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Abstract

This PhD thesis is devoted to the study of Z-modules on rigid analytic varieties,
with emphasis on the case when the ground field is discretely valued and of
equal characteristic zero. Our main result establishes finiteness of the de Rham
cohomology for holonomic Zx-modules in the case when X is a smooth, quasi-
compact, quasi-projective rigid analytic variety over the field k((¢)) (char k = 0).
On the way we prove some smaller results about rings of differential operators
and nonarchimedean Banach algebras. We believe that those results may be of
independent interest. In the last chapter we present an approach to the study of

differential operators on smooth algebraic curves via the valuation theory.



Streszczenie

Ponizsza rozprawa po§wigcona jest Z-modutom na rozmaito$ciach sztywnych.
Najciekawsze rezultaty dotycza przypadku, gdy cialo bazowe jest rownej charak-
terystyki zero a waluacja jest dyskretna. Gtéwny wynik pracy orzeka, ze ko-
homologie de Rhama holonomicznych Zx-modutéw maja skoficzony wymiar,
jezeli X jest quasi-zwarta, quasi-separowalna, gtadka rozmaitoscig sztywna nad
ciatem k((¢)) (char kK = 0). Po drodze dowodzimy mniejszych rezultatéw doty-
czacych pierScieni operator6w oraz niearchimedesowych algebr Banacha, ktére
naszym zdaniem sa ciekawe same w sobie. Ostatni rozdziat stanowi prébe bada-
nia operatoréw rozniczkowych na gtadkich krzywych algebraicznych przy po-

mocy teorii waluacji.
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Chapter 1

Introduction

This thesis is devoted to the study of Z-modules on rigid analytic varieties, and in par-
ticular to the study of a certain homological invariant called the de Rham cohomology. I
tried to make it readable to non-experts, but (probably just like thousands of PhD students
before me) I might have lost the ability to recognize what does a non-expert know. This is
completely understandable. We devote several years to the study of a certain problem, on
the way we master our knowledge in the subject and in the end we forgot about the diffi-
culties that we had to overcame. While this makes writing this chapter particularly hard,
I will try my best to convince the reader that the mathematical content of the following
chapters is nontrivial, and, what is maybe more important, that it may be interesting to the

general audience (of algebraic geometers). The central object studied in this thesis is

the (1) de Rham cohomology of (2) holonomic Z-modules on (3) rigid ana-

lytic varieties in (4) equal characteristic zero.

It is very likely that the reader is familiar with some, or even all, of the phrases (1), (2),
(3), and (4), however it is even more likely that he or she has never seen them all together
in this configuration. In this chapter we try to briefly explain the meaning of these phrases

separately and justify why it is interesting to put them all together.

1.1 Classical theory

In this section we explain the meaning of phrases (1)-(4) above. In the course of doing so,

we briefly present the classical theory on which our work is built.
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1.1.1 Rigid analytic varieties

We now explain (3) and (4). Rigid analytic varieties are analogues of complex analytic
manifolds and real 4"*-manifolds over complete normed fields other that C and R. Such

fields are called nonarchimedean. If K is a nonarchimedean field then the inequality
e+ y| < max{|x], |yl }

holds for all x,y € K. This implies that the set og = {|x| < 1} C K is in fact a valuation
ring and we say that K is of equal (resp. mixed) characteristic if the residue characteristic
of ok is equal (resp. not equal) to the characteristic of K. Among many examples of
nonarchimedean fields we mention the field Q, of p-adic numbers and the field C((¢)) of
formal Laurent series (the norm on the latter is determined by the order of vanishing at
zero of a Laurent series: |f| = exp(—ordy(f))). Building the analog of a reasonable theory
of manifolds over nonarchimedean fields is surprisingly nontrivial and the main difficulty
comes from the fact that these fields are usually totally disconnected and therefore the
naive approach via local charts does not work. The correct approach is similar to the
construction of algebraic schemes. First, we define the category of affinoid varieties to be
the opposite category to the category of certain Banach algebras (called affinoid algebras)
and then we embed this category into the category of locally ringed spaces. General rigid
analytic varieties are obtained by gluing affinoid varieties inside this larger category. For

example let us fix a nonarchimedean field K and let us consider the ring

K(x) = {Zanx" € K|[x] :r}i_r}go]aﬂ :0}.

