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The simplex of tracial quantum symmetric states
by

YOANN DABROWSKI (Lyon), KENNETH J. DYKEMA (College Station, TX)
and KUNAL MUKHERJEE (Chennai)

Abstract. We show that the space of tracial quantum symmetric states of an arbi-
trary unital C'*-algebra is a Choquet simplex and is a face of the tracial state space of the
universal unital C*-algebra free product of A with itself infinitely many times. We also
show that the extreme points of this simplex are dense, making it the Poulsen simplex
when A is separable and nontrivial. In the course of the proof we characterize the centers
of certain tracial amalgamated free product C*-algebras.

1. Introduction and description of results. Quantum exchangeable
random variables (that is, random variables whose distributions are invariant
for the natural co-actions of S. Wang’s quantum permtuation groups [11])
were characterized by Kostler and Speicher [6] to be those sequences of iden-
tically distributed random variables that are free with respect to the condi-
tional expectation onto their tail algebra (that is, free with amalgamation
over the tail algebra).

In [], Dykema, Kostler and Williams considered, for any unital C*-
algebra A, the analogous notion of quantum symmetric states on the univer-
sal unital free product C*-algebra A = %°A. The symbol QSS(A) denotes
the compact convex set of all quantum symmetric states on 2. The paper [4]
contains a convenient characterization of the extreme points of QSS(A). Also
the compact convex set TQSS(A) C QSS(A) of all tracial quantum symmet-
ric states on 20 was considered, and the extreme points of TQSS(A) were
described. Question 8.8 of [4] asks whether TQSS(A) is a Choquet simplex
(when A has a tracial state, for otherwise TQSS(A) is empty).

The main result of this note is that TQSS(A) is a Choquet simplex
whose extreme points are dense. Thus, when A is separable and nontrivial,
TQSS(A) is the Poulsen simplex [7], which is the unique metrizable simplex
whose extreme points are dense. In showing this, we also see that TQSS(A)
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is a face of the simplex T'S(2() of all tracial states on 2 and we obtain a better
description of the extreme points of TQSS(A).

Along the way, we prove some technical results that we need and that
may be useful in other contexts. In Section 2| we provide a proof (not readily
found in the literature) of a well known fact that natural conditions are
sufficient for an amalgamated free product to have a trace. In Section |3 we
characterize the centers of certain tracial von Neumann algebra free products
with amalgamation and we use this to characterize the set of conditional-
expectation-preserving traces of von Neumann algebras. Section [4] is short
and consists of a technical result about conditional expectations. Finally, in
Section p| we prove the main result.

2. Amalgamated free products and tracial amalgamated free
products. Let D be a von Neumann algebra, let I be a nonempty set and
for every i € I let B; be a von Neumann algebra containing D by a unital
inclusion of von Neumann algebras, and suppose F; : B; — D is a normal
conditional expectation with faithful GNS representation. Let

(M, F) = (¥p)ic1(Bs, E;)

be the von Neumann algebra amalgamated free product. In the case that the
E; are all faithful, details of this construction were given by Ueda [9], and
he showed that then F' is faithful (see [9, p. 364]). Alternatively, and also
when the conditional expectations F; fail to be faithful but do have faithful
GNS representations, the free product construction may be performed by
(a) taking the C*-algebra free product (My, Fy) of the family of (B;, E;)
acting on the free product Hilbert C*-module V, (b) taking any normal,
faithful x-representation 7 of D on a Hilbert space Hy, (c) letting M be the
strong-operator-topology closure of the image of the resulting representation
of My on the Hilbert space V ®, H, and (d) letting F' : M — D be
compression by the projection from V ®,; H, onto the Hilbert subspace
D ®7 H. The fact that M is independent of the representation 7 follows
from the fact that any two normal faithful representations of D are related
by dilation and compression by a projection in the commutant.

The following result is well known, but since we rely on it, this seems like
a good place to give a brief proof.

PROPOSITION 2.1. Suppose T is a normal trace on D such that for all
i€, TokFE; is atrace on B;. Then 7o F is a trace on M and is faithful if
and only if T is faithful. Furthermore, every normal tracial state on M that
1s preserved by F arises in this fashion.

