(3-3) qo(t, x:5,y) = (al(t,z) — alt,y)) Ay po(t, x5 5, y)

+ (b( ) b(tvy)) ' vxPO(t7$7 Svy)'
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For r € (t,s), set

¢s,y(t7xyr) = S po(t,l’;’f‘, Z)Q(ra Z;Say) dZa

Rd
and
s y(t,z) == S Gsy(t,x,r)dr = S S po(t,x;r, 2)q(r, z; s,y) dz dr.
t t Rd

In this section, we shall work on the time interval [0, 1], and always assume
0<t<s<1l, z#yecR%

and for some 3 € (0,1),

(3.4) a,b e HP.

3.1. Solving the integro-differential equation (3.2]). Our first task
is thus to solve the integral-differential equation (3.2]). Let us recursively
define

(3.5) an(t,x;8,y) = S S qo(t,z;7r, 2)gn-1(r,2;8,y)dzdr, n€N.
t Rd

LEMMA 3.1. For 8 € (0,1/4], there exists a constant Cq > 0 such that
foralln e N,

n+1
% (nsnyp(ts z:5.9) + &t 23 5.9)).

Proof. First of all, by (3.4) and Lemma we have
lao(t, @35, y)| < Cagg (t,735,y).

Notice that B(~, ) is symmetric, and nonincreasing with respect to each of
~ and f.
For n = 1, by Lemma we have
1] < CaB(28,1)095 + CaB(B, 1)} < CaB(B. B){dYs + 05 }-

Suppose now that

(3.6) lgn(t,z;5,y)| <

n] < Ynfofninys + s}
where 7, > 0 will be determined below. By Lemma [2.1] we have

(ns1] < Car{B(B, 1+ (n+1)8) + B((n +2)8,1) + B26, 1+ n8) } ol 1)
+ Cam{B((n+1)B,1) + BB, 1 +nB)} e, 1,5
< Cd’YnB(/Ba (n + 1)6){Q?n+2)5 + Q/(Bn-‘rl)ﬁ}

—. 0 B
- 7”+1{Q(n+2)/j + Q(n+1)6}’
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where

Tn+1 = Cd’YnB(Bv (TL + 1)/3)

Hence, from B(v, 8) = Flgzv)iéﬂ)), we obtain

Yo = CIT'B(B, B)B(B,28) - - - B(B,nB) =
which gives . "

We also need the following Hoélder continuity of g, with respect to z.
LEMMA 3.2. For alln >0, 8 € (0,1/4] and v € (0,3), we have
(Cal(B))"
I(nB+7)
(045 + & n1ya) (B8, 9) + (s + & (n1)p) (125 5,9) ).
Proof. Let us first prove

(Cal' ()"
I((n+1)8)"

|gn(t, 255, y) = gu(t, 25 5,9)| =2 (lz — 2|7 A 1)

(37 lao(t,x55,9) — qo(t, 2’ 5,y))|
= (o= 21" AD{( + &_p) w5 s,9) + (0 + 08 _p) (1,25 5,0) ).
In the case of |z — /| > 1, we have
lqo(t, 73 5,9)| = (0 + o)) (t 5, y) < (0 + 07_)(t, 3 5,9)
and
lao(t, 2’ 5,9)] = (0§ + 00) (1,25 5,9) < (& + & _p)(t, ' 5,).
In the case of 1 > |z — 2/| > |s — t|, by (2.18)) and (2.19)) we have

la0(t, 73 5,9)| = o (t,238,y) = (s = )77 0]_(t,235,y)
<z =274t a5s,y),
and also
lqo(t, 255, 9)| = |z — 2/ 1P 0] _y(t, ' s,).
Suppose now that
(3.8) |z —2'| <|s—tl.
We can write
lq0(t, 23 5,y) — qo(t, 2’5 5,y)]
< la(t,x) - alt, )] - |4} polt, a5 5,y) = A po(t,a'; 5,y)
+ la(t,z) — a(t,z")| - ‘Ai{QP()(t,iL‘,; $,9)]
+[b(t,2) = b(t,y)| - [Vapo(t, z55,y) — Varpo(t, 2" 5,y
+ [b(t, ) = b(t,2")| - [Varpo(t, 2" 5,)]
=L+ I+ I3+ 1
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For I, by and the mean value theorem, for some 6 € [0, 1] we have
I = {lo— ol A — /|2 + 6" — ) — y| + |5 — )2,
By , we have
lz—yl+]s—t| <|z+0( —z)—y|l+2|s—t
Hence,
L= A{lz =yl A}z = 2|z =yl + s —t)) "
s =" {lz —y[P A1}
|z =yl + s —
<o =2 s =t (J =yl + s =)~ = o = 2" (¢, 758, y).
By (2-19),

L = e —a' (e =yl +[s =)~ 2o =2/ ' s,y).

< e - o] (e — ] +]s — 1)~

Similarly,
L= le— 2Pt ass,y), i< o — 2PVt a5, ).
Combining the above calculations, we obtain (3.7]).

Now, by (3.5)), (3.7) and Lemma for n € N we have
’(J’rl(tv x;s, y) - QR(ta xla S, y)‘

= S S ]qo(t,x;r, Z) - QO(t7$/;T7 Z)|Qn—1(raz; Say) dzdr
t Rd
_ (Cal(B))

z— 2|5
= g =AY

S

X S S {(Qg + Qg_ﬁ)(twra T, Z) + (Qg + Q«ﬁ,_ﬁ>(t7xl;ra Z)}
t Rd

X {Q?zﬁ(ra Z5 8, y) + Q/(Bn_l)ﬁ(ra Z3 8, y)} dz dT‘,
which yields the result by Lemma .
Basing on the above two lemmas, we obtain

THEOREM 3.3. The function q(t,z;s,y) =Y _,2 o qn(t,x;s,y) solves the
integro-differential equation (3.2). Moreover, for 8 € (0,1/4] ,

and for any v € (0, B),
(3.10)  lq(t,25s,y) — q(t, "5 5,9)]
< (lz =2 PP AN + g tass,y) + () + ol _p) (25 5,0) ).
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Proof By Lemma [3.T] one sees that

n+1
Z |gn(t, @5 5,y)| < Z%(Q[ﬁnﬂ)g(t,w;s,y) + 0L 4(t, w5 5,9))

(€T (8)™! I
< {,;) M}(g%(t, z;8,y) + 05 (t, @ 5,9)).