n>0

This ring (called the Tate algebra) is a Banach K-algebra with respect to the norm

| Z ayx"| = max |a,|

n>0
and the corresponding affinoid variety is called the Tate disc. While the approach above
seems standard from the point of view of today’s mathematics, it took some time to for-
malize it. The first satisfactory definition is due to Tate, who introduced rigid analytic
varieties as certain spaces with Grothendieck topology. His formalism was later refined
by Berkovich, and finally reformulated by Huber into the now standard language of adic

spaces.
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The usefulness of rigid analytic varieties was quickly discovered by number theorists,
who were mostly interested in varieties defined over the fields of mixed characteristic (like
the p-adic numbers). Nonarchimedean geometry is now one of the standard tools in the
p-adic Hodge theory. The flexibility of the formalism of Huber was also noticed by the
algebraic geometers working in the positive characteristic as it turns out that one can some-
times use adic spaces to overcome the lack of resolution of singularities in characteristic
p > 0. These are, however, not the situations we are interested in in this thesis. Instead we
focus on fields of equal characteristic zero, for example the field C((7)) of formal Laurent
series. One explanation for this choice is that the main theorems that we prove are simply
false for other base fields. The more satisfactory one is that, while less popular than their
p-adic counterparts, the rigid analytic varieties over fields of equal characteristic zero are
still very interesting objects studied by first class mathematicians, and they often find appli-
cations in other branches of mathematics. For example the conjecture of C. Sabbah about
singularities of vector bundles with connections on complex analytic manifolds has been

solved by K. Kedlaya using the nonarchimedean geometry in equal characteristic zero.

1.1.2 De Rham cohomology and Z-modules

We now explain (1) and (2). The reader is probably familiar with the de Rham cohomology
of ¢*-manifolds and complex analytic manifolds. In these settings the significance of the
de Rham cohomology is explained by the de Rham theorem which asserts that the de Rham

cohomology computes the singular cohomology of the underlying topological space, i.e.,
HCTR (X) = H;ing (X) :

If X is a smooth algebraic C-variety then we can consider the associated complex analytic
manifold X“". In this situation we can also consider the algebraic de Rham cohomology
which is built from the sheaf of Kéhler differentials instead of the holomorphic cotangent
sheaf on X*". Grothendieck discovered that the algebraic de Rham cohomology agrees

with the analytic one and we have a natural isomorphism
H(TR(X) = Hging(Xan)'

This is quite amazing, because it turns out that we can compute a purely topological invari-
ant of X" using only the algebraic structure of X and without referring to the euclidean
topology. Note that, since X*"* has the homotopy type of a finite CW-complex, these spaces

are finitely dimensional.
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It turns out that representations of the fundamental group of X" can also be studied
in a purely algebraic manner. First, let X be a complex analytic manifold. Then a vector
bundle with an integrable connection is a holomorphic vector bundle & together with a
C-linear map

ViE = QR0 &

that satisfies Leibniz’s rule V(fm) = df @ m+ fV(m) and an extra integrability condition,
which asserts that we can construct for (£, V) an analogue of the de Rham complex. Now

the sheaf of horizontal sections
&Y ={me&:V(m)=0}

is a local system (i.e., a locally constant sheaf of finitely dimensional C-vector spaces)
on X. It is a standard fact from algebraic topology that the category of local systems is
equivalent to the category of representations of the fundamental group of X. The Riemann—
Hilbert correspondence asserts that the former is also equivalent to the category MIC(X)

of vector bundles with integrable connections and thus we have a canonical isomorphism
Rep(m (X),C) = MIC(X).

Again the notion of a connection can be translated to the algebraic category and if X is a
smooth algebraic C-variety then we can consider the category of algebraic vector bundles
with algebraic integrable connections. This category contains a subcategory MIC,,(X) of

connections with regular singularities at infinity and by the theorem of Deligne
MIC, ., (X) = Rep(m; (X"),C),

so again we were able to study a purely topological invariant of X" using only the alge-
braic structure on X.