Proof. Since every tracial state 7 on M that is preserved by F' must
equal 7[p o F, the last assertion of the proposition is clearly true. Moreover,
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suppose we know that 7o F' is a trace; if we assume also that 7 is faithful,
then the GNS representation of 7 o F' will be faithful; since it is a trace, it
follows that 7o F is itself faithful. Thus, we need only show that 70 F is a
trace.

Let BY = B; Nker E;. Let m,n € N and let b; € B;’(j) for 1 < j <m and
¢j € By forall 1 < j < n, with i(j) #i(j+ 1) and k(j) # k(j + 1). If
d € D, then by freeness, we have
(2.1) F(d(er-+¢n)) =0=F((c1--cp)d),
so the composition with 7 is also zero. We will show by induction on
min(m,n) that
(2.2) T O F((bm s bzbl)(clcg ce Cn)) =TO F((0102 ce Cn)(bm ce bgbl)),
and furthermore that the above quantity is zero unless m = n and i(j) = k(j)
for all 7, in which case it equals

(2.3) 70 Ejpm) (b Ejm—1)(bm-1- - Ej(2)(b2 Ej1)(bic1) c2) - - - em—1) em)
=TO Ei(l)(cl Ei(Q)(CQ T E’L’(mfl)(cm—lE’i(m) (embm) bm—1) -+ b2) b1).
This will suffice to prove the proposition, because the span of D and such

elements by - - - b, 1s dense in M.
By freeness, we have

(2.4) F((bm e bzbl)(clcz s Cn))
= 0i(1), k(1) F'((bm - - b2) Ey1)y(brer)(ca - - - en)).

If m = n =1, then (2.2) and (2.3) follow from traciality of 7o Ejq) :
B;1y — C. If min(m,n) = 1 and max(m,n) > 1, then the right-hand side of
(2.4) is zero by (2.1), and by symmetry also F'((cica -+ ¢n) (b - - - bab1)) =0,
as required.

We may thus suppose min(m,n) > 1 and (1) = k(1). Then, using the
induction hypothesis (and noting that Dey C Bz@)), we have

T O F((bm s bgbl)(clcg cee Cn))
= 0i(1),k(1) T © (b - - b2) Ej1y (brc1)(ea - - ¢n))
= 0;(1),k(1)Om,n0i(2) k(2) * * * Oi(m),k(m)
T 0 Ei() (b Ei(m—1) (bm—1 -+ - Ej(2) (b2 Ey(1y (bicr) €2) -+ em—1) ).
If m # n orif m = n but i(j) # k(j) for some j, then not only is the
above quantity zero but, by symmetry, also 7o F((c1ca---¢p) (b - - bab1))
vanishes.
We may thus suppose m = n > 1 and i(j) = k(j) for all j. Treating
Eiél)(blcl)CQ as an element of 82(2), by the induction hypothesis of (2.3)), we
ge
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70 Ej(m) (b Eim—1)(bm-1-- B2 )(ngz(l)(blcl) €2) " Cm—1) Cm)
=70 Ei9)(Ein )(blCl)CQ Ei3)(c3 -+ Eim)(Cmbm) - - - b3)ba)
= 7(Ej1)(bic1) Ey)(c2 Eys)(cs 'Ei(m)(cmbm) ~b3)b2))
=70 Ej)(bicr Ei(Z) (c2 Ey3)(c3 -+ Ei(m)(cmbm) - - - b3)ba))
=70 Eiq)(c1 Eyo)(ca Eyzy(cs -+ By (cmbm) - - - b3)b2)b1),
where in the last equahty we have used the traciality of 7o Fjy). Thus, we
have proved the identity (2.3) and that this quantity equals
To F((bm ~babi)(crea - ep)).
By symmetry, it is equal also to 70 F((cica - ¢p)(bm -+ - b2b1)). =

Of course, the result analogous to Proposition for amalgamated free
products of C*-algebras is true by the same proof.

3. Centers of certain amalgamated free products. Let D C B
be a unital inclusion of von Neumann algebras with a normal conditional
expectation F : B — D whose GNS representation is faithful. Suppose there
is a normal, faithful, tracial state 7p on D such that 73 := 7p o F is a trace
on B. The GNS representation of 75 is an action of B on the Hilbert space
L?*(B,75) = L*(B, E) ®p L?(D, 7) by multiplication on the left, and thus the
GNS representation of 75 is faithful. Since 75 is a trace, it follows that 75
itself is faithful, and hence F must be faithful.