Since the series is convergent, we obtain (3.9). Similarly, estimate (3.10))
follows from Lemma Moreover, by (3.5)) we have

m—+1 s m
ZQH(tvx;S7y) ZQO(tuxas7y)+S S QO(tax;r7z)ZQ7l(raz;S7y) dZd’I",
n=0 t Rd n=0

which yields (3.2]) by letting m — oo on both sides. =
3.2. Smoothness of ¢, ,(t,z). Below we study the smoothness of the

function (¢, z) — @ 4(t, ). Notice that by (2.17), (3.9) and (2.4),

(3'11) |¢syy(t7x77‘)| < S po(t,I;T, Z)‘Q(T7Z;5ay)‘ dz
Rd

< | Atz 2)(0f + o)) (r, 215, y) dz
R4

< ((r =)+ (s =) + (r = t)(s = 1)° ") et 25 5,) + 05 (£, 25 5,y).
LEMMA 3.4. For all x # y € R? and almost all t < s, we have

(3.12)  Orpsy(t,x)

—q(t,x;5,9) =\ | L po(t, 7, 2)(2)q(r, 25 5,y) dz dr.
t

R4
Proof.
CrLAamM 1. Forr € (t,s), we have
(313) 6t¢s,y(t7 Z, 7") = S 6tp0(t7 €T, Z)Q(Ta Z5 8, y) dz.

R4
Proof of Claim 1. Write

¢s,y(t + &,T, T) - ¢S,y(t’ x, T)
£

1
== S (po(t + e, 257, 2) — po(t, x;r, 2))q(r, 2;8,y) dz
R4

1
= S (S Oppo(t + Oc, 237, 2) dG)q(r, 2;8,1) dz.
Rd O
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By (2.18)) and (2.19)), for |e] < (r —t)/2 we have
[Oepo(t + Oe, 257, 2)] X (|2 — 2|+t 402 =) 747 L (Jz — 2|+ (r = 1))
which together with (3.9) yields

|0po(t + O, 37, 2)q(r, 235, 9)| < 05 (t, 37, z)(g% + Qg)(r, z;8,y) =: g(2).
By , one sees that
S g(z)dz < oo.
R4
Hence, by the dominated convergence theorem,

lim ¢s,y(t + g, l’,?“) - ¢S,y(taxar)

e—0 IS

= S 6tp0(t, zT, Z)Q(T, Z58, y) dZ,

Rd
and ([3.13)) is proven.
CLAM 2. For x # y, we have
S S
(3.14) S S |01 sy (r', 7)) dr dr’ < o0.
tr

Proof of Claim 2. By (3.13)),

(315) ‘6T'¢S,y(rlvxar)| S S \8T/p0(r',:r;r, Z)’ ' |q(’r, zZ3 Say> - Q(T’,$; Svy)| dz
Rd

+ ]q(r,x;s,y)]‘ S ('“)r/po(r’,m;r, Z) dz
Rd

=: Q(B(r', x,r)+ Qgi}(r', x,T).

For Qg}y)(r’, z,r), by (I2.20I) and d3.10|), we have

(3.16) S S QS&(T/, x,7)drdr’
t

S s
=V Vo707 i, 2) (& + 00 _p) (r, w5 5,y) dzdr d’
tr

<\ §r =N + o) (s s, y) dr dr’
t

,r,/

S
+ (% +0f + &) w5, y) dr
t
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1 s S )
W“ r—=r)" N (s =) 4 (s =) P) dr dr’
t

,r,l

1 S
+WS((S—T’)V—FI—l—(S—r/)'B)dr’<oo.
t

For Qg}(r’,x,r), by and we have
s s
(3.17) SS (' x,r)drdr’
t /
=1
Combining 7, we obtain .

CLAIM 3. For fized r,x,s,y, we have
(319 1 Gy 1,2,7) = (1, 7:5,).

T

L’}Cn

ng + QO rox;s,y)(r — )P dr dirf < oo.

<

Proof of Claim 3. By (2.26)), it suffices to prove that

ltiTIn S po(t,m;r,z)(q(r,z;s,y) q(?",[B,S,y))dZ‘ 0.
r
Rd

Notice that for any § > 0,

‘ S po(t,z;m, 2)(q(r, z;8,y) — q(r,x; 8,y)) dz‘
Rd

< | poltzsm2)lalr = ,y) — a(ra:5,9)| dz
lz—2|<0
+ S pO(tax;ra z)|q(r,z;3,y) —Q(T‘,.%';S,y)|dz
|z—z|>8
= Jl(évtar) + Jg(é,t,T).
For any £ > 0, by (3.10)), there exists a § = §(r, z, s,y) > 0 such that for all
|z — 2| <6,
lq(r,z;8,9) — q(r, @38, y)| < e
Thus,
Jl((satvr) <e S po(t,.’E;T,Z)dZSE S po(t,ﬂf;T,Z)dZ
|lz—2|<6 R4
<e S At x;r, 2)dz < e.
R4



238 L. J. Xie and X. C. Zhang

On the other hand, we have

lg(r, 23 s,y)| + |q(r, x; s,9)|
Ja(0,t,m) =X (r—t) S |z — 2|+ dz
|x—z|>6
< (=050 § laCrz5,9)|d= o+ laGr s sp)] | L7 d2),
e 216

which, by (3.9) and ({2.2]), converges to zero as ¢t 1T r. Thus (3.18) is proved.
Now, by integration by parts and (3.18)), we have

r

Sar’(bs,y(r/axvr) d’f’/ = q(r,x; 37y) - QSS,y(tava‘)-
t

Integrating both sides with respect to r from t to s, and then using (3.14)
and Fubini’s theorem, we obtain

s

Va(r,zis,9) dr — o5 (t, @)
t

(S VY

:SS i@y (' 2, m) dr’ dr :l4§ Opr sy (r',,m) dr dr’
¢

/

<

S S
(3-13),(2.15) SS S
tr Rd

which in turn implies (3.12)) by the Lebesgue differentiation theorem. =

L50po(rir, 2)(2)q(r, 23 5, y) dz dr dr”,

LEMMA 3.5. For allt < s and x # y, we have

s

(3.19) Vapsy(t, ) =\ | Vapo(t, z;r,2)q(r, 2z 5,y) dz dr,
t Rd

(3.20) Aoyt ) =\ | AY2po(t, zsr, 2)q(r, 21 5,y) dz dr,
t Rd

where the integrals are understood in the sense of iterated integrals. More-
over,

(3.21) t = Vapsy(t, ), Aiﬂcps,y(t, x) are continuous.
Proof. First of all, for fixed t < r < s, since
(x,2) = po(t,x;r, 2) € C’I?O(Rd x RY)
and

Z = Q(T,Z;S,y) € Cb(Rd)7
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by Lemma [2.4] it is easy to see that

(3'22) qubs,y(tvxvr) = S Vmpo(t,.x;’l”, Z)Q(raZS s,y) dz,
R4

(3.23) Aoyt m,r) = | A ?po(t,a5m,2)q(r, 25 5, y) dz.
R4

(1) We first prove that for any ¢t < s and x # y, there exists a p > 1
such that

S
(3.24) sup  I(p,w) < oo, where I(p,w) := S |Vatsy(t,x +w;r)P dr.
lw|<|lz—yl/2 ¢

