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Unitarily invariant norms related to semi-finite factors
by

JUNSHENG FANG (Dalian) and DON HADWIN (Durham, NH)

Abstract. Let M be a semi-finite factor and let J(M) be the set of operators T in
M such that T'= ETFE for some finite projection E. We obtain a representation theorem
for unitarily invariant norms on J(M) in terms of Ky Fan norms. As an application,
we prove that the class of unitarily invariant norms on J (M) coincides with the class of
symmetric gauge norms on a classical abelian algebra, which generalizes von Neumann’s
classical 1940 result on unitarily invariant norms on M, (C). As another application, Ky
Fan’s dominance theorem of 1951 is obtained for semi-finite factors.

1. Introduction. F.J. Murray and J. von Neumann [12| 13} 14}, 21, 22]
introduced and studied certain algebras of Hilbert space operators. Those
algebras are now called “von Neumann algebras.” They are strong-operator
closed self-adjoint subalgebras of all bounded linear transformations on a
Hilbert space. Factors are von Neumann algebras whose centers consist of
scalar multiples of the identity operator. Every von Neumann algebra on a
separable Hilbert space is a direct sum (or “direct integral”) of factors. Thus
factors are the building blocks for general von Neumann algebras. Murray
and von Neumann [12] classified factors into type I,,, Ioo, IT1, 11, IIT factors.
Type I,, and I, factors are full matrix algebras: M,,(C) and B(H). Type I,
and II; factors are called finite factors. There is a unique faithful normal
tracial state on a finite factor. Factors except type III factors are called semi-
finite factors. A semi-finite factor admits a faithful normal tracial weight.

The unitarily invariant norms on type L, factors were introduced by von
Neumann [23] for the purpose of metrizing matrix spaces. Von Neumann,
together with his associates, established that the class of unitarily invariant
norms on type I,, factors coincides with the class of symmetric gauge norms
on C". These norms have now been variously generalized and utilized in
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several contexts. For example, Schatten [16], [17] defined unitarily invariant
norms on two-sided ideals of completely continuous operators in type I
factors; Ky Fan [6] studied Ky Fan norms and obtained his dominance the-
orem. For historical perspectives and surveys of unitarily invariant norms,
see [7, [T, (16, [17, (R, [19].

In [3], a structure theorem for unitarily invariant norms on finite factors is
obtained. The main purpose of this paper is to set up a structure theorem for
unitarily invariant norms related to semi-finite factors, which has a number
of applications. Notably, even for B(#), this structure theorem is new!

In this paper, a semi-finite von Neumann algebra (M, T) means a von
Neumann algebra M with a faithful normal tracial weight 7, and a Hilbert
space ‘H means the separable infinite-dimensional complex Hilbert space.
If (M,7) is a finite von Neumann algebra, we assume that 7(1) = 1. If
M = B(H), we assume that 7 = Tr, the classical tracial weight on B(H).
This paper is organized as follows.

In Section 2, we collect some basic facts on the s-numbers of operators
in a semi-finite von Neumann algebra (M, 7).

In Section 3, we study various norms related to a semi-finite von Neu-
mann algebra (M, 7). Let J(M) be the set of operators 7" in M such that
T = ETE for some finite projection E. Then J(M) is a hereditary self-
adjoint two-sided ideal of M. If M is a finite von Neumann algebra, then
JM) = M. If M = B(H), we simply write J(H) instead of J(B(H)).
Note that J(H) is the set of bounded linear operators 7" on H such that
both T" and T™ are finite rank operators.

A wnitarily invariant norm || - || on J (M) is a norm on J (M) satisfying
NUTV|| = ||T| for all T € J(M) and unitary operators U,V in M. For
a semi-finite von Neumann algebra (M, 1), let Aut(M,7) be the set of
s-automorphisms of M preserving 7. A symmetric gauge norm | - | on
J (M) is a norm on J (M) such that |T|| = || |7 | (gauge invariant) and
()| = IT|| (symmetric) for all operators T' € J (M) and 6 € Aut(M, 7).
A norm || - || on J(M) is normalized if |E|| = 1 for a projection E in M
such that 7(E) = 1. We will reserve the notation || - || for the operator norm
on a von Neumann algebra.

In Section 4, we define and study the normalized Ky Fan norms related
to semi-finite von Neumann algebras. To illustrate difficulties one may en-
counter in studying the unitarily invariant norms related to infinite factors,
we point out one example here. The following result plays a key role in the
study of unitarily invariant norms on finite factors: if || - || is a normalized
unitarily invariant norm on a finite factor (M, 7), then

1Tl < T < |17
for all T' € M, where | T||1 = 7(|T|) (see [3, Corollary 3.31]). However, the
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above result is not true for infinite factors (see Proposition [4.6).

In Section 5, we study the dual norms of symmetric gauge norms on
J(M). Let (M, 1) be a semi-finite von Neumann algebra and let || - || be a
norm on J(M). For T € J (M), define

ITI* = sup{|7(TX)| : X € 7(M), | X] < 1}.

In that section, we also compute the dual norms of Ky Fan norms and prove
that || - [|## = || - | under very general conditions.

A representation theorem (Theorem for symmetric gauge norms on
J (M) is set up in Section 6; it is the main result of this paper. In Section 7,
we apply the representation theorem to two special cases: factors and abelian
von Neumann algebras. In the remaining sections, we give some applications
of the representation theorem.

In Section 8, we prove that there is a one-to-one correspondence between
unitarily invariant norms on J (M) for a semi-finite factor M and symmetric
gauge norms on J (A) for a classical abelian von Neumann algebra A, which
generalizes von Neumann’s classical result [23] on unitarily invariant norms
on type I,, factors. Furthermore, we establish the one-to-one correspondence
between the dual norms on J(M) for a semi-finite factor M and the dual
norms on J (A), which plays a key role in the study of duality and reflexivity
of the completion of J (M) with respect to unitarily invariant norms. As a
quick application, a very simple proof of Ky Fan’s dominance theorem for
general semi-finite factors is given in Section 9.

For the theory of von Neumann algebras we refer to [2] [10].

In our paper [3] on tracial gauge norms, we mistakenly failed to con-
sider, for a tracial gauge «, the case in which the a-closure L*(M,7) is
not the same as the set £L%(M, 1) of elements A in the measure-closure of
M with a(A) < oo (we refer to [I] for the definitions of L*(M, 1) and
L¥ (M, 7)). This led to incorrect results on dual spaces and reflexivity (The-
orems H and I in [3]). Nothing else in that paper was affected by this er-
ror. Recently, Yanni Chen [Il, Section 11] proved the correct versions. She
called a symmetric gauge norm « strongly continuous if it is continuous and
LY(M,T) = L% M, ). She proved that if « is continuous, then the dual
space of L*(M, 1) is £ (M, 7), and she demonstrated that L*(M, ) is re-
flexive if and only if both a and o' are strongly continuous. She also proved
that if «v is continuous, then L*(M, 1) = L*(M, 1) if and only if L*(M, 1)
is weakly sequentially complete.

2. Preliminaries

2.1. Nonincreasing rearrangements of functions. Throughout this
paper, we denote by m the Lebesgue measure on [0,00). In the following,
a measurable function and a measurable set mean a Lebesgue measurable
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function and a Lebesgue measurable set, respectively. Let f be a real mea-
surable function on [0,00). The nonincreasing rearrangement, f*, of f is
defined by

(2.1) ff(z) =sup{y : m{f >y}) >z}, 0<z<o0.

We summarize some well-known properties of f* in the following proposi-
tion [l 20].

ProrposiTiON 2.1. Let f,g, f1, f2,... be real measurable functions on
[0,00), and ¢ be a real number. Then

(1) f*is a nonincreasing, right-continuous function on [0, 00) such that
f*(0) = esssup f(z);

(f+o) =f"+¢

() = cf* ife>0;

if f is a simple function, then so is f*;

2)
|
; if f(z) < g(x) for almost all x, then f*(x) < g*(z) everywhere;
)

1f* = g*lloo < If = glloos
if imy, oo fr(z) = f(x) uniformly, then lim, o fi(x) = f*(x)
uniformly;
(8) if fn converges to f in measure, then liminf, . f(z) > f*(x) for
every x € [0,00);
(9) if fn converges to f in measure, then limsup,,_, . fi(x) < f*(z) for
every x € [0,00) such that f* is continuous at x;
(10) f and f* are equi-measurable, i.e., for any real y, m({f > y}) =
m({f* > v));
(11) f* =g* if and only f and g are equi-measurable;
(12) if f and g are bounded functions and §;° f(x)" dx = {3~ g(z)™ dx for
alln=0,1,2,..., then f* = g*;
(13) §;° f(2) dx = f*(x) du when either integral is well-defined;

(14) if f, g are nonnegative measurable functions on [a,b] and f*,g* are

(
(3
(4
(5
(6
(7

their respective nonincreasing rearrangements, then SZ f(x)g(x)dx
b
< f*(@)g"(x) da.

2.2. s-numbers of operators in type Il factors. In [5], Fack
and Kosaki give a rather complete exposition of generalized s-numbers of
T-measurable operators affiliated with semi-finite von Neumann algebras.
For the reader’s convenience and our purpose, in this section we provide
sufficient details on s-numbers of bounded operators in semi-finite von Neu-
mann algebras. We will define the s-numbers using nonincreasing rearrange-
ments, which is implicit in [5]. Recall that a von Neumann algebra A is called
diffuse if there is no nonzero minimal projection in A.
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LEMMA 2.2. Let (A, T) be a separable (i.e., with separable predual) dif-
fuse abelian von Neumann algebra with a faithful normal tracial weight T on

A such that (1) = co. Then there is a x-isomorphism « from (A, T) onto
(L]0, 00), §;” dx) such that 7 = {° dzx - .