The notion of the de Rham complex and the integrable connection is so formal that
it translates easily to any reasonable geometric situation in which the cotangent sheaf is
well-defined. In particular, it makes sense to study these objects on rigid analytic vari-
eties. The discussion above motivates this study: we can hope that by studying the de
Rham cohomology we study what would be the singular cohomology without defining it.

In any case, this is some cohomology theory that has the advantage of being easily defined.

The passage from integrable connections to Z-modules is very similar to the pas-

sage from vector bundles to (quasi-)coherent sheaves in algebraic geometry. While we
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are mostly interested in the study of vector bundles with connections, this category does
not have enough objects to have the desired functorial properties. Therefore we enlarge
it to the category of Zx-modules, i.e., modules over the sheaf of differential operators on
X. The latter contains the subcategory of holonomic Zx-modules. On the one hand every
vector bundle with integrable connection is a holonomic Zx-module in a natural way and
on the other hand the category of holonomic Zx-modules is closed under many functorial
operations that we can define for Z-modules. Therefore it is a very useful tool in the study
of vector bundles with integrable connections and often when we want to prove some the-
orem about connections it is better to go all in and prove it for holonomic modules. This is
the case in the main theorem of this thesis. In fact, even for the trivial connection (Ox,d)

the theorems that we prove require some thought.

1.2 Examples of the de Rham cohomology

Since this thesis is mainly devoted to proving finiteness theorems about the de Rham co-
homology we devote this section to a brief overview of the analogous statements in other
settings. This further motivates our work and it also builds the intuition which should at

least partially convince the reader that the theorems we prove are plausible.

1.2.1 Classical finiteness theorems

If X is either a ¥ real manifold or a complex analytic manifold, then finiteness of the de
Rham cohomology (with constant coefficients) is a consequence of the de Rham theorem,
and if X is a smooth algebraic C-variety then the finiteness follows from the comparison
theorem of Grothendieck. This result is easily generalized to the situation when C is
replaced by any field of characteristic zero. In what follows we focus on non-constant
coefficients, i.e., on finiteness of the de Rham cohomology for integrable connections and,
more generally, Z-modules.

The oldest case of finiteness of the de Rham cohomology concerns algebraic Z-modules

on smooth complex algebraic varieties. If (£, V) € MICe (X ) then Deligne showed that
Hir(X,(€,V)) = Hig (X", (6", V™).

Since the latter equals to the cohomology of the corresponding local system it has finite
dimension. If (&, V) is not regular then Hji (X, (&, V)) is still finite but the proof is more

involved. If X is the affine n-space then the theorem of J. Bernstein asserts that algebraic
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holonomic Zx-modules have finite dimensional de Rham cohomology groups. The origi-
nal proof of this theorem is hard to find although some of Bernstein’s ideas are presented
in [Ber72]. A nice proof can be found in the book of J.E. Bjork [Bj679, Chapter 1, The-
orem 6.1]. Bernstein’s result has been later generalized to the case when X is a smooth
complex algebraic variety and finally to the derived setting. The strongest version says that
if f:X — Y is a morphism of smooth varieties then the Z-module theoretic direct image
Jr DZC(@X) — DZC(@y) restricts to the functor [ : D%(Zx) — D2(%y). The notation here
is taken from the book of R. Hotta, K. Takeuchi, and T. Tanisaki (see [HTTO8, Theorem
3.2.3]).

Another classical (although much less known) case is when ¥ is the ring of differential
operators over the ring of formal power-series over a field of characteristic zero, i.e., when
9 = K|[xy,... ,xn]][a%, e 8ix,,] This theorem has been proven by A. van den Essen in
1980s in a series of papers ([vdE79], [vdE&2], [vdE83a], [vdE83b], [vdE83c]). A very

nice and short exposition of these results has been recently written by N. Switala [Swil7].

1.2.2 Finiteness theorems in rigid analytic geometry

We now discuss the de Rham cohomology in the rigid analytic setting. We try to show
the analogies with the classical calculus and explain which fundamental properties fail in
the nonarchimedean setting. We believe that this elementary considerations are useful for
building the intuition behind the de Rham cohomology.