Indeed, by (3.22) and (2.23)) we have

s p
I(p,w) = H S Vaepo(t,z +w;r, 2)(q(r, z;8,y) — q(r,x -l—w;s,y))dz‘ dr
t

R

K p
+H8Vmﬁw+wﬁwwzmmx+w&wVW
t R

IS

K P
S( ol 7tx+wrz)(g7+gf 5)(rzsy)dz)d
t Rd

_|_

(S Q’g “Mfa:—l—w7",'47)(Q,Y+Q7 B)(T‘ T+ w;s y)dz) dr
Rd

S
t
S
+ 1= PP (o) + )P (r @ + ws s, y) dr
t
For I (p,w), it follows from (2.6 that for some p > 1,

sup  Ii(p,w) < oc.
|w|<|z—y|/2

For Iy(p,w), by (2.1 and (2.2)), for all |w| < |z — y|/2 we have

— _ -8 P
5 I (s—r)7 (s —r)7
< 2 tx+wrz)dz> <|x+w—y|d+1+\:€—l—w—y|d+1 dr

o 1 (s — )Y P\P
_ pB——1) d
ey gt gt
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provided p < 14")’%3 A ﬁ Similarly, for p < ﬁ,

(3.25) sup  I3(p,w) < oc.
lw|<[z—y|/2
Thus, we obtain (|3.24]).
Now, for ¢; = (0,...,1,...,0) € R% we can write
1
t ) — t, :
Pt 2 420 2 2eall8) (15, .0, + Oz, 1) di
5
to

By (3.24]) one can take limits to get
(P(t, T+ 667;) — gO(t, .Z')

O, p(t, ) = lim

e—0 e
s1 s

= S S lim Oy, ¢(t, x + bee;, ) do dr = S@quﬁ(t, x,r)dr,
toa—)() "

and ([3.19) is proven.
(2) Next, we prove (3.20). Recalling the definition of ¢, ,, we have
Vatsy(t,x+w,r) — Vadsy(t,z,7)
= S (Vapo(t,z +w;r, z) — Vapo(t, ;1 2))q(r, 2; 8, y) dz
Rd
= S (vxp()(ta T+ w; T, Z)(Q(ﬁ z5 8, y) - Q(ﬁ T+ w; s, y))
R4
- varpO(ta T, Z)(q(T, z5 8, y) - Q(T7 x;s, y))) dZ
+ {q(r, x4+ w;s,y) S Vapo(t, x4+ w;r, z) dz
Rd
- Q(ra xss, y) S pro(t7 xr, 2) dZ}
Rd
= | Qt, x5, 2 5,y;w) dz + R(r,t, 23 5, y; w).
Rd
We now prove that for any v € (0,3) and o € (0,8 — ),
(326)  [Q(t, w7, 255,y w)| =< w]” (@ + wi, 2)

x ((&_g+ )z +wis,y) + (6_g + &)(r, 2 5,9))

Tl o5 b5, 2) (& + )i 5,) + (6 + )7 5,)
+ ] (s m,2) (&g + &) (@ + wis,y) + (&g + (1, 23 5,))
+ (w703 o (t, 57, 2) + |w] 7 0F_ o (t, 257, 2)

x ((&2_g+ D (rm+w;s,y) + (&_g + &) (r,35,9)),



Heat kernel estimates 241

and for w € R,
(3.27)  |R(rt,x;s,y;w)
< w7 = 0770 + & _p)(rx + wis,y) + (03 + 05 _g) (r, a5, 9) }
[l (r =677 (g + ) (r, 3 ,):
First, we assume |w| > |r —t|. By (3.10), we have
|Vapo(t,z;r, 2)(q(r, 25 8,y) — q(r, 235 8,9))|
< otz 2) (v — 2P AL (&g +0) (w5 5,9)+ (00 s + 09)(r, 215, 9))
=< Jw|7 o (t s, 2) (g + 69 (r55,9) + (s + 09)(r, 235,1)),
and also
Vapo(t, x +w;r, 2)(a(r, 258,y) — q(r,z + w; s, y))|
= |w|”g€;7(t,:c + w;r, 2)
x ((&5_g + D (r x4+ wis,y) + (&_g + 69)(r, 23 5,1)).
Next, we assume |w| < |r — t|. Noticing that
o+ w—2z <|ov—z[+|w < |z — 2|+ |r—t
and
e —z|<|z4+w—z|+ v <|z+w—2z|+|r—t,
we deduce that for any 6y € (0,1),
|w] - |V§p0(t, x4 Gow;r, 2)| - |x +w — z\ﬂ_'y = |w|”g%_7_0(t,x;r, z2).
Hence, for some 6y € (0,1),
|(Vaepo(t,z +w;r, z) — Vapo(t,z;r, 2))(q(r, z;8,y) — q(r,x + w; s,y))|
< |wl| - [V2po(t, = + Oow; r, 2)| - |z +w — 2|7
x ((&2_g+ D(r,x +w;s,y) + (&_g + 0)(r, 2 5,y))
< |w]7 0o (t, 257, 2)
x ((&_g+ ) (rm +wss,y) + (o) _s + (1,2 5,1)).
Similarly,

|V2p0(t7 xir, Z)(Q(T, Zs5s, y) - Q(T, T+ w; s, y))’

2 wl7eh ot mim,2) (655 + ) (rw + wis,y) + (65 + &)(r,235,y)).
Combining the above, we obtain (3.26[). Finally, (3.27) follows from Lemma
2.4l and Theorem [3.3]
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(3) Now, we can prove that for any ¢ < s and = # y, there exists ap > 1
such that

(3.28) sup  J(p,e) < o0,
e<|z—y|/2
where
. s y(t,z+w,r) — dgy(t,x,r) p
J(p,e) :ZH Y [ i dw‘ dr.
U w|>e
Indeed, notice that
J(p;¢)
< § S ¢s,y(t, T+ w, 7") - ¢s,y(tudxil7') —w- vx¢s,y(ta z, T) dw‘p dr
b e<ful<la—yl/2 ol
: S tv ) - Ws t: )
+S’ S Bos 95+7U7“C)l+1¢,y( xr)dwpdr
E ful>la—yl/2 ful

=: Ji(p,e) + J2(p).
For Jy(p,¢€), observe that
Jl(pa 5)