Proof. Choose a sequence {E,}> ; of mutually orthogonal projections
in A such that Y 7 | E, = 1 and 7(E,) = 1 for all n. By [3, Lemma 2.6],
there is a *-isomorphism «, from E,AE, onto L*([n,n + 1]) such that
T(E TEy,) = "™ 0 (B, TE,)(x) da for all T € A. For T € A, define

a(T) =) an(E TE).
n=1

Then « is as desired. =

Let M be a type Il factor and let 7 be a faithful normal trace on M.
For T' € M, there is a separable diffuse abelian von Neumann subalgebra A
of M containing |T|. By Lemmal[2.2] there is a *-isomorphism « from (A, )
onto (L*°[0,00), {° dz) such that 7 = " dz - o. Let f = «(|T]) and let f*
be the nonincreasing rearrangement of f (see (2.1])). Then the s-numbers
of T, us(T), are defined as

us(T) = f*(s), 0<s<o0.
LEMMA 2.3. us(T') does not depend on A or «.

Proof. Let A; be another separable diffuse abelian von Neumann subal-
gebra of M containing |T'| and suppose 3 is a #-isomorphism from .A; onto
L>°[0,00) such that 7 = {"dz - 8. Let g = B(|T|). For n = 0,1,2,..., we
have §° f(x)" dz = 7(|T|") = {;” g(x)" dz. Since both f and g are bounded
positive functions, by Proposition[2.1[12), f*(z) = ¢g*(z) for all z € [0,00). =

COROLLARY 2.4. For T € M andp >0, 7(|TP) = §° pus(T)Pds.

LEMMA 2.5. Let E, F be two projections in M. If 7(E+) < 7(F1) < oo,
then 7(E A F+) > 0.
Proof. By [10, Vol. 1, p. 119, Proposition 2.5.14], R(F+E+) = F+ —
E A Ft, where R(F-E"1) is the range projection of F-E'. Therefore,
T(EAFY) =7(FY) —7(R(F*EY) > 7(F) — 7(E) > 0. =
Let P(M) be the set of projections in M. The following lemma says that

the above definition of s-numbers coincides with the definition of s-numbers
given by Fack and Kosaki.

LEMMA 2.6. Let M be a type Il factor and T be a faithful normal trace
on M. For 0 <s < o0,

ps(T) = inf{||TE|| : E € P(M), 7(Et) = s}.
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Proof. By polar decomposition and the definition of us(7"), we may as-
sume that T is positive. Let A be a separable diffuse abelian von Neumann
subalgebra of M containing T' and let o be a *-isomorphism from A onto
L>°[0,00) such that 7 = {;° dx - a. Let f = o(T) and let f* be the nonin-
creasing rearrangement of f. Then ug(7T) = f*(s). By the definition of f*,

m({J* > ps(T)}) = lim m({f* > s(T) + i}) <s

n—o0

and

m({f* > ps(T)}) > lim m<{f > p(T) - ;}) >

n—oo

Since f* and f are equi-measurable, we have m({f > us(T)}) < s and
m({f > us(T)}) > s. Therefore, there is a measurable set A of [0, 00) with
{f > us(T)} € [0,00)\ A C {f > us(T)} such that m([0,00) \ A) = s and
IfxAlloo = ps(T) and || fxBllco > ps(T) for every B C [0,00) \ A such that
m(B) > 0. Let F = a~}(xa). Then 7(FL) = 5, |TF|| = o~ (fxa)loo =
ps(T) and | TF'|| > us(T) for any nonzero subprojection F’ of F-*. This
proves that

ps(T) > inf{||TE|| : E € P(M), 7(Et) = s}.

Similarly, for any € > 0, there is a projection F, € M such that 7(F*) =
s+ € ||TF| = ps+e(T) and ||TF'|| > pste(T) for any nonzero subprojec-
tion I’ of F-. Suppose E € M is a projection such that 7(E+) = s. By
Lemma 2.5, 7(E A F2-) > 0. Hence, ||TE| > |T(E A FL)|| > psse(T). This
proves that inf{||TE|| : E € P(M), 7(E+) = s} > psic(T). Since us(T) is
right-continuous,

ns(T) < inf{||TE| : E€ P(M), 7(E+) = 5}. u

COROLLARY 2.7. Let S,T € M. Then

1o(ST) < ISls(T)  for s € [0,00).

We refer to [4, [5] for other interesting properties of s-numbers for oper-
ators in type Il factors.

2.3. s-numbers of operators in semi-finite von Neumann alge-
bras. An embedding of a semi-finite von Neumann algebra (M, 7) into an-
other semi-finite von Neumann algebra (M, 71) is a *-isomorphism « from
M to M such that 7 = 71 - a. Every semi-finite von Neumann algebra can
be embedded into a type Il factor.

DEFINITION 2.8. Let (M, 7) be a semi-finite von Neumann algebra and
T € M. If « is an embedding of (M, 7) into a type Il factor (Mj, 1),
then the s-numbers of T are defined as

ps(T) = ps(a(T)), 0 <s <oo.
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Similar to the proof of Lemma [2.3] we can see that p5(7T) is well defined,
i.e., does not depend on the choice of o or Mj.

Let T' € (B(H), Tr) be a finite rank operator, where H is the separable
infinite-dimensional complex Hilbert space and Tr is the classical tracial
weight on B(#). Then |T'| is unitarily equivalent to a diagonal operator
with diagonal elements s1(7T") > so(T) > --- > 0. In the classical operator
theory [7], s1(T'), s2(T"), ... are also called the s-numbers of T'. It is easy to
see that the relation between us(7T) and s1(7T), s2(T),. .. is the following:

(2.2) s (T) = s1(T)xp0,1)(5) + s2(T)xp,2)(8) + -+ -
Since no confusion will arise, we will use both s-numbers for a finite rank
operator in (B(#),Tr). We refer to [5, [7] for properties of s-numbers for
finite rank operators in (B(#), Tr).

We end this section with the following definition.

DEFINITION 2.9. Two positive operators S,7T in a semi-finite von Neu-
mann algebra (M, 1) are equi-measurable if ps(S) = pus(T") for 0 < s < 0.

By Proposition (12) and Corollary positive operators S and T in
a semi-finite von Neumann algebra (M, 7) are equi-measurable if and only
if 7(S™") =7(T") foralln=0,1,2,....

3. Semi-norms on J(M). In this section, (M, ) is a semi-finite von
Neumann algebra with a faithful normal tracial weight 7. Recall that J (M)
is the set of operators T" in M such that T' = ETE for some finite projection
E. If M = B(H), we simply write J(#) instead of J(B(H)). Note that
J(H) is the set of bounded linear operators 7' on H such that both 7" and
T* are finite rank operators.

3.1. Gauge invariant semi-norms on J (M)

DEFINITION 3.1. Let (M, 1) be a semi-finite von Neumann algebra.
A semi-norm || - || on J(M) is gauge invariant if ||T| = || |T|| for all
T e JM). A semi-norm | - || on J(M) is called left unitarily invariant if
IUT| = Tl for all unitary operators U in M and all T in J(M).

LEMMA 3.2. Let (M, T) be a semi-finite von Neumann algebra and let
I - I be a left unitarily invariant semi-norm on J(M). If T € J(M) and
A e M, then AT € J(M) and | AT|| < [|A] - I

Proof. Note that by [10, Theorem 6.8.3], AT € J(M) if T € J(M) and
A € M. We need to prove that if || A|| < 1, then ||AT|| < ||T||. Since ||A|| < 1,
there are unitary operators Uq,...,U; such that A = %(Ul + -+ Ug)

(see [9] 15]). Since || - || is a left unitarily invariant semi-norm on J (M),
1 U\T|| + - + |U:T
JAT] = H’kwlﬂ ot U’“T)H < WTl - MOT gy
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LEMMA 3.3. Let (M, 1) be a semi-finite von Neumann algebra and let
I - || be a semi-norm on J(M). Then || - | is gauge invariant if and only if
Il - |l is left unitarily invariant.

Proof. Note that |UT| = |T'| for all T' € J (M) and unitary operators U
in M. If || - || is gauge invariant then |- || is left unitarily invariant. Conversely,

suppose || - || is left unitarily invariant. By Lemma Il = IVIT| <
T and [T = VT < | T]- Hence, || - || is gauge invariant.

COROLLARY 3.4. Let (M, T) be a semi-finite von Neumann algebra and
let || - || be a gauge invariant semi-norm on J(M). If T € J(M) and
0<S<T, then S € J(M) and |S| < |-

Proof. Since 0 < S < T, there is an operator A € M such that S = AT
and ||A|| < 1. By Lemmas and S e JM) and ||S] = ||AT| <
[A[- T < 1T

3.2. Unitarily invariant semi-norms on 7 (M)

DEFINITION 3.5. Let (M, 7) be a semi-finite von Neumann algebra.
A semi-norm || - || on J(M) is unitarily invariant if |[UTV| = ||T| for
all T' e J(M) and unitary operators U,V € M.

PROPOSITION 3.6. Let ||-|| be a semi-norm on J(M). Then the following
statements are equivalent:

(L) || - I is unitarily invariant;

(2) || - I is gauge invariant and wunitarily conjugate invariant, i.e.,
NWUTU*|| = |T| for all T € J(M) and unitary operators U € M;

(3) I - Il is gauge invariant and |T|| = |T*| for all T € J(M);

@) [ATB|| < AW - Bl for all A,B € M and T € J(M).

Proof. (1)=(4) is similar to the proof of Lemma

(4)=(3). Let T = V|T|. Then T* = |T|V*. By (4) and simple arguments,
I = 7.