For an element = of a von Neumann algebra, we will let [z] denote the
range projection of x. Thus, [z] is the orthogonal projection onto the closure
of the range of x, considered as a Hilbert space operator, and it belongs to
the von Neumann algebra generated by z. The notation Z(.A) means the
center of A.

LEMMA 3.1. With E : B — D and trace g as above, let

q=q(E \/{ )] | b € ker E'}.

Then q € DN Z(B) and (1 —q)B= (1 - q)D,

Proof. If b € ker £ and u is a unitary in D then bu € ker E, and

[E((bu)”(bu)] = [u" E(b*b)u] = u*[E(b™D)]u

and we get u*qu = q. Thus, g € Z(D).

If ¢ ¢ Z(B), then there would be a partial isometry v € B so that
0 # v*v < 1—gand vv* < q. Since ¢ € Z(D) we get E(v) = qE(v)(1—q) = 0.
But, since E is faithful, E(v*v) # 0 and [E(v*v)] < 1 — ¢, contrary to the
definition of g. Thus, we must have g € Z(B).

If (1—-¢)B # (1 —q)D, then there would be b € (1 — ¢)B Nker E with
b # 0. But again, this yields 0 # E(b*b) = (1 — q)E(b*)), contrary to the
choice of ¢g. Thus, we must have (1 —¢)B=(1—¢)D. n
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Let
(3'1) (MaF) - (*D)Clx)(li E)

be the von Neumann algebra free product with amalgamation over D of
infinitely many copies of (B, E). Our main goal in this section is to show
that the center of M is contained in D.

Let 7 = 7poF. By Proposition , 7 is a faithful trace on M. Let (B;, E;)
denote the ith copy of (B, E) in the construction of M. We now describe some
standard notation for M and related objects. The von Neumann algebra M
is constructed on the Hilbert space L?(M,7), and we write M 3 x +— & €
L?(M, 1) for the usual mapping with dense range. For convenience, we will
take the inner product on L?(M,7) to be linear in the second variable and
conjugate linear in the first variable. Thus, we have, for z1,z9 € M,

(21, 22) = 7(a122),
and, as usual, we write the corresponding norm ||z = 7(z*z)'/2. Then we
have L?(M, 1) = LZ(./\/l F)®p LQ(D 7p), and this is isomorphic to
L2 D, p) @ 3G, @p - @p I, @p LZ(D,TD),
k>1

i1y >1

1741
where H? is the Hilbert D, D-bimodule L?(B;, E;) © D. We will denote by
A the left action of M on L?(M,7) and by p the anti-multiplicative right

action, p(x) = JA(z*)J, where J is the standard conjugate linear isometry
of L?(M, 1) defined by 2 + (x*)".

LEMMA 3.2. Let N € N, let

n, N2 € L2(D,TD) ©® @ g‘f“ Xp - Op j‘C?k Xp LQ('D,TD)

k>1
1<i1,..,ix <N

141

and let by,by € Byy1. Let ¢1,c0,d1,do € D be such that
cica = Ent1(bibe),  dod] = Eny1(bad]).
Then
(A(b1)n1, A(b2)m2) = (Mer)m, Alez)nz),

(p(b1)m, p(b2)n2) = (p(dr)m, p(d2)n2).
Proof. We may without loss of generality assume 7; = Z; for some z; in
T/V*(Uj\f:1 B;). Then
(A(b1)m, A(b2)n2) = T(21b1boza) = Tp(F (21b1box2)).
By freeness, we have
F(x]bibexs) = F(x]F(bjba)xz2) = F(x]cicows),
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from which we get

(A(b1)m1, A(b2)m2) = T(zicieara) = (A(e1)mi, A(e2)m2).

Similarly, we have

(p(b1)m, p(b2)m2) = T(bijz w2b2) = T(W2b2b]77])
= 7(w2d2dix]) = (p(d1)m, p(d2)n2). =

THEOREM 3.3. The center of M lies in D. In particular,
(3.2) Z(M)=Dn Z(B).