S w 1 P
= S S T[T <S (Vadsy(t,x + 0w, 1) — Vadsy(t,z,1)) dH) dw| dr

te<|w|<|z—y|/2 0

s 1 . . . P
jS S S SRd\Q(t,$7r,z,s,y,9w)|dz dew d’l“

|wl

t te<|w|<|z—y|/20

S 1

t . 6 p

+S S S R(r,t,x;s,y; 0w) dodw) dr
w4

£ \e<ul<a—yl/20

Applying (3.26)), (3.27) and making use of (2.6]), as in proving (3.35)), we

find that for some p > 1,

sup  Ji(p,e) < oo.
e<|z—yl/2

For Jy(p), from (3.11]) we deduce that for some p > 1,

S ’(bs,y(ta T+ w,r)\ + ’¢37y(tﬂx7 T)| dw pdT’ < 00.
|w‘d+l

T2(p) < |

lw|>|z—yl/2

Thus, (3.28) is proven.
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(4) By (3.28) and Fubini’s theorem, we have

S § Gsy(t,x+w,r) — ¢sy(t,z,7)

|w|d+1 dr dw

Aylc/zSO&y (t,z) = lalﬁ)l
|w|>et

S

| | ealbErwn) —du (o)

d+1
0t e [l

dw dr

e O & ey O

lim S ¢S,y <t7 T+ w, T) - (bs,y(ta z, T)
cl0 |w|d+1
|w|>e

dw dr

Ai/QgZ)s’y(t, x,r)dr,

which together with (3.23)) yields ({3.20)).
(5) Lastly, (3.21)) follows from ([3.19)), (3.20|) and an easy limiting proce-

dure. =

3.3. Heat kernel of .,?;a%b We need the following maximum principle
(cf. [30, Theorem 2.3]).

THEOREM 3.6 (Maximal principle). For T > 0, let u € Cy([0,T] x R?)
be such that for almost all t € [0,T] and all z € RY,
(3.29) du(t, ) + L5 u(t,z) = 0.
Assume that

(3.30)  lim |Ju(t) — uw(T)|le =0, sup [|[Vu(t)||eo <00, s€10,7T),
T telo,s]

and
(3.31) for each x € R%, t — AY2u(t, x), Vu(t, ) are continuous on [0,T).
Then for each t € [0,T),

sup u(t,z) < sup u(T,z).

zeR4 zeR4

In particular, there is a unique solution to equation (3.29)) with a given final
value at time T in the class of u € Cy([0,T] x RY) satisfying (3.30) and
(13.31)).

Proof. Without loss of generality, we may assume that u is nonnegative.
Otherwise, we can subtract from w its infimum. By the assumption, it suffices
to prove that for any ¢t < s < T,

(3.32) sup u(t,z) < sup u(s,x).
z€Rd zERY
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Below we fix s € (0,7). Let x : R — [0,1] be a smooth function with
x(xz) = 1 for |z| < 1 and x(z) = 0 for |x| > 2. For R > 0, define the
following cutoff function:

Xr(z) = x(z/R).
For R,0 > 0, consider
uS(t, ) == u(t, x)xg(x) + (t — 5)0.

Then

(3.33) dpudy(t, x) + L1 uk(t, ) = gh(t,z) + 6,

where

(3.34) gh(t,7) = alt, z) (A (uxg)(t, x) — AVu(t, z)xr(z))

+b(t,x) - Vxr(z)u(t, z).
Our aim is to prove that for each § > 0, there exists an Ry > 1 such that
for all ¢ € [0,s) and R > Ry,
(3.35) sup u%(t, z) < sup uk(s, z).

zeR4 z€R4

If this is proven, then letting R — oo and § — 0 and noticing that

SUP,cpd UR(8, ) < Sup,epa u(s, ), we obtain (3.32)).
We first prove that for each s < T, there exists a constant Cs > 0 such

that

Cs
3.36 sup [1g%()]loo < —==.
(3.36) up 90l < 77
Indeed, by definition, we have
|AY2 (ux ) (t, ) — AY2u(t, z)xp(z)]
dz
< {utts +2) — u(t. )| [t +2) = ()| e
Rd
+ [u(t, @)| - |AY2 xR (@)
dz
< 2fu(t)|oo 2llxRll00) IV XRIL BT
|z|>1
dZ 1/2
FIVUOloclVxrloe | + ) ool Xl
|2]<1
ES Vs A2
< ) oo L2 TNy o Iy I

which gives (3.36) by (3.34), (3.30) and a,b € H’.
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We now use a contradiction argument to prove (3.35)). Fix
(3.37) R > (Cy/6)>.
Suppose that (3.35) does not hold. Since ¢ +— sup,cpa u%(t, ) is continuous
on [0, s, there must exist ¢y € [0, s) such that

sup uh(t.a) = sup (sup uh(t,a)) = sup uh(to,a)
(t,z)€[0,s) xR t€[0,s) “zeR z€RC

and further, for some zo € R%,

sup u%(t,x) = sup u‘;%(to,x) = uéR(t(),a?()).
(t,x)€[0,s) xR? zeR?

In particular,

(3.38) V'l (to, 20) = 0,

and

(3.39) AY2ud(to, z0) = lglin S (uéR(to,:co—l-z) —u‘;z(to,mo))|z|fd*1 dz <0.
|2|>¢

Moreover, by (3.33), for any h € (0,5 — t), we have

0> u(to + h,z0) — u%(to, 7o)

h
to+h to+h
=1 | 2ol mo)dr+ x| gh(r,z0)dr+6
== e R(r, x0) r—{—h S gr(r,xo)dr + 0.
to to

Since
i Al/Qu‘sR(t xo) Vu‘;;i(t xo) are continuous,

letting h — 0, by (3.38] - and , we obtain

ot C c
_Timl = 1/2 s U
0> l}gl()l(h tSO a(r,xo) dr)A uR(to,xo) e +§ > 712

which contradicts (3.37)). =

Now, we prove the following main result of this section.

THEOREM 3.7. Assume that a,b € H? for some 8 € (0,1) and satisfy
(2.16). Then there exists a unique transition probability density function
Pap(t, x;8,y) such that:

(i) For all x #y € R? and almost all t < s,

(3.40) Opap(t,z;s,y) + t?;bpmb(t, 58,y)(z) = 0.
(ii) For all0 <t <s<1 and z,y € RY,

(3.41) Pap(t:wis,y) < & (t, x5 5,y).
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(iii) For any v € (0,1),
(342)  [pap(t,z;8,y) — pap(t, ;5,9
< (Jo = 2" AL {e) . (t,2y5,9) + o (25 5,9)},

(3.43) IVabap(t,255,9)] + |43 2pap(t 38, 9) < 09(t w5 5,y).
(iv) For any bounded uniformly continuous function f on RY,
(3.44) (tim) lim sup | § pas(t, @55,) f(v) dy ~ ()| =0,
slt’ tTs zERA Rd

3.45 lim) li
(3.45) (ln) lim sup

[ poslt, wis,9) f(w) dz — f(y)] = 0.

]Rd

(iv) For all f € C*(RY) and t < s,

S

(3.46) PR f(x) = f(z) + | PEN( LM f) (@) dr,  where
t
(3.47) PR () = pap(t.zis,y) f(y) dy.
Rd

Proof. Without loss of generality, we may assume (3 € (0, 1/4]. It suffices
to verify that p,; defined by (3.1)) has all the required properties.