(3)=(2). By Lemmal[3.3|and (3), we have |UTU*|| = |TU*|| = |UT*| =
I = 17

(2)=(1). Suppose | - || is gauge invariant and unitarily conjugate invari-
ant. Let U,V € M be unitary operators and 7' € J(M). By Lemma
0TV = [[VvUTv] = [VUT| = |T]. =

COROLLARY 3.7. Let || - || be a unitarily invariant semi-norm on J (M)
and let E, F be two equivalent projections in J(M). Then || E| = | F||.

3.3. Symmetric gauge semi-norms on J (M)

DEFINITION 3.8. Let (M, 7) be a semi-finite von Neumann algebra and
let Aut(M, 1) be the set of *-automorphisms on M preserving 7. A semi-
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norm || - || on J(M) is called symmetric (with respect to 7) if
1o =17l VT € T(M), 0 € Aut(M, 7);
a semi-norm || - || on J(M) is called a symmetric gauge semi-norm if it is

both symmetric and gauge invariant on J(M).

EXAMPLE 3.9. The abelian von Neumann algebra C" is a finite von
Neumann algebra with the classical tracial state 7((x1,...,2,)) = (1 +
-+« + xy)/n. In this case, J(C") = C". A norm || - || on C" is a symmetric
gauge norm if and only if for every (z1,...,2,) € C",

o lI(z1, .., z2)ll = Izl - - s [2zn])]| and .
o [[(z1,...,xn)l = l(*z),---sTrm))ll for every permutation 7 of

{1,...,n}.

EXAMPLE 3.10. The abelian von Neumann algebra [*°(N) is a semi-finite
von Neumann algebra with the classical tracial weight 7((x1,x2,...)) =
x1+ xo + -+ -. It is easy to see that J(I°°(N)) = oo consists of (x1,z2,...)
with z, = 0 except for finitely many n. A norm || - || on J(I*°(N)) is a
symmetric gauge norm if and only if for every (z1,z2,...) € oo,

o [I(z1, 2, .. )l = (1], |22, .. )l and

o [[(z1,z2,.. )l = (zr1), Tr(2), - - )| for every permutation 7 of N.

EXAMPLE 3.11. The abelian von Neumann algebra L°°[0, 1] is a finite
von Neumann algebra with the classical tracial state 7 = S(l) dz. In this case
J(L*>[0,1]) = L*°[0,1]. A norm |- || on L*°[0, 1] is a symmetric gauge norm
if and only if for every f € L]0, 1],

o 7= I/l and

o |Ifll = 1If o @| for every invertible measure preserving map ¢ of [0, 1].

EXAMPLE 3.12. The abelian von Neumann algebra L]0, c0) is a semi-
finite von Neumann algebra with the classical tracial weight 7 = Sgo dx.
A norm || - || on J(L*°[0,00)) is a symmetric gauge norm if and only if for
every f € J(L%[0,00)),

o 7= /11 and

o |Ifll = Ilf o @] for every invertible measure preserving map ¢ of [0, 00).
The following lemma follows from Proposition |3.6

LEMMA 3.13. Let (M, T) be a semi-finite von Neumann algebra and let
I - Il be a symmetric gauge semi-norm on J(M). Then || - || is a unitarily
invariant semi-norm on J(M).

3.4. Symmetric gauge norms on (Mg, 7g). In this paper we are
interested in symmetric gauge semi-norms on J (M), where (M, 7) is one
of the following semi-finite von Neumann algebras:
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M = B(H) and 7 = Tr on B(H), where H is the separable infinite-
dimensional complex Hilbert space;

M =1*°(N) and 7((z1,22,...)) =x1+ T2+ +;

M is a type Il factor and 7 is a faithful normal tracial weight on M;
e M =1L>[0,00) and 7 = {° du.

Note that in each case, Aut(M,7) acts on M strongly ergodically in the
following sense: for two projections E and F' in M with 7(E) < 7(F'), there
is a 0 € Aut(M, 1) such that §(F) < F. Furthermore, if || - || is a symmetric
gauge semi-norm on J (M), then ||E|| = || F||. A symmetric gauge semi-norm
I -]l on J (M) is called a normalized symmetric gauge semi-norm if ||E| = 1
whenever 7(E) = 1.

Let (M, ) be one of the above semi-finite von Neumann algebras. For
every (nonzero) finite projection E in M, let

Mg =EME and 7g(ETE)= T(ig)E)

Then (Mg, 7g) is a finite von Neumann algebra satisfying the weak Dizmier
property (see [3, Definition 3.22]), i.e., for every positive operator T' € Mg,
7E(T)E is in the operator norm closure of the convex hull of {S € Mg :
S and T' are equi-measurable}. So in the following sections we will always
assume that (M, 1) satisfies the following conditions:

A. (M,7) is a semi-finite von Neumann algebra such that Aut(M, )
acts on M strongly ergodically;

B. for every nonzero finite projection E in M, (Mg, 7g) is a finite von
Neumann algebra satisfying the weak Dixmier property.

With the above assumptions, it is easy to show that if E is a finite
projection of M, then Aut(Mpg, 7g) acts on Mg ergodically.

A simple operator in a semi-finite von Neumann algebra (M, 1) is an
operator T'=a1F1 + - - -+ ap By, where Eq, ..., E, are mutually orthogonal
projections.

LEMMA 3.14. Let (M, T) be a semi-finite von Neumann algebra satis-
fying conditions A and B and let || - | be a symmetric gauge semi-norm
on J(M). If E € M is a finite projection, then the restriction of || - || to
(Mpg,TE) is also a symmetric gauge semi-norm on (Mg, Tg).

Proof. 1t is obvious that the restriction of ||-|| to (Mg, 7g) is also a gauge
semi-norm on (Mg, 7). Let € Aut(Mpg, 7g). Define ||S|2 = [|6(S)]| for
S € Mg. We need to prove |- || = | - |2 on MEg.

Let T = a1E1 + - - - + anE, be a simple positive operator in Mg, where
E,+---+ E, = E. Then 0(T) = a10(E1) + -+ + a,0(E,). Since 0 €
Aut(Mpg,1g), we have 7(E)) = 7(0(Ey)) for 1 < k < n. By assumption,
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Aut(M, 1) acts on M ergodically. Therefore, there is a 8/ € Aut(M, ) such
that 0'(Fy) = 6(Fy) for 1 < k < n. Hence, ¢'(T) = 6(T). Since || - || is a
symmetric gauge semi-norm on J(M), |T] = 6/(T)] = I6(T)]| = ITlz. By
[3, Corollary 3.6], |-l = || |l2 on (MEg, 7). This implies that the restriction
of || - || to (Mg, 7g) is also a symmetric gauge semi-norm on (Mg, 7g). =

The following lemma is [3, Theorem 3.27].

LEMMA 3.15. Let N be a finite von Neumann algebra with a faithful
normal tracial state Ty. Then N has the weak Dizmier property if and only
if N satisfies one of the following conditions:

(1) N is finite-dimensional (hence atomic) and for any two nonzero min-
imal projections E,F € N, 7(E) = 7(F), or equivalently (N, 7x)
can be identified as a von Neumann subalgebra of (M, (C),,) that
contains all diagonal matrices;

(2) N is diffuse.

COROLLARY 3.16. Let (M, 1) be a semi-finite von Neumann algebra sat-
isfying conditions A and B and let || - | be a normalized symmetric gauge
semi-norm on M. If F' is a finite projection in M such that 7(F) > 1, then
I1£] = 1.

Proof. Let E1 € M be a finite projection such that 7(E;) = 1 and
IE1]| = 1. There exists a finite projection E € M such that F1, F < E. By
Lemma [3.14] the restriction of || - || to (Mg, 7g) is also a symmetric gauge
semi-norm on (Mg, 7g). Since M g has the weak Dixmier property, there is a
projection F} € Mpg such that F; < F and 7(F}) =1 by Lemma Since
Aut(Mpg, 7g) acts on Mg ergodically, ||F1|| = ||E1]| = 1. By Corollary
IE] = [1F2f = 1. -

COROLLARY 3.17. Let (M, T) be a semi-finite von Neumann algebra
satisfying conditions A and B. If || - || is a normalized symmetric gauge
semi-norm on J (M), then || - || is a symmetric gauge norm on J(M).

Proof. Let T € J(M). Then there is a finite projection E in M such that
T = ETE € (Mg, 7). We may assume that 7(E) > 1. By Lemma the
restriction of ||-|| to (Mg, 7g) is also a symmetric gauge semi-norm. If T' 2 0,
then by [3, Theorem 3.30] and Corollary I > 7=(IT]) - || E|| > 0. So

Il || is a symmetric gauge norm on J(M). =

LEMMA 3.18. Let (M, 7) be a semi-finite von Neumann algebra satisfy-
ing conditions A and B. Suppose || - |1 and || - |2 are two symmetric gauge
norms on J(M). Then || - [li = |- 2 on T (M) of [[T[ly = T2 for every
simple positive operator T in J(M) such that T = a1Ey + --- 4+ anE, and
T(EY) = =7(Ey).
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Proof. Suppose |T'||1 = ||T||2 for every simple operator T"in J(M). Let
S € J(M). Then there is a finite projection E in M such that S = ESE
€ Mpg. By Lemma the restrictions of || - |1 and || - [|l2 to (Mg, TE) are

symmetric gauge norms. Since ||T'[|; = ||T||2 for every simple operator 1" in
Mpg such that T'= a1 E1 4+ - -+ an B, and 7(Eq) = -+ - = 7(E,), we conclude
that || - [l1 = || - [l2 by [3} Corollary 4.6]. =

PROPOSITION 3.19. Let (M, 1) be a semi-finite factor and let | - || be a
norm on J(M). Then the following conditions are equivalent:

(L) |- Il s a symmetric gauge norm;

(2) I -l is a unitarily invariant norm.