Proof. It suffices to show Z(M) C D, for then (3.2) follows readily.
Let z € Z(M). Let n = & — F(x)". Then

ne @ I @p-®p HS, ®p L*(D,7p).
E>1
U1yt 21
G741

For N € N, let ny be the orthogonal projection of n onto the subspace

@ g{’?l XRp -+ QD J‘Q-)k Xp L2(D,TD).
k>1
1<is,...,ig<N
5741

Then 7y converges in L2(M, 1) to n as N — co. Suppose b € BNker E. Fix
N € N and let by denote the copy of b in the copy By € M of B. Then
Abn)nn—1 and p(by)nn—1 are orthogonal to each other, because they lie in
the respective subspaces

(3.3) P X ®p HY @p -+ @p H, @p L*(D, mp),
k>1
1<i1,0ig <N—1
170541
(3.4) P I ep- - @pH, @p HR @p L (D, mp).
E>1
1<, g <N—1
157041

On the other hand, A(by)F(z)" and p(by)F(x)" lie in the subspace HY} ®@p
L?(D, tp), which is orthogonal to both of the subspaces (3.3) and (3.4).
Thus, we have

0= (byz — zbn)" = (A(bn) — p(bn))2
= (A(bn) — p(bn))(n—1 + F(z)" + (n — nn-1))
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and from the orthogonality relations noted above, we get

(35) AN nN-1l5 + [lp(bn)nN—1ll3
< AN )nN=1 — p(bn)nn—1 + (A(bn) — p(b)) F ()3
= [[(A(bn) = p(b)) (0 — nv—1)1I3
< A4[1]1%ln — o1 ll3-

Consider the elements d; = E(b*b)"/? and dy = E(bb*)'/? of D. By Lem-
ma [3.2] we have

AN )nN-1ll2 = [[A(d)nn-1ll2,  [[p(bn)nn-1ll2 = [lp(d2)nn-1]l2,
and from ([3.5)), we get
IMd)nn—1]13 + llp(d2)nn—1 13 < 411blI[In — nx—1 3.
Letting N — oo, we get

(3.6) Aldi)n = 0= p(d2)n.

Let ¢ = q(FE) € DN Z(B) be the projection associated to the conditional
expectation E : B — D as described in Lemma From (3.6 and letting b
run through all of ker E, we get A(q)n=p(q)n=0. This yields ¢(x—F(x))=0,
sox—F(z) e (1—q)B=(1-¢)D. But  — F(x) L D, so we must have
x—F(zx)=0and x €D. =

The aim of the remainder of this section (realized in Corollary 3.6/ below)
is to characterize the normal traces on a von Neumann subalgebra whose
compositions with a given conditional expectation are traces on the larger
von Neumann algebra. The result is quite natural and is perhaps known.
It may also be possible to prove it directly using state decompositions or
averaging techniques, rather than free products. However, as we get it from
the results above with very little extra effort, it seems worth doing it here.
Furthermore, it is clearly related to the proof of our main result, Theorem|5.3]
and indeed to the improved characterization of extremality of elements of
TQSS(A), though we do not actually use it in the proof.

Let D C B be a unital inclusion of finite von Neumann algebras with
a faithful conditional expectation E : B — D. Suppose there is a normal
faithful tracial state p on D such that po E is a trace on B. Let

(3.7) C=Z(B)nD.

Let (M, F') be the free product of infinitely many copies of (B, E') with amal-
gamation over D, as in . Due to the existence of p, by Proposition
M is a finite von Neumann algebra. Let 1 be the center valued trace on M
and let n[p denote its restriction to D. By Theorem the center of M is
C as in (3.7).
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Let a be a permutation of N that has no proper, nonempty, invariant
subsets; thus, a results from the shift on Z after fixing a bijection from N
to Z. Let & be the automorphism of M that permutes the copies of B in the
free product construction according to a.

LEMMA 3.4. We have n =no a.