(1) First, we prove (3.40). By (3.1), for all z # y € R? and almost all

t < s, we have
Opap(t, 73 8,y)

S
B12) b
= Opolt, i s,y) — a(t.258,y) =\ | Lot -7, 2)(x)q(r, 2 5,y) dz dr
t Rd

S

(2.15)

— _%ﬁsz()(t? S Say)(x> - QO(t7‘r7 S, y) - S S qO(t7$;r7 Z)q(’l", Z5 8, y) dZ d’l“
t

R4
s

=\ § Lot s 2) (@)a(r, 25 5,y) dz dr.
t Rd
Recalling that
(3.48) qo(t,z55,y) = (L5 — L5 )polt, 5 5,y) (),
we further have
Orpas(t, w3 5,y) = — L5 po(t, 1 5,y) ()

V%ot 7, 2)(@)a(r, 215, y) dz dr,
t Rd
which together with (3.19) and (3.20) yields (3.40]).
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(2) Recalling that t,s € (0,1), by (3.11]) one has
(349) S S pO(taa:;Tv Z)|Q(’I”,Z;S,y)‘d2d7"

t Rd
<) gt xis,y) + o) (tas,y) < o)t 238, ),

which in turn gives (3.41)) by (3.1 and (2.17]).
(3) As in proving (3.7)), for any v € (0,1) we have

po(t, x;8,y) — po(t, 2’ 5,y)|
< (Jz =2 AL (8 (s, y) + 0) (25 5,9)).

Thus, by (3.9) and Lemma we have
S

S S |p0(t,.’L’;T, Z) —po(t,!E/;T’, Z)‘ IQ(TVZ; Say)’ dzdr

t Rd

= (lz —=2" A1)

S
<\ V(0w 2) + o) (1 'y, 2)) (0 + 00) (r, 215, y) dz dr

t Rd
j (|I’ - x/|'Y A 1)((9(1)+B—ry + Q/fffy)(t Z; s, y) + (Q?—&-B—’y + in,y)(t, ‘7;/; S, y))
< |z — 2" A1) (o) (t, 238, 9) + 0, (t, 25 5,y)),

which together with (3.1]) yields (3.42)).
Recall the definition of ¢ , (¢, z). By (3.19), we can write
(t+s)/2
Vx@s,y(taf) = S S va:pO(t7xa r, Z)(Q(T,Z;S,y) - q(r,:c;s,y)) dzdr
t Rd
(t+s)/2
+ S < S vxpO(t)xa T, Z) dZ)Q(’I“,QZ;S,y) dr
t Rd
+ S S vxpO(tvx;T’ Z)Q(T’Z;Suy) dzdr
(t+s)/2 R4
= Ql(tv z;s, y) + QQ(t7 z5s, y) + Q3(t7 z;s, y)

For Q1(t,z;,y), by (2.19), (3.10) and Lemma [2.1} we have

|Q1(t,$;57y)’
(t+s)/2
= | Ve (tarz)
t R4
< (05 + &0 _p)(r w5 5,y) + (03 + 07 _p)(r.2;5,y) } dzdr
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(t+s)/2
< | (S 00 (t,x;m,2) dz)(93 +00_g)(r @y s,y)dr
t  Rd

S
+1 Va0t 2) (0 + &L _p)(r 23 5,) dzdr
L Rd

(t+s)/2
(2-2),(2.5)
D - 0P W (5= ) i) dr)

+ (&% + o + )t w55, y) < 0)(t, w35, y).

For Q2(t, x; s,y), we have

‘QZ(th; S, y)|

7 (t+8)/2 B
= | =0 g (rmis,y) + (r,as,y) b dr
t

< o)t x;8,y).

For Q3(t,x; s,y), we have

|Q3(t7 x;s, y)|
EWED
= |V ot aim 2) {0 (r,28,9) + ob(r, 2:5,9) } dzdr
(+5)/2 R

EDED |,
j QO(tax;&y)'

Combining the above, we obtain

(3.50) Vapsy(t,z)] < 05t 235, y).
Similarly,
(3.51) Ay 0 (8,2)] 2 08,755, )-

Then, follows from , , and , .

(4) We now prove (3.44)). As in proving (3.18]), we can show that for any

bounded uniformly continuous function f,

(lim) lim sup
slt

mzﬂdgm@wwwﬁwﬁ@—f@ﬂZQ

Moreover, by (3.11]), we also have
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’ VU pot,2im, 2)a(r, 205,9) f(y) dzdr dy’
t

A

V(& st mi5,9) + ol (t,15.y)) dy
Rd

@2
=< ]s—t]5—>0 tTsors|t.

Thus, (3.44) is proven by (3.1)). The limit - can be deduced similarly.

(5) For f € C°(RY), if we set ul(t,z) = $pa Pap(t, x5 s,y) f(y) dy, then
by (3.40) and (3.44]),

Ol () + L ul(t,2) =0, Tl (1) = Flloe =0,

and by (343) and (22,
IVl ()l = ([ flloo(s =8)7"
Moreover, the continuity of ¢ — AY2ul (¢, z), Vul (¢, 2) on [0, s) follows from
(3:21)). Thus, by uniqueness (see Theorem [3.6)), it follows that
(3.52) S Pap(t,x;8,y)dy = ul(t,z) =1, t<s zc R,
R4
Moreover, if f <0, then

ul(t,z) <0,
which implies that
Pap(t,z;s,y) > 0.
(6) The following C-K equation holds: for all t < r < s and z,y € R,

(3.53) | pap(t, 257, 2)Pas(r, 21 5,y) dz = pay(t, 3 5,7).
Rd

To prove this, it suffices to show that for any f € CbOO(Rd),

(3.54) Pl f(x) = PP f (),

where Pt‘f;b f(z) is defined by |i This can be proven as above by using
the maximum principle (i.e. uniqueness). In particular, {p, (¢, z;s,v)} is a
family of transition probability density functions. The uniqueness of p, ; can
also be deduced from the maximum principle.
(7) Set
S
7b 5
us(t,x) = f(x) + | P (L0 f) (@) dr

t
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As in Subsection 3.2, we can prove that for almost all ¢ < s and z € R,

Orus(t.2) = ([ PLN (L0l ) () )
t
= L8 f(a) +\ 0P (L2t ) () dr

ab
_Diﬂt

§
) =\ LR (L f) (@) dr

— L fla) = 2 (S PEN(Z f) () dr)
t

= — 25 ug(t, ).
Moreover, by (3.44)), we have
li t) — =0.
i s (1) — S
As in step (5), using Theorem we obtain
Pt‘?;,bf(ac) = us(t,x). =

4. Proof of the lower bound of p,;(t,z;s,y). By Theorem we
know that

{Pap(t,z;8,y): 0 <t <s < oo, m,yERd}

is a family of transition probability density functions. By (3.44)) and (3.46)),
it also determines a family of strong Markov processes

(2,7, (Pta) (10)er, xra3 (Xs)s20)-

For any f € Cg(Rd), it follows from () and the Markov property of X
that under P ,, with respect to the filtration % := o0{X},t < s},

(41) M} = f(X) - £(X0) = | L2 F(X,) dr is a martingale.
t

In other words, PP, solves the martingale problem for (.,%“’b, CZ(RY)) (cf.