Proof. (1)=(2) is obvious. We only prove (2)=-(1). We need to prove
that for every positive operator T'€ J (M) and 0 € Aut(M, 1), [|0(T)]| =T

Let S = 6(T). Then S € J(M), so there is a finite projection E in M
such that ST € Mpg. By the spectral decomposition theorem, there is a
sequence of simple positive operators T,, € Mg such that S,, = 6(1,,) € Mg
and limy, o0 |7, — T|| = limp— 00 ||Sn — S| = 0. By Lemma

IT =Tall < T = Toll - £ and 1S = Sull < [IS = Sl - [ £]-
Hence, limy, o0 |7 — T3 || = limp—00 ||S — Snf| = 0. We need only prove
Il = ISall foralln=1,2, ...

Suppose T, = a1 E1 + -+ + amEp. Then S, = 0(T),) = a1 Fy + - - + am F,
where 0(E)) = Fy, for 1 < k < m. Since 0 € Aut(M, 1), 7(E)) = 7(F}) for
1 <k < m. Since M is a factor, there is a unitary operator U € M such that
Ey =UF,U* for 1 <k < m. Therefore, S,, = UT,,U* and ||T,| = ||S.||- =

3.5. Semi-norms associated to von Neumann algebras

DEFINITION 3.20. Let M be a von Neumann algebra (not necessarily
semi-finite). A (generalized) semi-norm associated to M is a map | - || from
M to [0, 00| satisfying the following properties:

o IAT] = IA[- 7],
o IS+TI<I[SI+ 17T

for all S,T € M and A € C. To make the definition nontrivial, we always
assume that 0 < ||T']| < oo for some nonzero T' € M.

Let Z = {T € M : |T| < oo}. Then Z is called the domain of the

semi-norm || - ||.

DEFINITION 3.21. Let (M, 7) be a semi-finite von Neumann algebra.
A semi-norm || || associated to M is called gauge invariant if for all T' € M,
ITI = IT]|l; & semi-norm | - || associated to M is wnitarily invariant if
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IUTV| = |T| for all T" € M and unitary operators U,V € M; a semi-
norm || - || associated to a semi-finite von Neumann algebra (M, 7) is called
symmetric if

16O =T,  vT' € M, 6 € Aut(M, 7);

a semi-norm [|-|| associated to (M, 7) is called a symmetric gauge semi-norm
if it is both symmetric and gauge invariant.

Similar to the proof of Proposition[3.6], we can prove the following propo-
sition.

PROPOSITION 3.22. Let || - || be a semi-norm associated to M. Then the
following statements are equivalent:
(1) || - | is unitarily invariant;
(2) |IIl #s gauge invariant and unitarily conjugate invariant, i.e., |[UTU*||
= |T|| for all T € M and unitary operators U € M;
(3) Il - | is gauge invariant and |T|| = | T*| for all T € M;

(4) for all operators T, A, B € M, [|ATB|| < [|A[| - |T]| - | B]-

COROLLARY 3.23. Let ||-|| be a semi-norm associated to M. If S, T € M
and 0 < S < T, then ||S|| < |7

COROLLARY 3.24. Let ||-|| be a unitarily invariant semi-norm associated
to M and let E, F be two equivalent projections in M. Then |E| = || F|.

LEMMA 3.25. Let || - || be a unitarily invariant semi-norm associated to
M and let T € M be a nonzero element such that ||T|| < co. Then there is
a nonzero projection E in M such that || E| < oo.

Proof. Since || - || is unitarily invariant, we may assume 7' > 0. By the
spectral decomposition theorem, there exist a A > 0 and a nonzero projec-
tion E in M such that "> AE. By Corollary IE| < occ. m

The following theorem shows that, up to a scale a > 0, the operator

norm || - || is the unique unitarily invariant semi-norm associated to a type
I1I factor.
THEOREM 3.26. Let M be a type 111 factor and let || - || be a unitarily

invariant semi-norm associated to M. Then there exists a > 0 such that
I =all -1, ie, |7 = allT|| for all T € M.

Proof. By Lemma there is a nonzero projection E in M such that
IE| < oo.If |E| = 0, then ||1]| = 0 by Corollary By Proposition [3.22]
for every T in M, ||T|| < ||IT|| - 11|l = 0. In our definition of semi-norm, we
assume that | 7] > 0 for some 7" € M. Hence ||E|| # 0 for some projection
E in M. We may assume that ||E|| = 1. By Corollary IF| = 1 for
every nonzero projection in M. In particular, ||1]| = 1. By Proposition
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for every T in M,
Il < 1771 el = 117
On the other hand, let 7' € M be a positive operator and € > 0. By the

spectral decomposition theorem, there is a nonzero projection F' in M such
that T'> (||T|| — €)F. By Corollary

171 = (T =) - WEN = T = e.

This proves that | T'|| = ||| for every positive operator T"in M and therefore
for every T in M. =

We end this section with the following lemma.

LEMMA 3.27. Let (M, 1) be a semi-finite von Neumann algebra such that
Aut(M, 1) acts on M strongly ergodically. If ||-| is a normalized symmetric
gauge semi-norm associated to M with domain Z, then T 2 J(M) and || - ||
is a normalized symmetric gauge semi-norm on J(M).

Proof. Let E be a finite projection in M such that 7(E) = 1. Then
IE|l = 1. Suppose that F' is a finite projection in M such that n < 7(F) <
n+ 1. Since 7(E) < 7(F') and Aut(M, 1) acts on M strongly ergodically,
there is a 6; € Aut(M,7) such that 6,(F) < F. Let Ey, = 61(F) < F. If
T(F—E1) > 7(E), then there is a f2 € Aut(M, 1) such that 02(F) < F—Ej.
Let Fy = 03(F) < F — E;. Then E; + E; < F. By induction, there are
mutually orthogonal finite projections F, ..., F, in M with 7(E;) = --- =
7(Fp) = 1 such that £y +---+ E, < F. Let B,y = F - FE; —--- — E,.
Now 7(F — Ey — --- — E,) < 7(FE). So there is a § € Aut(M,7) such
that 8(F,s1) < E. By Corollary B23, [ Ensrll = I0(Ews1)| < IE] = 1.
Therefore,

IE| <|Ei+- + Epa]| <n+1

So every finite projection is in Z. Hence Z 2 J(M). =

4. Ky Fan norms associated to semi-finite von Neumann al-
gebras. Let (M, 7) be a semi-finite von Neumann subalgebra of a type
I factor (Mj,71) and let 0 < ¢ < co. For T' € M, define ||T|;), the Ky
Fan t-th norm of T, by

||T”7 t=0,
t

1
“Npuo(T)ds, 0<t<1,

ITll¢ey = tt 0

S,us(T)ds, 1 <t<oo.
0

Let U(M) be the set of unitary operators in M, and P(M) be the set
of projections in M.
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LEMMA 4.1. For0 <t <1,
t|||T|H(t) =sup{|n(UTE)|: U e U(M;1), E € P(My), 11(FE) = t}.

Proof. First we assume that T is a positive operator. Let A be a sep-
arable diffuse abelian von Neumann subalgebra of M containing T and
let a be a x-isomorphism from (A, 71) onto (L°[0,00), {;* dz) such that
T = 880 dx-a. Let f = «(T) and let f* be the nonincreasing rearrangement
of f. Then us(T) = f*(s). By the definition of f* (see (2.1)),

(s> 20 = ({7 > 0+ 1) <o
" e rons ({0 -11) =

Since f* and f are equi-measurable, we have m({f > f*(t)}) < t and
m({f > f*(t)}) > t. Therefore, there is a measurable subset A of [0, c0) with
{f>ft)} cAcC{f > f*(t)} such that m(A) = t. Since f and f* are equi-
measurable, we have {, f(s)ds = Sé f*(s)ds. Let E' = a~!(xa). Then
7 (E") =t and
t
R (TE) = | f(s)ds = | £*(s)ds = t]Tll
A 0

Hence,
t”]T\H(t) <sup{|n(UTE)|:U e U(M;),E € P(My), 1 (E) = t}.

We need to prove that if F is a projection in M; with 71(E) = t, and
U € U(M,), then
TNy = Im(UTE)|.

By the Schwarz inequality,
i (UTE)| = |n(EUTY*T'2E)| < (U EUT) 1 (ET)Y2.

By Corollary n(ET) = S(l) ps(ET) ds. By Corollary us(ET) <
min{us(T), us(E)||T||}. Note that ps(E) = 0 for s > 7 (F) = t. Hence,
n(ET) < S(t) ws(T)ds =t||T|¢. Similarly, 7 (U*EUT) <t|T||¢. So | (UTE)]
< t||T||¢- This proves that

tIT )¢y = sup{|n(UTE)|: U € U(My), E € P(My), 11(E) = t}.

Now we prove the general case. By the polar decomposition theorem,
there is an isometry or a co-isometry V' in M; such that T'= V|T'|.

We first show that if V' is an isometry in Mj, then there is a sequence
of unitary operators U,, in M that converges to V in the strong operator
topology.
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To see this, let {E,} be a sequence of mutually orthogonal projections
in My such that ) FE, = I and 7 (E,) = 1 for all n. Let F,, = VE,V*.
Then F), is a sequence of mutually orthogonal projections in M; such that
>onFn =VV*and 71(F,) = 1 for all n. Now both I — 37 | E} and I —
> p_y Fy are infinite projections in M;. So there is a partial isometry W,
in M such that the initial space of W, is I — >}, E} and the final space
of Wy, is I — > p_; Fj. Define

n
Un =V (3 Bx) + W
k=1
Then U, is a unitary operator in M; and U,, converges to V in the strong
operator topology.

On the other hand, if V' is a co-isometry in M, then there is a sequence
of unitary operators U,, that converges to V* in the strong operator topology.
So U} converges to V' in the weak operator topology. Thus in either case (V
is an isometry or co-isometry), there is a sequence of unitary operators in
M that converges to V in the weak operator topology.