To start the discussion let us recall the *fundamental theorem of calculus’ which states
that if f : U — R is a continuous function defined on an open subset of R then there exists
a differentiable function F : U — R with ‘fl—i = f. If we consider an open interval I = (0, 1)
as a ¢ manifold and write ¢ (1) for the R-vector space of smooth functions on / then the
usual de Rham complex is given by

=) 125 )
The fundamental theorem asserts that this map is surjective. Therefore one can think of
the classical de Rham cohomology as of the quantitative measure to what extent the fun-
damental theorem of calculus fails on a € manifold.

Similar reasoning works in the complex analytic setting. If we let D = {|z| < 1} denote
the open unit disc in the complex plane C, and we write &' (D) for the C-vector space of

the holomorphic functions on D then the de Rham complex is

d
frordt

0(D) — 0(D) (1.1)
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and the map is again surjective. These computations agree with the fact that de Rham
cohomology coincides with the singular cohomology as both 7 and ID are contractible.

One of the strange features of the rigid analytic geometry is that the Tate disc B intro-
duced in the previous section, which can be very well interpreted as the closed unit disc is
a perfectly good smooth rigid analytic variety. This is of course completely different from
the complex analytic case because the closed complex disc has a boundary. We will later
see that the de Rham complex for the structure sheaf of B is again

s af

K{x) —%5 K(x). (1.2)

Now the surjectivity of the map in (1.1) follows from the fact that if ) a,z" is a complex
power series with the radius of convergence = 1 then its anti-derivative ) %z’”] has the
same radius of convergence. This is a simple consequence of Hadamard’s formula for the

radius of convergence

1
- — limsup|ay|7. (1.3)

n—o0
While the formula (1.3) holds also for nonarchimedean fields it is not enough to conclude
that the map in (1.2) is surjective. This is yet another strange feature of the nonarchimedean
world. In complex analysis integration can at most enlarge the region in which a power
series converges, meaning that it may happen that a power series f converges on [D but not
on D and its anti-derivative converges on D, but not the other way around. This situation

is reversed in the nonarchimedean setting. For example, let K = Q,, and let

f=Y pt

n>0

Since |p| < 1 we see that f € Q,(x). On the other hand its anti-derivative

F = prn

n>0

clearly does not converge for |x| = 1 and therefore the class of f in Hjp(B) is nonzero.

More generally we can consider power series

f= ¥ anps"!

n>0

with |a,| = 1. They cannot be integrated and it is easy to conclude that

dimg, Hlg (B) = oo.
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This phenomenon does not occur if we assume that K is of equal characteristic zero. Since
the residue field is of characteristic zero, we see that for any nonzero integer n we have

In| = 1. Therefore f =Y, >¢a,x" € K[x]] is an element of K(x) if and only if lim|a,| = 0,

Aan

n+1
element of K (x). We conclude that Hj, (B) = 0 in this case. In fact, the above reasoning is

which is a case if and only if lim ‘ ‘ =0, i.e., if and only if the anti-derivative of f is an

easily generalized to higher dimensions. Let
A=K(x1,...,x,) = Z agx® € K[x1,...,xp]] : lim |ag|=0.

This is the Tate algebra, which corresponds to the ring of global functions on the n-
dimensional closed polydics B”. We will later see that the de Rham complex for the

structure sheaf on this space is

A= P Adxi—--— P Adxy Ao Adxi, — Adx A+ Ndxy,

1<i<n 1<i|<+<ip_1<n

with the differential given by 6(fdx;) = Y, di(f)dx; Adxy, i.e, it is precisely what one

would expect. We now prove

Theorem 1.2.1 (Poincaré lemma). Let K be a nonarchimedean field of equal characteristic
zero. Then H.x (B") =0 for all i > 0.