I3).
Let
a(r x)

We now determine the Lévy system for X. The proof of the following result
is similar to one in [6]. However, our process is time inhomogeneous, so we
give the details.
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LEMMA 4.1. Suppose that A and B are two disjoint open sets in R,
Then

S

> Lx,_ea x.en — \1a(Xp) | J(r, X, 2) dzdr
t<r<s t B

is a Py z-martingale for everyt >0 and x € R<.

Proof. First of all, by letting f(z) = z; in (4.1)), one sees that (X;)s>¢ is
a semi-martingale under P; ;. Let f € C’g(Rd) with f =0on A and f =1
on B. By It6’s formula, we have

(42)  f(X) = f(X0) = 30 f () dXo+ Y Be(f)

where

d
Br(f) = f(Xr) - f(er) - Zalf(XT‘*)(XTZ‘ - XTZ’—)

Let M, éf be defined by 1) Then

S
N, = SIA( )de is a P; ;-martingale.
t

By and , we can write
d s
No = $1a(X )0 f(Xoo) dXi+ D7 1a(X-) B (f)

=1t t<r<s

+

l\D\H

d s
7 a0 F(X-) (XY, (X)),
t

3,j=1

1A(X) L0 f(X) dr

|
S VA

Since f(z) = 0;f(x) = 8Z2jf(:1c) =0 for x € A, we further have

Noe= > 14X f(Xy) = |1a(Xp)alr, X,) A2 F(X,) dr
= > 1aX ) f(X) =\ 1a(X) | £(2)I(r, Xy, 2) dzdr.
t<r<s t R4

Letting f,, — 1p, we obtain the desired result. m
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In particular, Lemma [£.I] implies that

Ero| 3 1a(X)15(X,)] = Er [g J LA(X)1B(2) I (r, X, 2) dzdr .

t<r<s t Rd

Let f be a nonnegative measurable function f on Ry x R% x R that vanishes
along the diagonal. By a routine measure-theoretic argument, we get

E x[ Z f(r,XT_,X,,)] =E; [i S flr, X, 2)J(r, X;, 2) dzdr}.
t Rd

t<r<s
Finally, we can follow the same method as in [9] to get

LEMMA 4.2. Let f be a nonnegative measurable function on Ry x R?
x R? that vanishes along the diagonal. Then for every stopping time T (with
respect to the filtration of X), we have

(4.3) Et . [téTf(r, X, X, } Et [ngf r, Xy, 2)J(r, X, z)dz dr]

For any Borel set A, let
=inf{s>t: X, € A}, 74 :=inf{s>t:X,¢ A},

be the hitting and exit time, respectively, of A. We need the following two
lemmas.

LEMMA 4.3. There exists a constant Ao € (0,1/2) such that for all 6 > 0,
(4.4) Sup Py 2 (T, 5) < t + Aod) < 1/2.

t,r
Proof. Let f be a nonnegative smooth function on R? with
f(0)=0 and f(y)=1 for|y| > 1.
For fixed § > 0, ¢t > 0 and = € R?, set
Foy) = 8F(( — )/6).
Since P; , solves the martingale problem and f3(z) = 0, by we have
(t+Xod)ATE

B(x,8)

(45)  Eralf2Xorpnrg, ) =Bea  § 2007200 dr).

B(x,6)
t
On the other hand, by the definition of £ and (3.4), we have
LR < lallee | (f2ly+2) = f2y) —2- V()2 dz

|z]<é

+llalloo § (2 +2) = L2 dz 4 [V £ ool 1Bl oo
|z|>6
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<o [IV2 /2000 § 1o dz 20 200 § 1277 2] + 1V £2llscl bl

|z|<d |2|>6
:HCLHOO[HVQfHoo | 1o ddz 20 flle | |Z|—d_1d4
2|1 |2>1

+ IV flloollblloo =: co-
Hence, by (4.5)), we obtain
0Pt (Th(pg) < T+ Aod) < Et,z(fés(X(tHOa)Arg(m)) < coAob,
which gives (4.4]) by choosing Ao = 1/(2(co + 1)). =

LEMMA 4.4. Let Ao be as in Lemma 4.3 For all X € (0, \o], there exists
c1 = c1(X\) > 0 such that for all § > 0, t > 0 and x,y € R? with |x —y| > 37,
. Cl(sdJrl
Proof. In view of |x — y| > 39, we have
Xs ¢ B(y,0) C B(z,0)¢, s< TE(I75),
and

1X(t+A6)Ar§3(I 5)63(%5) - Z lx,eB(y.6)-
’ sg(t—i—)\é)/\"rtB(x,é)

Thus, by (4.3)), we have
Pra(0p05) <4 A0) > Pra(Xasart

B(z,6)

€ B(y,9))
(t+>‘5)ATE(z,5)
=K, | \ J(r X, 2)dzdr
t B(y,0)
Tt
o (t+A)ATE  s5)

ao
> Ky S S 7|Z —X, [ dzdr.
t B(y,6)

Since |z — y| > 34, for all z € B(y,d) and X, € B(z,d) we have
|z = Xp| < |z =yl + |z —y| + X, — 2| <3|z —y|
Thus,
(t+)\§)/\7'}53(z,5)

t ao
Pro (0l 5 < t+A0) > Em< { dr) { et
¢ B(y,9)
agVol(B(y, 6
> NPy o (Th(ps) > t+ Aé)w,

which gives the desired result by (4.4]). =
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THEOREM 4.5. In the situation of Theorem 3.7, we have
(4.7) Pas(t,zi,y) = ARt a3 5,y).

Proof. First of all, by (3.1), (2.17) and (3.49)), there are ¢1,c2 > 0 such
that

pa,b(tvaj; S, y) Z CllQ[l)(tv Z; Say) - CQQ?+,B(t7$; 57y) - CQQ?(t7x; S, y)
In particular, if s — ¢ < (¢1/(4¢2))Y/? and |z — y| < s —t, then
1 _
(4.8) Pap(t,z5,9) > Serdl(tais,y) = (s — )77
Thus, for some ¢c3 >0and all 0 <t <s<1and |z —y| <s—t,

(4.9) Pap(t, T 5,y) = (s — )% > c30)(t, 77 5,9).