Proof. Dixmier averaging says that for any x € M, n(z) is the unique
element in the intersection of C and the norm closed convex hull of the
unitary conjugates of x. (See, for example, Section 8.3 of [5].) In symbols,
this is

{n(z)} = C Nconv{uzu* | u € U(M)}.
Since C C D, & leaves every element of C fixed. Thus,
{n(x)} = a({n(x)}) = &(C) N a(conv{uzu* | u € U(M)})
=CnNconv{ud(z)u* |[u e UM)}) = {n(a(z))}. =
LEMMA 3.5. We haven =mno F.
Proof. 1t is well known and not difficult to check that for all x € M, the

ergodic averages
1 n—1
L2 i@
mn
k=0

converge in || - ||2-norm as n — oo, and thus also in strong operator topology,
to F'(x). Because the center valued trace is normal, using Lemma we get

n—1
AF@) = Tm - (6 () = n(a). =
k=0

For a von Neumann algebra N, we let NTS(N) denote the set of normal
tracial states on N.

COROLLARY 3.6. The map

(3.8) T Tonlp
is a bijection from NTS(Z(B) ND) onto
(3.9) {p e NTS(D) | po E is a trace on B}.

Proof. 1t is clear that the map is injective.

We view B as embedded in M by identification of B with any of the
copies arising in the free product construction . Since, by Lemma
n=mnoE =npokE, if r € NTS(C) and p = Ton|p, then po E = 10(nlg) =
(T om)lp is a trace on B. Thus, the map goes into the set .

To see that it is onto, suppose p belongs to the set . Since M is a finite
von Neumann algebra, by a standard theory (see, for example, |5, Theorem
8.3.10]), the map 7 — 7 o7 is a bijection from NTS(C) onto NTS(M). By
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Proposition 2.1], po F' is a normal tracial state on M, so equals 7o for some
7€ NTS(C). Thus, p=po F[p =T on[p, as required. =

4. The conditional expectation onto the tail algebra in an amal-
gamated free product. Some of the main results of [4] depended on the
characterization of quantum symmetric states as arising from amalgamated
free products of C*-algebras in a natural way. In this section, we prove a
related result, which is unsurprising but of a slightly different flavor. We
show, roughly speaking, that if a quantum symmetric state arises from an
amalgamated free product of von Neumann algebras with faithful condi-
tional expectations and states, then the tail algebra is contained in the von
Neumann algebra over which one amalgamates, and the conditional expec-
tation onto the tail algebra is the restriction of the one coming from the
amalgamated free product construction.

Before embarking on the proof, we must review some facts about condi-
tional expectations. The results of [4] about conditional expectations are for
symmetric states, which are more general than quantum symmetric states.
A state ¢ on the universal free product C*-algebra 2l = %{°A is a symmetric
state if it is invariant under the natural action of the permutation group
S on 2 that exchanges the copies of A. We then let M, denote the von
Neumann algebra generated by the image of 2 under the GNS representa-
tion my, of 2 on L?(2,4)), arising from 1, and we let 12) denote the normal
extension of ¢ to My, which is the vector state for the vector of L*(,1))
corresponding to the identity element of 2(. The tail algebra 7y is the von
Neumann subalgebra

To=) W*(U m/,o)\k(A)> C M,
n>1 k>n

where A\ : A — 2 is the embedding onto the kth copy of A in the universal
free product C*-algebra. Note that the action of the permutation group S
on 2 by permuting the embedded copies of A results in a 1-preserving action
of Soo on My,; we let Fy, denote the fixed point subalgebra of this action,
and we always have Ty, C Fy, (see [4, Lemma 5.1.3|).

For most of this paper, we will be interested in the case when 1 is a trace.
In this case, the state @Z on My, since it has faithful GNS representation,
must be faithful. Also, in Proposition [.1] below, though in the interest of
generality we do not assume v is a trace, the assumptions do imply that 1&
is faithful on M. In any case, assuming 12) is faithful on M, Proposition
5.2.4 of [] implies that 7, = Fy and that there is a normal, faithful -
preserving conditional expectation Fy, : My, — Ty. The purpose of the next
result and the remark that follows is to identify Ey and 7, in the case of an
amalgamated free product.
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__ PROPOSITION 4.1. Let D C B be a unital von Neumann subalgebra with
E . B — D a normal, faithful, conditional expectation. Let

(M, F) = (xp)7°(B, E)
be the amalgamated free product of von Neumann algebras. Suppose p is a
normal faithful state on D. Suppose A is a unital C*-algebra and o : A — B
is a unital *-homomorphism. Let 1 = po F o (x1°0) : A = %A — C. By
[, Proposition 3.1], 1 € QSS(A). Then My is canonically identified with
a von Neumann subalgebra of/q with the tail algebra Ty identified with a
subalgebra of D. Moreover, the normal state @ZA) on My, is identified with
the restriction of the state p o F to My, which is faithful, and the normal
conditional expectation Ey : My — Ty is identified with the restriction to

My ofﬁ.