Now we show that t[|T']| ;) < sup{|m(UTE)|: U € U(M,), E € P(My),
71(F) = t}. Since

T ey = ¢TIl ey
=sup{|m(U|T|E)|: U e U(My), E € P(My),71(E) = t},
for any € > 0 there is a unitary operator U € M; and E € P(M;) with
T (E) = t satisfying |74 < [m(UIT|E)| + ¢/2. Let T = V|T|, where
V € M is an isometry or a co-isometry. Then |T'| = V*T'. Since UV* is
an isometry or a co-isometry, by the above arguments, there is a sequence

of unitary operators U, in M that converges to UV™ in the weak operator
topology. Thus

|Im(U|T|E)| = |m(UV*TE)| = lim | (U,TE)|.
n—oo
Therefore, there is an N € N such that ¢||T ) < |7 (UNTE)| + €. This
implies
TNy < sup{|(UTE)|: U € U(My), E € P(M1), 1i(E) = t}.
Next we show the opposite inequality. Let T"= V|T'| be such that V € M;
is an isometry or a co-isometry. Then UV is an isometry or a co-isometry.

So there is a sequence of unitary operators U, in M that converges to UV
in the weak operator topology. Thus

(m(UTE)| = |n(UVITIE)| = lim_ |71 (Un|TIE)| < tl[T[ll@) = TN ey

Similarly, we can prove the following lemma.
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LEMMA 4.2. For1l <t < oo,
H|T|||(t) =sup{|n(UTE)|: U e U(M;), E € P(My), 11(E) = t}.

THEOREM 4.3. For 0 <t < oo, || - |l is a normalized symmetric gauge
norm associated to (M, T).

Proof. By the definition of s-number, us(T) = pus(0(T)) for T € M and
0 € Aut(M, 7). To prove that | - [|;) is a normalized symmetric gauge norm
associated to (M, 1), we need only prove the triangle inequality since other
parts are obvious.

Let S, T € M. If 0 < t <1, then by Lemma [£.1]
thS + Tl = sup{|n(U(S+T)E)|: U e U(M1), E € P(My), 11(E) =t}
sup{|7(USE)|: U e U(M,), E € P(My), 1(E) =t}
+sup{|n(UTE)|: U e U(M;), E € P(My1), 1(E) =t}

=Sl + Tl -

The proof of the case t > 1 is similar. =

COROLLARY 4.4. Let T € M and 6 > 0. If | Ty < 6, then

T(X(6.00)(IT1)) < Tl 1) /-

Proof. We may assume that M is a type Il factor and 7' > 0. By the
proof of Lemma [4.1

1Tl 1y = sup{|7(UTE)| : U € UM), E € P(M), 7(E) < 1}.

If 7(X(5,00)(T)) > 1, then there is a subprojection £ of x(5.c)(7T") such that
7(E) = 1. Then TE > §E. Hence, [Ty > 7(TE) > 7(0E) = 4. This
contradicts the assumption that ||T|) < 6. Therefore, 7(x(s500)(T)) < 1.
So

IN

17Ny = 7(TX(5,00)(T) = T(6X (5,00)(T)) = 0T (X (5,00)(T'))-

This implies the corollary. m

PROPOSITION 4.5. Let (M, 7) be a semi-finite von Neumann algebra and
T € (M,7). Then ||T|| ) is a nonincreasing continuous function on [0, 1]
and a nondecreasing continuous function on [1,00].

Proof. Let 0 < t; <ty < 1. Then

to
1 1
170ty = ITlles) = — | 2s(T) dis — 5 | 11s(T) ds
0 0
t
_ t o - t;tl St? ps(T) ds <0
tg(tg — tl) -
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Since ps(T') is right-continuous, ||T']|) is a nonincreasing continuous func-
tion on [0,1]. Since pus(T) > 0 for s € [0,00), [|[T||(;) is a non-decreasing
continuous function on [1,00]. =

PROPOSITION 4.6. Let (M, T) be a semi-finite von Neumann algebra

satisfying conditions A and B of Section 3.4, and let || - || be a normalized
symmetric gauge norm on J(M). Then for every T € J(M),
170y < 171

Proof. We can assume that T is a positive operator in J(M). Then
there is a finite projection F' in M such that T = FTF € Mp. We can
assume that 7(F) = k is a positive integer. By assumption, (Mg, 7r) has
the weak Dixmier property. By Lemma either (Mp,7r) is a diffuse
von Neumann algebra, or it is *-isomorphic to a von Neumann subalgebra
of (M, (C), ) that contains all diagonal matrices. In either case, there is a
projection £ in M with £ < F'such that 7(E) = 1 and | Ty = [|[ETE||(1)-
By Lemma[3.13 and Proposition 3.6 [|[ETE|| < ||T||. By [3, Corollary 3.36],
IETE|q) < [ETE]| <|T]. =

ExaMpPLE 4.7. The Ky Fan nth norm of a compact operator 7T in

(B(H),Tr) is
1Tl () = 81(T) + - - - + 5a(T),
and
1Tl (o) = 1(T) + 2(T) + - -
COROLLARY 4.8. Let || - || be a normalized unitarily invariant norm on
B(H). Then for every T € J(H),
51(T) < IT| < 51(T) + 52(T) + - -
Proof. By Proposition s1(T) = |[Tlly < [IT]l- On the other hand,

we may assume that 7' is a positive operator in J(#). Then T is unitarily
equivalent to a diagonal operator s1(T)E; + - - - + s,(T") E\,. Hence,

1T = Nls1(T)Er + - -+ + sn(T) Enll < 51(T) + -+ + 5n(T). u

5. Dual norms of symmetric gauge norms on J(M). Throughout
this section, we assume that (M, 1) is a semi-finite von Neumann algebra
satisfying conditions A and B of Section 3.4. Recall that (M) is the subset
of M consisting of operators 7" in M such that 7' = ETFE for some finite
projection E € M. Note that for any two operators S, T in J (M), there is
a finite projection F' in M such that 5,7 € Mp = FMF.

5.1. Dual norms. Let |- || be a norm on J(M). For T' € J (M), define
ITIZ, . = sup{|7(TX)|: X € T(M), | X]| < 1}

When no confusion arises, we simply write || - || or |- |||jt instead of | - |Hjt -
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LEMMA 5.1. || - || is a norm on J(M).

Proof. Note that if T € J (M) is not 0, then ||T||# > 7(TT*)/||T*| > 0.
It is easy to check that || - || satisfies the other conditions for a norm. m

DEFINITION 5.2. || - ||* is called the dual norm of || - || on J(M) with
respect to 7.

The following lemma follows simply from the definition of dual norm.

LEMMA 5.3. Let || - || be a norm on J(M) and || - ||* be the dual norm
on J(M). Then for S,T € T (M),

(ST < IISI - ITI*.

For T' € M, define ||T'||; = 7(|T). Then ||T'[|y = ||T]|(s)- The following
corollary is the Holder inequality for operators in J(M).

COROLLARY 5.4. Let ||-|| be a gauge invariant norm on J (M) and ||-||*
be the dual norm. Then for S,T € J(M),

IST[l < IS 1717
Proof. Let ST = V|ST| be the polar decomposition. Then |ST| =
V*ST. By Lemmas and
IST|l = 7(IST|) = 7(V*ST) < [V*S| - ITI* < IS - |77 =

Let E be a (nonzero) finite projection in M. Recall that Mg = EME
is a finite von Neumann algebra with a faithful normal tracial state g such
that 75(T) = 7(T)/7(F) for T € Mg. If || - || is a norm on Mg, the dual
norm of T" € Mg with respect to 7g is defined by

1T, = suP{ITE(TX)| : X € Mp, [IX] < 1}.

LEMMA 5.5. Suppose || - || is a unitarily invariant norm on J(M). Let
E be a nonzero finite projection in M and T € Mpg. Then

IT0er = 7() ATy 7,
Proof. Since T'= ETFE, for every X € J(M) we have
T(TX)=7(ETEX)=717(ETEEXE)=171(F)-Teg(ETEEXE).
If [ X[ <1, then |[EXE| < | X|| by Proposition [3.6] This implies that
ITIZ,,, = sup{|7(TX)|: X € T(M), | X]| < 1}
= sup{|7(TX)|: X € Mp, | X[ <1}
= 7(E) -sup{|re(TX)[ : X € Mg, |X] <1}
=7(E) - ITIZ -

The next lemma follows from [3, Propositions 6.5 and 6.6, and Theorem
6.10].
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LEMMA 5.6. Let N be a finite von Neumann algebra with a faithful nor-
mal tracial state Tps.

(1) If || - || is a unitarily invariant norm on N, then so is || - |||f/ -
(2) If || - || is a symmetric gauge norm on N, then so is || - |||f/ e Fur-
thermore, if |1 =1, then 1|5, = 1.

Combining Lemmas [5.5] and we obtain the following proposition.

PROPOSITION 5.7. Let || - || be a norm on J(M).

(1) If || - || is a unitarily invariant norm on J (M), then so is || - ||7*.

(2) If || - || is a symmetric gauge norm on J(M), then so is || - ||.
Furthermore, if || - || is a normalized norm, i.e., |E| = 1 whenever
7(E) =1, then || - |7 is also a normalized norm.