Proof (Hartshorne). We follow the exposition from [Har75, Proposition 7.1]. The proof is

by induction on n and the case n = 1 has already been settled. We write

of = P Adx,
1=k

where I = (1 < i) < --- < iy <n) and dx; = dx;; A--- ANdx;,. Assume that ® € QF and
dw = 0. We have to show that @ = dn for some 1. We can write

o= o Ndx| + an,
where neither @; nor @, contain dx;. For f =Y agx® € K(x) we define
Ao
fdx; =x1)y —x".
/ ; (061 + 1)

Note that this is a well defined element of A precisely because K is of equal characteristic

zero. The definition of the integral extends to all forms in an obvious way. The form

w—a’/wldxl
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does not contain dx; and it differs from @ by an exact form, so we may assume that @
does not contain dxy, i.e., that @ = @,. Write ® =Y’ f;dx;. Since d® = 0 and none of the
dxy contains dx;, we see that also none of the f; contains x;. Therefore we can apply the

inductive assumption to @ and we are done. [

The moral of above discussion is the following. First of all, our definition of the de
Rham cohomology is poorly behaved in the case of fields of mixed characteristic and
second of all, it seems to behave reasonably in the case of fields of equal characteristic
zero. This partially explains why for most of the time we restrict our considerations to
the the latter case. At this point we remark that there exists a reasonable version of the de
Rham cohomology in the case of mixed characteristic, called the overconvergent de Rham
cohomology, which is a very active area of research. We refer the interested reader to
the work of K. Kedlaya [Ked06] and E. GroBe-Klonne [GK04], [GK02] for some results
regarding the connections between the de Rham and the rigid cohomology. We also refer
to the work of V. Ertl and A. Shiho [ES20] for some ‘non-examples’ of the finiteness of
the de Rham cohomology.

1.2.3 The main theorem
The main theorem of this thesis is the following.

Theorem 1.2.2. Let X be a quasi-compact, quasi-separated, smooth rigid analytic space
over a discretely valued nonarchimedean field of equal characteristic zero. Then for any
holonomic Yx-module .# and for all i we have dimg HéR (X, M) < oo.

Since in the following chapters things get a bit technical, we are afraid that the idea
behind the proof of this theorem could easily be missed within numerous lemmas and

propositions. We therefore present this idea below on a simple example.

Let K = C((t)), and let X = Spa K(x) be the Tate disc. Assume that we are given a
vector bundle with integrable connection on X, i.e., a free K(x)-module M of finite rank
together with a K-linear map V : M — M that is continuous for the canonical topology on

M and which satisfies Leibniz’s rule

V(f.m)= %.m—kf.Vm.

Then we have
HY%(X,M) =kerV, Hjz(X,M)=cokerV.
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We present the idea behind the proof of Theorem 1.2.2 in this special case. A natural
approach to the problem of finiteness of the de Rham cohomology of (M, V) would be the
following. First we look for a model, i.e., a finitely generated ok (x) submodule M° C M
such that M° ®,, K =M and V(M°) C M°. Then we consider the reduction of our model,
i.e. the C[x]-module M = M ®,,, C together with the induced connection V. Now (M,V)
is a vector bundle with connection on the affine line over C and therefore it has finite
dimensional de Rham cohomology by the classical theory. One can show (see Lemma
2.2.6) that finiteness of the de Rham cohomology of (M, V) follows from finiteness of the
de Rham cohomology of (M, V). Moreover, if we write xqr for the Euler characteristic

with respect to the de Rham cohomology then

%dR(Xv (Ma V)) = )&iR(A(%) (M7v))
Following this idea we now ask if given (M, V) one can always find a model. The module
M carries a canonical family of equivalent norms and it is easy to see that if (M, V) has a
model then the spectral radius of V satisfies |V|spp < 1 (see [Ked10, Definition 6.1.3] for
the notation). If we take, e.g.,

M=K({x)e, V(fe)= (%—t‘lf) e (1.4)

then |V|spir = |t7!] > 1 and (M, V) does not admit a model. Thus we have to refine our

approach. We consider two rings
D=K{x)[9], and D=K(x,a).

The former is the ring of differential operators on X and the latter (the completed Weyl
algebra) is its completion with respect to the operator norm. The elements of D are rep-
resented as polynomials Y f;0' with f; € K(x) and the elements of D are represented as
formal power series ¥ f;0' such that lim|f;| = 0. Any (M, V) can be seen as a left D-
module with d.m = V(m), and if |V|s, ps < 1 then it is in fact a D-module. This suggests

a way of forcing M to have a model by setting

—~

M=DopM,

and studying M instead. It is a small miracle (to which Section 3.3 is devoted) that this
base-change operation preserves the dimensions of the de Rham cohomology groups. For

example, if we take (M, V) defined in (1.4) then the corresponding D-module is

M=D/D@A—1t"1)=D/D(1—19).
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1.2. EXAMPLES OF THE DE RHAM COHOMOLOGY