Proof. Note that under the hypotheses, poﬁ is a faithful state on M (by
Ueda’s result [9], as discussed in Section [J] above). Thus, the GNS Hilbert

space L?(2A,v) is a subspace of LQ(M po F), and My is realized as the
strong operator topology closure in M of (x3°0) () with 1 the restriction
to My, of po F. Now, by examining the free product structure of the Hilbert
space LQ(M po F) we see that the fixed point subalgebra F, must lie
in D, and since ¢ is faithful on My, from [4], as discussed above, we have
7:/, = .7'—11, CcD.

We must only show that the conditional expectation Ey : My — Ty
equals the restriction to M, of F'. Since both of these conditional expec-
tations are normal, it will suffice to show their agreement on elements of
7y (2A). For this, we appeal to the construction of the conditional expec-
tation Gy found in [4, Theorem 5.1.10]; since ¢ is faithful on My, this
conditional expectation Gy, coincides with the restriction to my () of Ey.
The *-endomorphism « appearing in the aforementioned construction of Gy,
must, by [4, Lemma 5.1.9|, agree with the normal “shift” x-endomorphism &
of M, that sends the ith copy of B in M to the (i + 1)th copy (and which
is easily seen to exist). Thus (see [4, Theorem 5.1.10]),

Ey(x) = WOT- nhﬁngocy (x)
for all z € my(2A), and by the structure of the free product Hilbert space
L*(M,po F), we conclude Ey(z) = F(x). u

REMARK 4.2. In the situation of the previous proposition, by the meth-
ods of [4, Section 7| (see in particular [4, Theorem 7.3 and Definition 7.1])
the tail algebra of v is equal to the smallest von Neumann subalgebra Dy,



Tracial quantum symmetric states 213

of D that contains
(4.1) F(o(a1)dio(ag) - dp_10(an))

for all a1,...a, € A and all dy,...,d,—1 € Ds. Thus, letting Dy = C1 and
for p > 1 letting D), be the von Neumann algebra generated by all expressions
of the form fora; € Aand dy,...,d,—1 € Dp_1, we see that D, equals
the von Neumann algebra generated by U;O;io D,.

5. The simplex of tracial quantum symmetric states. Let A be
a unital C*-algebra and let TQSS(A) be the compact, convex set of tracial,
quantum symmetric states on A = *7°A. We assume that A has a tracial
state, so that TQSS(A) is nonempty, and we assume that A # C.

The following is Definition 7.5 of [4].

DEFINITION 5.1. For a unital C*-algebra A, let TW(A) be the set of all
equivalence classes of quintuples W = (B, D, E, 0, p) where

(i) Bis a von Neumann algebra,

(ii) D is a unital von Neumann subalgebra of B,

(iii) £ : B — D is a normal, faithful conditional expectation onto D,
(iv) 0 : A — B is a unital *-homomorphism,

(v) o(A) UD generates B as a von Neumann algebra,

(vi) D is the smallest unital von Neumann subalgebra of B that satisfies

(5.1) E(zoo(ay)xy---o(ap)zy,) € D
whenever n € N, zq,...,x, € D and aq,...,a, € A,
(vii) p is a normal faithful tracial state on D, such that po E is a trace
on B,

under the obvious notion of equivalence.

(Naturally, to avoid set-theoretic difficulties, since conditions and
put a bound on the cardinality of B, we may fix a Hilbert space and insist
that B act on this Hilbert space.)

The following is Theorem 7.6 of [4].