LEMMA 5.8. Let || - || be a symmetric gauge norm on J(M). If T =

a1Ey + -+ an By, is a positive simple operator in J (M), then
n
ITI# = sup{Zakbw(Ew S =biBE 4+ b By >0, S < 1}.
k=1
Proof. Let E = FE1 +---+ E,. By Lemma and [3, Lemma 6.8],

ITI# = 7(B) - ITI%,, .,

=7(E) SUP{Z apbkTE(Bg) 0 S =01Ey + -+ + b By > 0, |S]| < 1}
k=1

= sup{ D axbyr(Br) : S = by By + -+ + by 2 0, S] < 1}. .
k=1

5.2. Dual norms of Ky Fan norms

THEOREM 5.9. For T € J(H) and k =1,2,...,00,

1
#
171, = max{ 171, {1711},

where | Ty = s1(T) + -+ -+ si(T), [Tl = Te(|T]) = s1(T) + 52(T) + - -
and = = 0.
Proof. For T € J(H), there is a finite rank projection E such that

T = ETE € B(H)g. Let Tr(E) = n. Then B(H)r = M,(C). First assume
k < oco. We may assume that n > k. Then ||T|xy = kITll/n)7,- By
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Lemma (5.5 and [3, Lemma 6.14],

4 _ , " _n k
TG, = ToE) - CIT 1 0,0) = 0 ST I, |

1
= max{ |71, 11711

If k = oo, then |71, = ITIf, by Lemmas.§ Since 2|[T||y < |IT]|, we
obtain |T7_, = |ITIF,) = max{|T||, H[T(} = 7] =

THEOREM 5.10. Let M be a type Il factor and 0 <t < oco. Then for
alT € J(M),

ITI% = {max{tHTH, T}y if 0<t<1,
(t) maX{HTH,%HTHI} if 1<t< oo

Proof. Let T € J(M) and 0 < t < co. There is a finite projection E in
M such that T'= ETE is in Mp. We can assume that 7(E) = n > t. Let
TE(ESE) = 7(ESE)/7(E). Then (Mg, 7g) is a type II; factor and 7g is
the unique tracial state on Mpg. If 0 < ¢t < 1, then by Lemma

Ty = sup{|7(UTE")| : U e U(ME), E' € P(Mg), 7(E') =t}
= 7(E) -sup{|rg(UTE")| : UeU(ME), E'€ P(Mg), Te(E")=t/n}

t
= T(E)E‘HTM(t/n),ME,TE =T ¢t/n) M5

where ||T||(t/n),Mp,rp, means the Ky Fan (¢/n)th norm of T' € Mg with
respect to the tracial state 7.

Hence, [Ty = 1Tl (¢/n),Mp,rs- BY Lemma and [3] Theorem 6.17],

t
1T = 7(E) - (AT oy ptpre) = nmax{nnTu, ||T||1,TE}
= max{t| ], | 7|1}.

If1 <t < oo, then | Ty = tT |l t/n),Mp,rs- By Lemmal5.5(and [3, Theorem
6.17),

# _ # _n L
ITUE) = 7(B) (CUTWE ) = 3 ] U7 T s
1
— max{ |71 1) }.

Similar to the proof of Theorem |||T|||?io) =T =
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5.3. Second dual norms

THEOREM 5.11. Let (M, T) be a semi-finite von Neumann algebra satis-
fying conditions A and B of Section 3.4. If ||-|| is a symmetric gauge norm
on J(M), then so is || - [[#, and || - [## = || - | on T(M).

Proof. By Proposition Il - I is a symmetric gauge norm on J(M).
Furthermore, both || - |## and || - || are symmetric gauge norms on J(M).
We need to prove that ||T|| = ||T)|#*# for every positive operator T € J(M).

Let E be a finite projection in M such that T € Mp. By Lemma [5.5 and
[3, Theorem C],

IT, = sup{|7(TX)]: X € T(M), IXIZ,, < 1}

= sup{r(E) - [7e(TX)| : X € Mg, [|X|%,, <1}
= sup{|7p(T(7(E)X))| : X € Mg, |Ir(E)X|%,, ., <1}
= TIE . = 1T mp, s = I =

Mg, T

6. Main result. Throughout this section, we assume that (M, 7) is a
semi-finite von Neumann algebra.

LEMMA 6.1. Let f(x) = > 11 GkXjay_1,00)(2), where ap > -+ > an >0
(=apt1) and0=ap < a1 < -+ < ap, < 00. For T € M, define

[e.e]

Il = | F()us(T) ds.

Then .
17l =" min{ow, 1} (ar — ars) 170 op)-
k=1

Proof. Since t|| Ty = §¢ 11s(T) ds for 0 < ¢ < 1 and || Ty = §, 11s(T) ds
for 1 <t < oo, summation by parts shows that

170 = | £(5)ps(T) ds
0
=a | ps(T)ds+az | ps(T)ds+ -+ an Sn 11s(T) ds

0 (e3} QAn—1

= Z min{oy, 1} (ag — ak+1)|||T|H(ak)' .
k=1

COROLLARY 6.2. |- || ¢ is a symmetric gauge norm associated to M and
therefore a symmetric gauge norm on J(M). Furthermore, if T(E) = 1 then

1El; = | f () de.
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LEMMA 6.3. Let (M,T) be a semi-finite von Neumann algebra and E
in M be a (nonzero) finite projection. Suppose Mg is a diffuse von Neu-
mann algebra and T, X € Mg are positive operators such that T = a1 F1 +
ot anEn, E1+ -+ E, = E, and 7(Ey) = --- = 7(E,). Then there is
a sequence of simple positive operators X, € Mg satisfying the following
conditions:

(1) 0 < X1 < Xo<--- <X and hence 0 < ps(X1) < ps(Xo) < -+ <
ws(X) for all s € [0,00);

(2) limy oo pts(Xn) = ps(X) for almost all s € [0,00);

(3) there exists an ry, € N such that T = ap1En1 + -+ + any, Enyr,
and X, = bp1Fp1 + -+ buyr, Fop,, where Epq + -+ By =
Foi+ -+ Fy,, =FE and 7(E, ;) = 7(Fy ;) for 1 <i,j <ry.

Proof. Since Mg is diffuse, there is a separable diffuse abelian von Neu-
mann subalgebra A of Mg such that X € A. Let 6 be a x-isomorphism from
A onto L*°[0, 1] such that 75 = Sé dx - 6. Let f(z) = 6(X). We can choose a
sequence of simple functions f, in L*°[0,1] such that 0 < fi(z) < fa(x) <
oo < f(x) and limy, o0 fn(7) = f(z) for almost all x. Let X,, = 07 1(f,).
Then X, € Mg and 0 < X7 < Xp <..- < X. By Lemma [2.6

ps(X) = inf{| X F|| : F € P(M), 7(F*) = s}
= inf{|XF| : F € P(Mg), 7p(F*) = s7(E)} = f*(1(E)s),
where f* is the nonincreasing rearrangement of f. Similarly, us(X,) =
fr(r(E)s), where f; is the nonincreasing rearrangement of f,,. Therefore, we
obtain (1) and (2). To obtain (3), we need only take f,,(z) = an1x1, () +
-+ Qnpy XTI, () such that m(l,1) = --- = m(ln,,) = TE(E1)/k, for
some k, € N. n

Let F be the set of nonincreasing, nonnegative, right continuous simple
functions f on [0, 00) with compact support such that S(l) f(z)dx < 1. For
every [ € F, wehave f(z) = > _p_ axX[ay_y,a)(T), Whereag > -+ > a, >0
(=ant1) and 0=ap < a1 < -+ < ap < 0.

Recall that a normalized norm || - || on J (M) of a semi-finite von Neu-
mann algebra M is a norm on J (M) such that | E|| = 1 for some projection
E with 7(F) = 1. The following theorem is the main result of this paper.

THEOREM 6.4. Let (M, 7) be a semi-finite von Neumann algebra satis-
fying conditions A and B of Section 3.4. If || - || is a normalized symmetric
gauge norm on J (M), then there is a subset F' of F containing the char-
acteristic function of [0,1] such that for all T € J (M),

17 = sup{ITlls : f € F'}.
Proof. Suppose | - || is a normalized symmetric gauge norm on M. Let
F' = {us(X) : X is a simple positive operator in J (M), | X||# < 1}.



36 J. Fang and D. Hadwin

For every positive operator X € J(M) such that || X||# < 1, by Proposi-

tion [4.6]

1
Vs (X)ds = | X[y < IXI# < 1.
0
If E is a projection such that 7(E) = 1, then || E||# = 1 by Proposition
Note that us(E) = X[o11(s). Therefore, 7/ C F and xjo1; € F'. For T
in J(M), define
17 = sup{llTlls : f € F'}.

By Corollary[6.2] ||-||" is a symmetric gauge norm on J (M). By Lemma

to prove that || - [|' = || - ||, we need to prove ||T||" = |T|| for every positive
simple operator T' € J(M) such that T'= a1 E1 + -+ - + apF, and 7(Ep) =
ce=7(E,) =c¢>0.

By Lemma [5.8) and Theorem [5.11
n
70 = sup{e Y axby: X = 0By + -+ buBy > 0, [IXJ# <1},
k=1

Note that if X = b1Fy + -+ b, E,, is a simple positive operator in J (M)
and | X[# <1, then ps(X) € F and

IT ) = § s (X)ps(T) ds = ¢y afbi,
0 k=1

where {a} } and {b; } are the nondecreasing rearrangements of {a;} and {b;},
respectively. By the Hardy—Littlewood—Pdélya Theorem [§],

n n
Zakbk < Za;;bz.
k=1 k=1
Hence,
n
1Tl =sup{c D arby: X =biBy+ -+ by By > 0, |XI# <1
k=1

< sup{|Tlly: f € F} =T

Now we need to prove that ||T|" < ||T]|. Let X € J(M) be a posi-
tive simple operator such that | X||# < 1. We need to show that || T, x)
< |\ 7. Since T, X € J(M), there is a finite projection E € M such that
T X € Mg.