Note that 1 —td is a unit in 5 and therefore M\ = (. This is fine since kerV = 0 as
IV(f)| = [t~ !||f| and cokerV = 0 as

v (Zt’a"(f)) =Y dotl () - Y da(f) =17
i>0 i>0 i>0
The price that we pay for passing from M to M is that M will not be a vector bundle in gen-
eral. In fact it is rarely finitely generated over D. On the other hand, if M is a D-module
of minimal dimension (i.e., an algebraic object corresponding to a holonomic Zx-module)
then M is a D-module of minimal dimension (see Lemma 3.3.3). The discussion above in
the case of Tate’s disc carries to Tate’s polydiscs of arbitrary dimension. The first step of
our proof of Theorem 1.2.2 is based on the careful study of modules of minimal dimen-
sion over completed Weyl algebras from which we conclude Theorem 1.2.2 for holonomic
2-modules on Tate’s polydiscs. Reduction of the general case to this situation is a bit

technical and it takes some work but the key idea is the one above.

1.2.4 What is wrong with Bernstein’s proof?

A perfectly natural question one may ask when seeing Theorem 1.2.2 for the first time
is why the proof of the analogous result of Bernstein for algebraic varieties (or any other
known proof) does not carry to the nonarchimedean setting. Maybe we are reinventing the
wheel, while the proof is already there? One heuristic answer to this question is that if
we could adapt any proof from the classical algebraic geometry to our setting, then such
proof would take into the account only the characteristic of the base field (and not the
residual characteristic) and therefore Theorem 1.2.2 would be also valid for QQ,, which
is not the case as we have already seen. It is also easy to explain why Bernstein’s proof
does not carry over to the nonarchimedean world using elementary topology. This proof is
ultimately reduced to the case when X = A" is the affine n-space. In this situation the ring

of differential operators is the Weyl algebra, i.e., the ring of differential operators
Klxi,...,%y,01,...,0,],
and every element has a unique presentation of form
P=Y a, ﬁxa85 :
with agg € K. Weyl algebra admits Bernstein’s filtration

B" = {P:aup =0for |a|+|B| >n},

11



CHAPTER 1. INTRODUCTION

and the proof is based on the study of this filtration (cf. [Bj679, Chapter 1]). If we replace
the affine line by Tate’s polydiscs then the algebra of differential operators is

®n :K<X1,...,Xn>[81,...,3,1].

Now assume that we have a filtration of D,, by finitely dimensional K-vector spaces. Then
the intersection of this filtration with Tate’s algebra induces a filtration on the latter with
the same properties. As we will soon see, Tate’s algebras are Banach, and in particular
they are complete metric spaces. As every finitely dimensional subspace is closed and has
empty interior, their countable union cannot be the whole Tate algebra by Baire’s theorem

from elementary topology.

1.3 Structure of the thesis and overview of original results

1.3.1 Structure of the thesis

This thesis is divided into four chapter and you are about to finish reading the first one. In
the second chapter we present general theory of rigid analytic varieties and Z-modules,
and we introduce necessary technical tools from homological algebra. That chapter con-
tains mostly preliminary results, although it also contains several original ideas, simply
because we felt that discussing them in that chapter improves the presentation. The main
results of the thesis are contained in the last two chapters. In the third chapter we prove
Theorem 1.2.2. To do so we first study modules over completed Weyl algebras and then
we study some more sophisticated properties of Z-modules on rigid analytic spaces. The
last chapter is more loosely connected to the rest of the text. It presents an approach to
the theory of differential operators on algebraic curves based on the valuation theory. One
application of this approach is a new proof of Deligne’s index formula for the de Rham
cohomology of a vector bundle with connection on a smooth affine curve. Z-modules on
rigid analytic varieties reappear in the last section, where we show how to compute an in-
dex of a differential operator on a smooth affinoid curve with smooth affine reduction and
we work out some explicit formulas for the Euler characteristic of holonomic Z-modules.