In fact, if
s—t<2(c1/(4e))? and |z —y| <s—t,

then by the C-K equation (3.54), we have

Pap(t, 2 5,9) = | pap(t, 5525, 2)pas (2, 215,y) dz

]Rd
> | Pap (52, 2)pap (52, 2 5,y) dz
B((z+y)/2,(s—1)/2)
()
g (s — t)_2d VOI(B(%, ST_t)) = (s — t)_d.

Using the above estimate repeatedly, we obtain (|4.9)).
Now, we assume

|z —y| >s—t=:30.
Let \g be as in Lemma By the strong Markov property of X,

Pt,m(XtJrQ)\oé € B(yv 25))

ot .
> Py (0' = 0B(y.6) <t+ A6; se[as}rlf,\od} | Xs — Xo| < 5)

=E;, (IP’T,Z( sup | X5 —z| < 5)
SE[r,r+A0d)

2 lglf ]:P)T'?Z(TE(Z,(S) >r+ )‘Od)Pt,I(UtB(y’j) S t+ )\O(S)

10} <t+ Ao
(r2)=(0,X,) BW = 0 )

@1, o RS
= Peelopys SUHA0) = go
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Hence, by (4.9), we have

pa,b(t7$§5,y) Z S pa,b(t7x;t+ 2)\05) Z)pa,b(t—’_ 2>‘0572;87y) dz
B(y,29)

> inf  pap(t +2X06, 258, Y)Pr o (Xirangs € By, 29))
z€B(y,20)

4 5d+1 0
= (s—1) ‘W = 01(t, x;5,9),

which together with (4.9)) yields the desired lower bound. =

5. Proof of Theorem By Duhamel’s formula, we construct the
heat kernel p(t, x;s,y) of £, by solving the following integral equation:

(6.1)  p(t,z;8,y) = pap(t,z;s,y) —i—S S Pap(t, z;1, 2)e(r, 2)p(r, z; 8, y) dz dr.
t Rd

For 0 <t < s and z,y € R%, set Op(t,2;5,9) := pap(t, ;5,y), and define
recursively, for n € N,

(5.2) On(t,;5,y) =\ | pas(t, z57, 2)c(r, 2)On 1 (r, z; 5,y) dz dr.
t Rd
For v € (0,1] and ¢ € K, define
£

() == sup S S &5(s,2)(le(s — t,x — 2)| + |e(t + s,z + 2)|) dz ds.
(t,x)E[O,oo) xRd 0 Rd

LEMMA 5.1. Ifc e Kcll, then there exists a constant A > 0 such that for
all n € N,

(5.3) 1O (t, 23 5,y)| < {AL (s — )} 00 (L, 755, y).

If c € ]Kcll_7 for some v € (0,1), then there exists a constant C1 > 0 such

that for any n € N,

(5.4)

|On(t,255,y) — On(t, 2’ 5,9)| < Ci(lz — 2’V A{AL (s = )} 15 (s — )
x (01t @3 8,y) + L (t, 2" 5,9)).

If c e HY for some v € (0,1), then there exists a constant Cy > 0 such that
for any n € N,

(5.5) VOt 5,9) < Cof{Allcllo(s — )} 03t 235, y).
Proof. (1) First of all, by (3.41]), for some Cy > 0,
Pap(t,z35,y) < Codd(t, 23 5,y).
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Now, we use induction to prove ([5.3]). Suppose that (5.3 is true for n € N.
Then

|8n+1(t7x§ s,y)| < S S pa,b(t7x§ra Z)|C(Ta Z)‘ : |9n(T7Z;Say)| dzdr
t

Rd
s

< Cof A5 (s =)} | | od(t a7, 2)00(r, 25 5,) |e(r, 2)| dz dr
t Rd

A{AL (s = )3\ (At s, 2) + 00 (r, 235, 9))|e(r, 2)| dz dr o} (¢, a3 5, )
t Rd
< AL (s — )} o0 (8, 255, y).

(2) By (5.2) and (3.42)), we have

’@n(t, x; s, y) - Qn(ty (L./; S, y)|

S

NG

< (=2 A V() aim 2) + &) (2757, 2))
t R
X le(r, )| - |On-1(r,2z; 8,y)| dz dr

% (o — o7 A 1) (A (s — )

S
<\ T (0 (s, 2) + ) (8,237, 2)) e, 2) (1, 25 ,y) | dz dr
t Rd
2 7))

o — 2’ AD{AL5 (s — 1)}

2
L5 =0 (s = 1) (Bt w37, 2) + 0, 255,9) le(r, )| d2 drp (¢, 235, y)
t Rd

H V=07 (s =) (ef(t. 25 m, 2) + & (r, 235, 0) ) el Z)Idzdmg(t,w';s,y)}
¢ e

Cr(|z — a'" AL{AL (s — 1)}
<L § 5 (@ (i 2) 4 oy (1,25 5,)) e(r, 2)| dz drp(t, i)
tRd

+{ V() 2l 2) + ) (r, 258,9))e(r, 2)| dz drpl (£, s s,y)}
t Rd
< Cu(lz—2')" AD{AL (s — )} 15 (s — )(0) (t, @55, ) + o) (25 5,9)),

and (j5.4]) holds.
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(3) If ¢ is bounded, then by definition and (2.2)), it is easy to see that
for some Cy > 0,

(5.6) (e) < Cillcfoe”, €0,

As in Lemma [3.5] one can prove

V.On(t,x;s,y) :S S Vabap(t, z;m, 2)c(r, 2)On_1(r, 2;s,y) dz dr.
t Rd

By (3.52)), we can write
VaOn(t, @35, y)

(t+s)/2
= S S vxpa,b(ta T, Z)
t Rd

X (C(T‘, Z)@nfl(ra Z5 8, y) - 0(7"7 l’)@nfl(r’ TS, y)) dzdr

+ N Vapap(t,@ir, 2)e(r, 2)On 1 (r, 25 5,y) dz dr

(t+5)/2 R4
(t+s)/2
= S S Vabap(t, z;1,2)c(r, 2) (On_1(r, 2;8,y) — On_1(r,x;8,y)) dz dr
t Rl
(t+s)/2
+ S < S VaDap(t, z;r, 2)(c(r, 2) — c(r,z)) dz) Op_1(r,z;5,y) dr
t Rd

+ S S vl‘pa,b(t’x;ra Z)C(Tv Z)@nfl(T,Z;S,y) dz dr
(t+s)/2 R4

= Ql(t7x;37y) + Qg(t,flf; Say) + Q3(t7$; Svy)‘
For Ql(t,l'; S:y)? by " " and ‘ ; We have

(t+5)/2
Qi(t,z55,y) 2 {Allclloo(s =)} | § ot 257, 2)0) ., (r, 25 5,y) dzdr
t Rd
(t+s)/2
+{Aleloots =0} (§ g3 (tmsr 2 dz) of (3, y) dr
t R4
ED.E3