Since (Mg, 7g) has the weak Dixmier property, by Lemma either
M is a finite-dimensional von Neumann algebra such that 7(F) = 7(F')
for any two minimal projections F' and F’, or Mg is a diffuse von Neumann
algebra. For the first case, both T" and X belong to Mpg. Therefore, X =
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a By 4+ +apnEyand T = b1 Fy + -+ - + by Fy, with 7(Ey) = - = 7(E)p) =
T(F1) =+ =7(F,) = ¢ > 0. Thus
ITlux) = § 16 (X)pas(T) ds = ¢ > azbi,
0 k=1

where {a; } and {b; } are the nondecreasing rearrangements of {a;} and {b;},
respectively. We may assume that a; > --- > a,. Let Y = b]E1 +---+b) By,
Then X and Y are unitarily equivalent in Mpg. So pus(X) = ps(Y) and
IY I = | X || < 1. Therefore,

n
1Tl =sup{ed aner: 2 = crBy+ o+ caBly > 0, | Z)F <1}
k=1

2T sy = 1T s x)-

If Mg is a diffuse von Neumann algebra, by Lemma|6.3| we can construct
a sequence of simple positive operators X,, € J (M) satisfying the following
conditions:

(1) 0 S X1 S X2 S S X and hence 0 S ,uS(Xl) S ,U,S(XQ) S S
ws(X) for all s € [0,00);

(2) limp—o0 ps(Xpn) = ps(X) for almost all s € [0, 00);

(3) there exists an 7, € N such that ' = ap1En1 + -+ + any, Enyr,
and X,, = bp1Fp1 + -+ by, Frp,, where B + - + B, =
Foi1+- -4+ Fyp, =FEand 7(Ep;) =7(F,, ) for 1 <i,5 <rp.

By (1) and Corollary IXall# < |1X[I# <1 foralln=1,2,.... We may
assume that a,1 > --- > an,, and by1 > -+ > by, Let Yy, = by 1B 1 +
o+ b Enpr, - Since 7(Ey ;) = 7(Fy ;) for 1 <i,j < r, and Aut(M, 1)
acts on M ergodically, there is a § € Aut(M, 1) such that 0(E, ;) = Fy;
for 1 <4 < r,. Hence 0(Y;) = X,,. Since || - || is a symmetric gauge norm,
IYall# = I Xa]# < 1. By Corollary .4

ITI > 7(TY2) = 7(Et) Y anpbnp = | ps(Ya)pus(T) ds
k=1 0
= | 1s(Xa)ps(T) ds = 1T, (x,)-
0

By (1), (2) and the monotone convergence theorem,

I 0wy = § s (Xpa(T) s = T § pea(Xo)pio(T) ds
0

= 1im [Tl x,) < IT]- =



38 J. Fang and D. Hadwin

COROLLARY 6.5. Let (M, 1) be a semi-finite von Neumann algebra as in
Theorem[6.4] and let || - || be a normalized symmetric gauge norm on J(M).
Then || - || can be extended to a normalized symmetric gauge norm || - |
associated to M.

Proof. For T € M, define |T|' = max{||T|; : f € F'}. Then || - | is an
extension of || - ||. m

REMARK 6.6. In Corollary the extension is not unique. Indeed, de-
fine || - || on B(H) by |T|| = ||T|| if T is a finite rank operator and |7’ = oo
if T is an infinite rank operator. It is easy to see that | - || defines a unitarily
invariant norm associated to B(#) such that the restriction of || - || on J(H)
is the operator norm.

7. Unitarily invariant norms related to semi-finite factors. As
the first application of Theorem we set up a structure theorem for
unitarily invariant norms related to semi-finite factors. Recall that F is the
set of nonincreasing, nonnegative, right continuous simple functions f on
[0, 00) with compact supports such that S(l) f(z)dx < 1.

THEOREM 7.1. Let M be a semi-finite factor and let || - || be a unitar-
ily invariant norm on J(M). Then there is a subset F' of F containing
the characteristic function of [0,1] such that for oll T € J(M), ||T| =

sup{[[ Tl : f € F'}.
Proof. Combine Theorem [6.4] and Proposition [3.19] =
The next corollary also follows from Theorem

COROLLARY 7.2. Let || - || be a normalized symmetric gauge norm on
J(L*®[0,00)). Then there is a subset F' of F containing the characteristic
function of [0,1] such that for oll T € J(L*°[0,0)),

|70 = sup{liTlly : f € 7'}

Let M = B(H) and 7 = Tr. By the proof of Theorem if f e F,
then f(s) = ps(X) for some finite rank operator X € B(H) with X > 0
and || X[|* < 1. Write pus(X) = 51(X)X(0,1)(8) + s2(X)x[1,2)(8) + - -+, where
51(X), s2(X), ... are the s-numbers of X. Since S(l] ps(X)ds <1, s1(X) <1
By Lemma and simple computations, for every T' € J(H),

1702 x) = 81(X)s1(T) + s2(X)82(T) + -+ -,

where s1(T"), s2(T), ... are the s-numbers of T'.
Let

G ={(a1,a2,...):1>a1>azy>--->0and

a, = 0 except for finitely many terms}.
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For (ai,az,...) € Gand T € J(H), define
(7.1) 170 (a1 a2,..) = a151(T) + agsa(T) + -+ - .

Then [T (a,,a0,...) = ITlly is a unitarily invariant norm on J(H), where

f(z) = a1xj0,1)(x) + a2xpi2)(z) + -
By identifying pus(X) with (s1(X), s2(X),...) in G, we obtain the following
corollary.

COROLLARY 7.3. Let ||-| be a unitarily invariant norm on J(H). Then
there is a subset G' of G with (1,0,...) € G’ such that for all T € J(H),
IT|| = sup{ais1(T) + ags2(T) + -+ - : (a1, a2,...) € G'},
where $1(T),s2(T), ... are the s-numbers of T
Similar to the proof of Corollary we have the following corollary.

COROLLARY 7.4. Let || - | be a normalized symmetric gauge norm on
coo = J(I°(N)). Then there is a subset G' of G with (1,0,...) € G" such
that for all (z1,z2,...) € o,

(1, z2,...)|| = sup{a12] + agws + -+ : (a1, a9,...) € G'},

where (z3,x5,...) is the nonincreasing rearrangement of (|z1],|x2|,...).

8. Unitarily invariant norms and symmetric gauge norms

LEMMA 8.1. Let 01,60 be two embeddings from (L*°[0, c0), Sgo dz) into
a type o factor (M, 7). If || - || s a unitarily invariant norm on J (M),
then |01 (f)|| = [|02(f)| for every positive function f € J(L*°[0,0)).

Proof. For f € J(L>[0,00)), let [|fllv = I01(f)]l and [|flla = [162(H)]-
Then || - |1 and || - |2 are gauge norms on J(L*°[0,00)). By Lemma
to prove || - i = || - ll2 on J(L>[0,00)), we need to prove || flln = [l
for every simple function f in J(L*°[0,00)). If f is such a function, then
there is a unitary operator U in M such that U6i(f)U* = 605(f). Hence

Il =1l

The following theorem generalizes von Neumann’s classical result [23] on
unitarily invariant norms on M, (C).

THEOREM 8.2. There are one-to-one correspondences between

(1) wnitarily invariant norms on M, (C) and symmetric gauge norms
on C",

(2) wnitarily invariant norms on a type 111 factor and symmetric gauge
norms on L*°[0, 1],

(3) wunitarily invariant norms on J(H) and symmetric gauge norms on

coo = J (I™°(N)),
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(4) wnitarily invariant norms on J(M) of a type Il factor M and
symmetric gauge norms on J(L*[0,00)).

More precisely, let M be a semi-finite factor and A be the corresponding
abelian von Neumann algebra as above.

o If |-l is a unitarily invariant norm on J (M) and 6 is an embedding
from A into M, then the restriction of || - || to J(0(A)) defines a
symmetric gauge norm on J(A).

o Conversely, if || - |I' is a symmetric gauge norm on J(A) and T €
T (M), then ||us(T)| defines a unitarily invariant norm on J(M),
where ps(T) is the classical s-number of T if M = My,(C) or M =
B(H), and ps(T) is defined as in [3] if M is a type 111 factor.

Proof. We refer to [3, Theorem D] for the proof of cases (1) and (2). We
only handle case (4); the proof of case (3) is similar.

We may assume that both norms on J (M) and J(L*°[0,00)) are nor-
malized. By the definition of Ky Fan norms, Theorem and Lemma (8.1
there is a one-to-one correspondence between Ky Fan ¢tth norms on J (M)
and Ky Fan tth norms on J(L*°[0,0)). By Theorem [7.1and Corollary [7.2]
there is a one-to-one correspondence between normalized unitarily invariant
norms on J (M) and normalized symmetric gauge norms on J(L*[0,00))
as in the theorem. m

ExaMPLE 8.3. For 1 < p < o0, the LP-norm on (L*°[0,00), {7 dz) de-
fined by

T /
=) (Wra@ran) ™ 1<p <o
0

esssup | f], p =00,

is a normalized symmetric gauge norm on (L*°[0,00), {;° dz). By Theo-
rem the induced norm for 7' € J(M) of a type Il factor M defined
by
: 1/p
_ et = (Ylus(myPds) L 1< p < o,
Il = )
||TH7 b= o0,

is a unitarily invariant norm on J(M). The norms {|| - ||, : 1 <p < oo} are
called the LP-norms on J(M).

EXAMPLE 8.4. For 1 < p < oo, the {P-norm defined on J(I*°(N)) by

(1, 22, .. )p = {

(lz1fP + |zofP +-- )P, 1< p<oo;
sup{|z,|:n=1,2,...}, p= o0,
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is a normalized symmetric gauge norm on J(I°°(N)). By Theorem the
induced norm for 7" in J(#) defined by

i1, = { CUTPD = 0P a0 5 P 1 2p <o
b=
T[], p = o0,
is a unitarily invariant norm on J(H). The norms {|| - ||, : 1 < p < oo} are

called the LP-norms on J(H).