I have learned from my advisors that even while working on a very particular problem
one should always have in mind the big picture. In other words, this thesis could be shorter.
It is not because, whenever possible, we try to connect presented material to other fields of

mathematics. This is especially visible in the second chapter. While such approach makes
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1.3. STRUCTURE OF THE THESIS AND OVERVIEW OF ORIGINAL RESULTS

the manuscript longer it also makes the exposition less dry and motivates our work, so

advantages and disadvantages cancel out.

1.3.2 Overview of the original results

As a general rule, whenever a discussed result is not original we try to either attribute it
properly, or (if it is the case) emphasise that it is considered ‘folklore’. Another rule that we
try to follow is not to give proofs of known results (and to provide references instead), but
we are less strict with this rule. Sometimes we give proofs because we could not provide
suitable references and sometimes we sketch them for the sake of better presentation.

The first chapter is introductory. The second chapter contains mainly preliminary re-
sults which are classical. Our main references for the nonarchimedean part are books of
Bosch—Giintzer—Remmert [BGR84], Huber [Hub96], and Fresnel-van der Put [FvdP04].
The part devoted to homological algebra follows Weibel [Wei94], and in the Z-module part
we mostly follow Hotta—Takeuchi—Tanisaki [HTTO8], Mebkhout [Meb89], and Mebkhout—
Narvaez Macarro [MNMO91]. There are still some new results in this chapter. In the section
devoted to homological algebra we consider Lemmas 2.2.6, 2.2.7, 2.2.13, and 2.2.14 our
own inventions. We mention however that these results are rather elementary (although
perhaps non-obvious) and we do not exclude possibility that some of their variants are
known to experts. This is surely the case with Lemma 2.2.14 (cf. Remark 2.2.15). All the
lemmas listed above appear also in our preprint [Ra24b]. We also consider the content of

subsection 2.3.3 to be at least partially original. There we prove the following.

Theorem 1.3.1 (cf. Theorem 2.3.12). Let K be a nonarchimedean field and let A be a

noetherian Banach K-algebra. Assume that
(1) Ais reduced, i.e., yespec 4P = {0}

(2) For every minimal prime ideal p C A, either A/p is not a field or the field extension
K C A/p is finite.

Then every K-linear differential operator on A is continuous.

Our proof, based on the work of Jewell-Sinclair [Sin75], [JS76] from classical func-

tional analysis, seems to be completely new in the nonarchimedean setting.

The third chapter contains the main original results. These results are the content of our

two preprints [Ra24b], [Rq24a] and we follow these papers quite faithfully. The majority
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CHAPTER 1. INTRODUCTION

of the results in this chapter is author’s own invention, although several preliminary results

are not original. We mention the most important ones. The main goal is

Theorem 1.3.2 (cf. Theorem 1.2.2). Let X be a quasi-compact, quasi-separated, smooth
rigid analytic space over a discretely valued nonarchimedean field of equal characteristic

zero. Then for any holonomic Yx-module .# and for all i we have dimg HéR (X, M) < oo.

To prove it we study modules over the ring D, of differential operators of the n-
dimensional Tate algebra and over the completed Weyl algebra 5,[ We write M = @n ®p,

M. First, we prove

Theorem 1.3.3 (cf. Theorem 3.1.1). Let K be a discretely valued nonarchimedean field
of equal characteristic zero and let M be a finitely generated left @n-module. Then the

following conditions are equivalent:
(1) M is of minimal dimension.
(2) There exists a lattice L C M such that L is a D,-module of minimal dimension.
(3) For any lattice L C M the reduction L is a D,-module of minimal dimension.
If these equivalent conditions are satisfied, then moreover

A) The semisimplification of L does not depend on L and only on M.
B) We have dimg H),(M) < oo for all i and the equality ar(M) = xar(L) holds.

Then, we reduce the proof of Theorem 1.2.2 to Theorem 3.1.1. The main ingredient of

this reduction is the following Lemma.

Lemma 1.3.4 (cf. Lemma 3.3.3). Let M be a finitely generated left ‘D,-module.

(1) If M is of minimal dimension then so is M.

.

(2) The complexes DR®p, (M) and DR®% (M) are quasi-isomorphic.

This lemma allows us to prove Theorem 1.2.2 for globally presented Z-modules on
Tate’s polydiscs. To deal with the general case we study Z-module theoretic direct image

along a Zariski closed embedding.