THEOREM 5.2. There is a bijection TW(A) — TQSS(A) which to a quin-
tuple (B, D, E, 0, p) associates the quantum symmetric tracial state 1p defined
as follows. One constructs the amalgamated free product von Neumann alge-
bra

(5'2) (MvF) = (*D)(IDO(B’E)

of infinitely many copies of (B, E) and one takes the free product x-homo-
morphism *7°0 : A — M arising from the universal property, sending the ith
copy of A into the ith copy of B. Then 1) = po F o (x{°c). Moreover, D =Ty,



214 Y. Dabrowski et al.

is the tail algebra and M = My, is the von Neumann algebra generated by
the GNS representation of .

The extreme points of TQSS(A) were characterized in [4, Theorem 8.2]
as corresponding to the set of quintuples (B, D, E, 0, p) so that p is extreme
among the set R(E) of tracial states of D so that po E is a trace on B. In
fact, we arrive at a better characterization of the extreme tracial quantum
symmetric states below.

Note that TQSS(A) is a closed convex subset of the tracial state space,
TS(2A), of A. The tracial state space of any C*-algebra is known to be a
Choquet simplex (see, for example, [8, Theorem 3.1.18]) and the extreme
points of it are the tracial states that are factor states.

THEOREM 5.3. TQSS(A) is a Choquet simplex and is a face of TS(2L).
Moreover, for i) € TQSS(A) with corresponding quintuple (B, D, E, 0, p), the
following are equivalent:

(i) v is an extreme point of TQSS(A),
(ii) 9 is an extreme point of TS(A),
(i) DN Z(B) = C1.

Proof. The implication (i)=-(ii), when proved, will imply that TQSS(A)
is a face of TS(2l), and thus a Choquet simplex.

The implication (ii)=-(i) is clearly true.

Let (M, F) be as in (5.2). By Theorem 3.3] condition (iii) is equivalent to
factoriality of M, and this is equivalent to condition (ii). Thus, conditions (ii)
and (iii) are equivalent.

To finish the proof, it will suffice to show (i)=-(iii). If (iii) fails to hold,
then D N Z(B) has a projection p equal to neither 0 nor 1. Let ¢ = p(p).
Since p is faithful, we have 0 < ¢t < 1 and we can write p = tpg + (1 — t)p1,
where

po(z) =t~ p(px),  pr(e) = (1 =) p((1 = p)a).
Since p lies in D N Z(B), we see that py and p; are distinct normal tracial
states on D and that p; o F is a trace on B (¢ = 0,1). Thus, p is not an
extreme point of R(E), and # is not extreme in TQSS(A). =

In Theorem[5.5, we will use multiplicative free Brownian motion (see [2])
to show that every quantum symetric state is a limit of extreme quantum
symmetric states. This will show that TQSS(A) is the Poulsen simplex when
A is separable and not a copy of C.

Multiplicative free Brownian motion is the solution (U;)¢>¢ of the linear
stochastic differential equation

1t ¢ ¢
Up=1- \Usds +\idS,U, = e7"/? + {idS,e”=9)/20,,
0 0 0
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where (S¢)¢>0 is an additive free Brownian motion. Then each U; is unitary
(see [1]) and belongs to the von Neumann algebra W*(S;, ¢ > 0), which is a
copy of L(Fs). We will need the following lemma.

LEMMA 5.4. Let M be a von Neumann algebra with normal, faithful,
tracial state T and suppose N C M 1is a unital von Neumann subalgebra and
(U)i>0 is a multiplicative free Brownian motion that is free from N with
respect to 7. Then for every unital C*-subalgebra A C N with dim(A) > 1
and for every t > 0, we have

(Ut*AUt)/ ON = (C].

Proof. 1f (UfAU;)’ N N is nontrivial, then it contains a projection p ¢
{0,1}. Without loss of generality, we may assume A is a von Neumann
subalgebra of NV, and thus contains a projection ¢ ¢ {0,1}.

From [10, Proposition 9.4 and Remark 8.10], the liberation Fisher infor-
mation satisfies

QO*(Ut*AUt N) < F(Ut) < 00,

for any ¢t > 0, where F' is the Fisher information for unitaries. Thus, from
[10, Remark 9.2(e)|, we have

" (WH(UiqU) : W¥(p)) < ™ (Uf AU : N) < oc.