Theorem [8.2]establishes the one-to-one correspondence between unitarily
invariant norms on J (M) of an infinite semi-finite factor M and symmetric
gauge norms on 7 (A) of an abelian von Neumann algebra A. The following
theorem further establishes the one-to-one correspondence between the dual
norms on J (M) and the dual norms on J(A), which plays a key role in the
study of duality and reflexivity of the completion of 7 (M) with respect to
unitarily invariant norms.

THEOREM 8.5. Let M be a type Il factor (or B(H)). If || - || is a
unitarily invariant norm on J(M) corresponding to the symmetric gauge
norm || - |l1 on J(L>®[0,00)) (or J(I°°(N)) respectively) as in Theorem [8.2]
then || - || is the unitarily invariant norm on J (M) corresponding to the
symmetric gauge norm || - |||1§E on J(L*®[0,00)) (or J(I>°(N)) respectively)
as in Theorem [R.2l

Proof. We only prove the theorem for type Il factors; the case of type
I factors is similar. Let || - |2 be the unitarily invariant norm on J (M)

corresponding to the symmetric gauge norm || - ”# on J(L*>[0,00)) as in

Theorem By Lemma to prove || - [la = || - | on J(M), we need
to prove || T||2 = ||T||** for every simple positive operator T'= a1 Fy + - - - +
anEy, in J(M) such that 7(E;) = --- = 7(E,) = ¢. We may assume that
ap > -+ > ap = 0. Then NS(T) = alX[O,c)<3) +et anX[(nfl)c,nc)(S)' By

Lemma [5.8]

n
IT|# = Sup{cZakbk X = b B+ 4B >0, | X]| < 1}.

k=1
Since Y p_q agbr < >p_ agbf, where b3, ..., b} is the nondecreasing rear-
rangement of by, ..., b,, we have

n
ITI = sup{e D axby: X =bi By + -+ buBy > 0,
k=1
b2 b >0, X <1},
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By Theorem [8:2] and Lemma [5.8]
1Tl = s (D7

= Sup{cz arbr = 9(8) =b1X[0,¢)(8)++ * *+bnX[(n=1)eme) (8) 20, lg(s)[l1 < 1}-
=1

Again since > apby < > p_, agby, we have

1Tl = Nus(D)IF

= Sup{cz agby g<3) = le[O,c) (3) +ot an[(n—l)c,nc)(S) >0,
k=1
b= > >0, Jg(s)l < 1},

Note that if by > - > by, > 0, then ps(b1Ey + -+ + by Ey) = biX[o,¢)(8) +
“o+ + b X[(n—1)eme) (8)- Since || - || is the unitarily invariant norm on J (M)
corresponding to the symmetric gauge norm || - |1 on J(L*°[0,00)) as in
Theorem Ib1E1 + -+ + bu Byl < 1 if and only if [Jbixp,e)(s) + - +
bnX[(n—1)e,ne)(8) 11 < 1. Therefore, [Tz = [|IT*. =

EXAMPLE 8.6. If p=1,1let ¢ = oc0. If 1 < p < o0, let ¢ = p/(p—1).
Then the L? norm on J(L*°[0,00)) defined in Example [8.3|is the dual norm
of the LP-norm on J(L*°[0,00)). By Theorem the L%-norm on J (M)
of a type Il factor M is the dual norm of the LP-norm on J(M).

EXAMPLE 8.7. If p=1,let ¢ = oc0. If 1 < p < o0, let ¢ = p/(p—1).
Then the [%-norm on J(I°*°(N)) defined in Example is the dual norm of
the {P-norm on J(I*°(N)). By Theorem the L?-norm on J(H) is the
dual norm of the LP-norm on J(H).

9. Ky Fan’s dominance theorem. The following theorem generalizes
Ky Fan’s dominance theorem.

THEOREM 9.1. Let M be a semi-finite factor and S,T € J(M). If
]”S]H(t) < ”]T\H(t) for all Ky Fan t-th norms, 0 <t < oo, then |S|| < |T| for
all unitarily invariant norms || - || on J(M).

Proof. Let || - || be a unitarily invariant norm on M. By Lemma
ISy < WT'lly for every f € F. By Theorem [7.1} [|S|| < ||IT]|. =

CoRrROLLARY 9.2. Let S,T € J(H). If |Sllny < ITlny for all Ky Fan
nth norms, n = 1,2,..., then ||S|| < ||T|| for all unitarily invariant norms

Il on T(H).

Acknowledgements. The authors thank Professor Eric Nordgren for
many valuable suggestions. The authors also thank the referee for carefully
reading the paper and many valuable suggestions.



Unitarily invariant norms 43

The first author is partially supported by National Natural Science Foun-

dation of China (Grant No. 11222104), Program for NCET in University and
the Fundamental Research Funds for Central Universities.

[10]
[11]
[12]
[13]
[14]
[15]
[16]
17]
[18]

[19]
[20]

(21]

22]

References

Y. Chen, Lebesgue and Hardy spaces for symmetric norms I, |arXiv:1407.7920 (2014).
J. Dixmier, Von Neumann Algebras, North-Holland, 1981.

J. Fang, D. Hadwin, E. Nordgren and J. Shen, Tracial gauge norms on finite von
Neumann algebras satisfying the weak Dizmier property, J. Funct. Anal. 255 (2008),
142-183.

T. Fack, Sur la notion de valeur caractéristique, J. Operator Theory 7 (1982), 307—
333.

T. Fack and H. Kosaki, Generalized s-numbers of T-measurable operators, Pacific J.
Math. 123 (1986), 269-300.

K. Fan, Maximum properties and inequalities for the eigenvalues of completely con-
tinuous operators, Proc. Nat. Acad. Sci. U.S.A. 37 (1951), 760-766.

I. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators, Transl. Math. Monogr. 18, Amer. Math. Soc., 1969.

G. H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities, 2nd ed., Cambridge Univ.
Press, 2001.

R. V. Kadison and G. K. Pedersen, Means and convex combinations of unitary
operators, Math. Scand. 57 (1985), 249-266.

R. Kadison and J. Ringrose, Fundamentals of the Theory of Operator Algebras, Vols.
1, 2, Academic Press, 1986.

C. K. Li and N. K. Tsing, On unitarily invariant norms and related results, Linear
Multilinear Algebra 20 (1987), 107-119.

F. J. Murray and J. von Neumann, On rings of operators, Ann. of Math. 37 (1936),
116-229.

F. J. Murray and J. von Neumann, On rings of operators, II, Trans. Amer. Math.
Soc. 41 (1937), 208-248.

F. J. Murray and J. von Neumann, On rings of operators, IV, Ann. of Math. 44
(1943), 716-808.

B. Russo and H. A. Dye, A note on unitary operators in C*-algebras, Duke Math.
J. 33 (1966), 413-416.

R. Schatten, A Theory of Cross-Spaces, Ann. of Math. Stud. 26, Princeton Univ.
Press, Princeton, NJ, 1950.

R. Schatten, Norm Ideals of Completely Continuous Operators, Springer, Berlin,
1960.

L. E. Segal, A noncommutative extension of abstract integration, Ann. of Math. (2)
57 (1953), 401-457.

B. Simon, Trace Ideals and Their Applications, 2nd ed., Amer. Math. Soc., 2005.
E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces,
Princeton Math. Ser. 32, Princeton Univ. Press, 1971.

J. von Neumann, Zur Algebra der Funktionaloperationen und Theorie der normalen
Operatoren, Math. Ann. 102 (1930), 370-427.

J. von Neumann, On rings of operators, III, Ann. of Math. 41 (1940), 94-161.


http://arxiv.org/abs/arXiv:1407.7920
http://dx.doi.org/10.1016/j.jfa.2008.04.008
http://dx.doi.org/10.2140/pjm.1986.123.269
http://dx.doi.org/10.1073/pnas.37.11.760
http://dx.doi.org/10.1080/03081088708817747
http://dx.doi.org/10.2307/1968693
http://dx.doi.org/10.1090/S0002-9947-1937-1501899-4
http://dx.doi.org/10.2307/1969107
http://dx.doi.org/10.1215/S0012-7094-66-03346-1
http://dx.doi.org/10.2307/1969729
http://dx.doi.org/10.1007/BF01782352
http://dx.doi.org/10.2307/1968823

44 J. Fang and D. Hadwin

[23] J. von Neumann, Some matriz-inequalities and metrization of matriz-space, 1zv.
Nauchno.-Issled. Inst. Mat. Mekh. Tomsk. Gosudarstv. Univ. 1 (1937), 286-300.

Junsheng Fang Don Hadwin
School of Mathematical Sciences Department of Mathematics
Dalian University of Technology University of New Hampshire
Dalian, China, 116024 Durham, NH 03824, U.S.A.

E-mail: junshengfang@hotmail.com E-mail: don@math.unh.edu



	1 Introduction
	2 Preliminaries
	2.1 Nonincreasing rearrangements of functions
	2.2 s-numbers of operators in type II factors
	2.3 s-numbers of operators in semi-finite von Neumann algebras

	3 Semi-norms on J(M)
	3.1 Gauge invariant semi-norms on J(M)
	3.2 Unitarily invariant semi-norms on J(M)
	3.3 Symmetric gauge semi-norms on J(M)
	3.4 Symmetric gauge norms on (ME,E)
	3.5 Semi-norms associated to von Neumann algebras

	4 Ky Fan norms associated to semi-finite von Neumann algebras
	5 Dual norms of symmetric gauge norms on J(M)
	5.1 Dual norms
	5.2 Dual norms of Ky Fan norms
	5.3 Second dual norms

	6 Main result
	7 Unitarily invariant norms related to semi-finite factors
	8 Unitarily invariant norms and symmetric gauge norms
	9 Ky Fan's dominance theorem
	References