=< {Allelloo(s — )} 00 (¢, 3 5,).
For Q2(t, z;s,y), by (5.6) and (5.3), we have
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(t+s)/2
Qaltszis,y) < {Alllloo(s =)} | (] ej(ta57.2) dz) ol i) dr
t R4
(t+s)/2

= (Alellocts =1 (§ =7 (s =) dr) bt zi5.9)

< {Alelloo(s = )} 05 (t, 3 5, y)-
For Q3(t, x; s,y), we have

s

Qs(t,z55,y) < {Allcllo(s =)} | § of(t a7, 2)00(r, 25 5,y) dz dr
(t+s)/2 Rd

< (Alellols =N (] (=) =07+ 1))t 5,0)
(t+s)/2
< {Allelloo (s — 1)} 00 (t, 75 5. y).
Combining the above, we obtain (5.5)). m

Now we are in a position to give

Proof of Theorem[I.1. By the standard time shift technique, it suffices
to prove the conclusions on a small time interval. We divide the proof into
several steps.

(1) Define

oo
p(t 3 5,9) = pap(t, 255,9) + Y On(t, a3 5,1).
n=1
Since ¢ € KL, we have

lim ¢ (e) = 0.
slﬁ)l i(e)=0

Hence, for any given ¢ € (0, 1), one can choose T, € (0, 1) small enough such
that for all 0 <t < s <1 with s —t < T,
(s —t) <e/A,

where A is the constant from Lemma 5.1. Thus,

Ip(t, 23 5,9) — pap(t, 255, 9)] < Y |On(t, z55,)]
n=1
Alf(s—t)
- -~ @7 t .
= I—Afllj(s—t)gl( ,$,S,y)
€
1—¢

IA

At x;5,y),
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which together with (3.41) and (4.7) gives (1.6) and (1.7) for all 0 < ¢ <

s <1 with s —t < T, provided € small enough. Moreover, noticing that

m
> Onlt,m;5,y) = pap(t, z; 5, y)
n=0

s m—1
+ 1V pap(tmir,2)e(r,2) Y Onlr, 255,y) dz dr,
t Rd n=0

by taking limits, we obtain (b.1)). Moreover, estimates (|1.8]) and (|1.9)) follow
from (.4, @.12) and (53), (.33).

(2) Define
Pt,sf(x) = S p(t,a@ Say)f(y) d:’-/a
R4
P f(z) o= | pap(t, @i s,9)f (y) dy.
Rd
To prove (1.2, it suffices to show that for any f € C’g"(Rd),
(57) Pt,sf(x) = Pt’TPT’sf(iL‘), t<r<s.

By (5.1)) and (3.54)), we have

Prof(x) = PR (@) + \ PE (c(r ) Po o f) (z) dr’
t

S

= PEYPEL f() + PP PES (e, ) P of ) () i’

tr *rs
T
T

+ P (e )P o f) (@) dr”
t

= PP f(2) + | PR (e(r ) P o f ) (2) .
t
On the other hand,

T
Py Prsf(x) = PP Prs (@) +  PEY (e, )Py Pro f) () dr.
t

Fix t < r and set

Ut(aj) = Pt,rPr,sf(x) - Pt,sf(x)'
Then

r

ur(@) =\ | pap(t.zsr’ y)e(r’ y)up (y) dy dr’.
t Rd
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By (3.41)), we have

lutlloo < sup Juplloo | | &Vt 20" 9)le(r, y)| dy dr’
r'€lt,r] t Rd

r

=L{(r—t) sup |[luyloo,
r'Eft,r]

which implies that

sup ||uyllec < sup  £i(e) sup ||up|loo-
r'€[t,r] e€(0,r—t] r'€[t,r]

In particular, if » — ¢ is small enough (say less than (), then

sup [y floc = 0.
r'€lt,r]
Thus, we obtain (5.7)) for r—¢ < g¢. For general ¢, we use the same argument
repeatedly.

(3) We now prove ([1.3)). By (5.1)) and (3.44)), we only need to prove that
for any f € Cp(R9),

lim sup
t—s zER

S S S Pap(t, x;7, 2)e(r, 2)p(r, z;8,y) f(y) dz dr dy‘ =0.
Rdth

This follows by noticing that

‘ S S S Pap(t, x57, 2)e(r, 2)p(r, z;8,y) f(y) dz dr dy‘
t

Rd t Rd
s

= V) &t a5 2)le(r, 2)[ 0 (r, 255, 9) | £ (y)] dz dr dy

Rd t Rd
S

< (V1 (St 2) + B0 255,9))elr, 2) d dr ) o ¢, 335,) dy
R t R4

<ti(ls—t]) | At 255,y dy < Cli(ls—t]) =0, t—s.

R4

(4) We now prove (1.4). Let f,g € C%(R%). By (5.1), we make the

following decomposition:

Pt,sf(w) - f($)

s—1t

= Zsaf (@)

= s i t S (Pt(?;“b(c(r’ )Pr,sf)(x) - C(T‘, fL‘)Pr’Sf(Qj)) dr
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a,b N
(PRI )
=: L(t,s,x) + Ix(t,s,x) + I3(t, s,z) + I4(t, s, ).

For I;(t,s,x), if we write

(B 9(y) = | pap(t, 23, 9)9(x) da,
]Rd
then

’ | g(@)i(t, s, 2) daz‘

]Rd
< |3 . NS (P 9(@) = (PE)Y 1) - g(a))elr. @) P f () da
t Rd
+ |- L S (P 1= 1) @)g(@)er,2) P (a) dar dr
t Rd

=: Ji(t, s) + Ja(t, s).
For Ji(t, s), noticing that

(P gy) — (P 1(y)'g(y)|=‘Spa,b(t,x;r,y)(g(m)—g(y))dOC’
Rd

1

55

AVRS

Cligher | &t 237 y)(|lz —y| A1) dae
Rd

NS

Cllglle [~ =],
by the definition of P, sf and (1.6]), we have

Ji(t,s) < Cllgla | | le(r, )| - |Prs f(2)| da dr

t Rd
S

<Cllgle | | | letr,2)0d(r, 255, 9)|f (v)| dy dz: dr
thRd

< Ollgll £5(s — ) | If(®)ldy =0, t1s.
R4
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For J(t,s), since ¢ € C([0,00); L{ (R?)), by (3.45) and the dominated
convergence theorem, we have

ltlgl Ja(t,s) = 0.

For the same reason,

ltlﬁl*n S g(x)(I2(t, s, x) + I3(t, s,x)) dz = 0.
S Rd

Moreover, by (3.46)), for almost all s > 0,

ltl%n S g(x)14(t, s,x) dx = 0.
S Rd

Combining the above limits, we obtain (|1.4). The limit (1.5)) is similar. =
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