As a consequence, the assumptions of [0, Lemma 12.5] are satisfied, and
therefore U; qU; and p are in general position, i.e.,

(5.3) UfqUuAp=0 or U(1-—qUyA(1—p)=0,
and
(5.4) U(1=qQUiAp=0 or UqU;N(1—p)=0.

But this is not compatible with the assumption that U;qU; and p commute.
For example, if
UiqUi Ap=Ui (1 = q)Ui Ap =0,
then
0="UiqUwp + U (1 - q)Usp = p,
contrary to hypothesis, and similarly if other cases of and hold. =

THEOREM 5.5. For every unital C*-algebra A with dim(A) > 1, the ex-
treme points of TQSS(A) are dense in TQSS(A). Hence, if A is also sepa-
rable, then TQSS(A) is the Poulsen simplex.

Proof. If A is separable, then the free product algebra 2 is also separable,
and thus TQSS(A) is second countable. By Urysohn’s metrization theorem,
it is metrizable. Once the density of extreme points is shown, it will follow
that TQSS(A) is the Poulsen simplex (see [7]).
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We now show density of extreme points. Let v € TQSS(A) and let
(B,D, E,o,p) be its associated quintuple. We use the notation from the
description at the beginning of this section. In particular, ¢ = po F o (x°0),
and we let 1) = p o F denote the normal extension of 1 to M. Let

(M,7) = (M) % (L(Foo), 7w,
be the free product of M with a copy of L(F«). Then, since (L(F), 77, ) =

*°(L(Foo), Tr, ) = *3°(W* (St t > 0), 1), for the von Neumann algebra of a
free Brownian motion algebra W*(Sy,t > 0) = L(F), letting

(B,n) = (B, po E)* (W*(S;,t > 0),7)

and letting E~: B — D be the composition of the n-preserving conditional
expectation B — B arising from the free product construction with the
conditional expectation FE : B — D, we find that M is isomorphic to the
von Neumann algebra free product with amalgamation,

(5.5) (M, F) = (xp)(B, E),

and the trace 7 arises as p o F.

Letting (U)i>0 be a multiplicative free Brownian motion in W*(S,
t > 0), from the free L> version of the Burkholder-Gundy inequalities [3]
Theorem 3.2.1|, we have the upper bound

; 1/2
66 U1 < (1- )+ 2v3({ U2 as)
0

— (1= e ) 4221 ),

which tends to zero as t — 0.

Let oy : A — B be the sx-homomorphism U;o(-)U;. Then *0; is a
*-homomorphism from 2 into M. By freeness with amalgamation (see [4]
Proposition 3.1]), the state ¢; := po F o (x°0y) = 7 o (¥{°0;) is a quantum
symmetric state.

We will show that for every ¢ > 0, ¢, is an extreme point of TQSS(A).
By Proposition , the tail algebra Ty, of vy is a von Neumann subalgebra
of D, and the conditional expectation E,, onto the tail algebra is the restric-
tion of F. In particular, see Remark for description of generators for D.
Let (By, Dy, Eroy, pt, ) denote the quintuple corresponding to the quantum
symmetric state ;. Then Dy = Ty, € D and B; 2 04(A). By Theorem
showing that 1, is an extreme point of TQSS(A) is equivalent to showing
that Dy N Z(By) is trivial. But Dy N Z(B;) is contained in Dy N (U o (A)U:) .
By Lemma [5.4] the latter set is trivial, and we have proved that i is an
extreme tracial quantum symmetric state.
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From ([5.6)), we deduce that for every x € 2, lim; o+ |¢¢(x) — ¥(x)| =0,
working first with the case of z in the algebraic free product, and passing to
the general case by norm approximation. m

REMARK 5.6. In contrast, the simplices ZQSS(A) and ZTQSS(A) of
central quantum symmetric states and central tracial quantum symmetric
states, respectively (see [4]), are Bauer simplices, meaning that their respec-
tive sets of extreme points are closed. This follows from the proof of [4]
Theorem 9.2| and in particular the fact that the map ¢ — *3°¢ in [4, equa-
tion (35)] is a homeomorphism from S(A) onto the extreme boundary (i.e.,
the set of extreme points) of ZQSS(A) and, by restricting to the tracial state
space, yields a homeomorphism from TS(A) onto the extreme boundary of

ZTQSS(A).
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