Lemma 1.3.5 (cf, Lemma 3.4.2). Leti: X <— Y be a Zariski closed embedding of smooth
rigid analytic varieties. Let ./ be a coherent left Zx-module. Then
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1.3. STRUCTURE OF THE THESIS AND OVERVIEW OF ORIGINAL RESULTS

(1) Ifboth X andY admit global coordinate systems and .# is globally finitely presented
then so is iy M .

(2) The left Yy-module i A is coherent.

(3) If A is holonomic then so is iy M .

(4) There exists a natural K-linear quasi-isomorphism of complexes

i,DR*x () — DR®y (i .2/ )[dimX — dimY].

The main difficulty there is the construction in part (4). Although it seems classical,
to our best knowledge the explicit construction of the desired quasi-isomorphism does not

appear in the literature.

The fourth chapter is devoted to the study of differential operators on algebraic curves.
It contains mostly new results which as for today (13.06.2024) are not yet the content of
any preprint. The whole chapter is influenced by the approach presented in Kedlaya’s
book [Ked10]. The first subsection contains preliminary results which are all classical.
There we follow Hartshorne’s book [Har77]. Then we show that if K is a function field
of a smooth algebraic curve over k then any k-valuation v on K extends to the ring Dg of

k-linear differential operators on K and we show the following.

Proposition 1.3.6 (cf Proposition 4.2.6). Let k be a field of characteristic zero and let
P € Dk. Then

(1) Forall a € K we have
v(P(a)) > v(P)+Vv(a).

(2) There exists a finite subset S C Z (depending on P) such that the equality
v(P(a)) = v(P)+V(a)
holds whenever v(a) € Z\ S.

(3) The number v(P) is independent of the choice of a uniformizer of Ry .

We use the proposition above and the Riemann-Roch theorem to conclude main result

of the chapter, i.e., the following theorem.

15



CHAPTER 1. INTRODUCTION

Theorem 1.3.7 (cf. Theorem 4.2.8). If P € Dk is nonzero, then its index as a k-linear

endomorphism of A satisfies
x(P;A) =) vi(P).
i=1

In particular this index exists, i.e., the kernel and the cokernel of P have finite dimensions

overk.

We remark that an easy special case of this theorem appears in the book of Katz [Kat90]
(cf. Propositions 4.3.1, 4.3.2). As an application of theorem above we give a new proof of
Deligne’s index formula (cf. Formula 4.2.11). The last section of the chapter is devoted
to examples. Examples in the affine case are due to Katz, but we give new proofs based
on Theorem 4.2.8. Examples in the affinoid case are new and follow from our previous
results: Theorem 4.2.6 and Lemma 2.2.6.

1.4 Conventions and notation

For future reference, we record our basic setup.

1.4.1 General principles for the notation

Throughout the text we try to stick to the following notational rules.

(1) By letters K,L,... we usually denote a field. If K is nonarchimedean we usually
write o for its valuation ring, m C ok for the maximal ideal, and k = og /m for the

residue field.

(2) Rings are usually denoted by letters R, S, ..., or A,B,.... Modules are usually de-
noted by letters M,N,.... If A is a commutative K-algebra then we write D4 for the
Grothendieck ring of K-linear differential operators. This is not misleading since K

is always clear from the context.

(3) Topological spaces are denoted by letters X, Y, ... and their open subsets are denoted
by U,V,.... For most of the time X stands for a smooth rigid analytic variety. Closed
embeddings are usually denoted by i : X — Y.

(4) We use ‘mathscr’ font to denote sheaves. For example O stands for the structure

sheaf, Jx stands for the tangent sheaf, and Zx denotes the sheaf of differential
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operators on X. One exception here is that we write Q§ for the sheaf of differential

k-forms and we write @y = Q3™X for the canonical sheaf.

(5) A norm on a normed space is always written as | — |. This may be potentially mis-
leading, because sometimes we consider several normed spaces at the same time, but
we always clarify in the text to which norm we refer, whenever there is a potential

notational conflict.

(6) We do not use any special environment for introducing new definitions, because
there are too many of those and it would make the text unreadable. Instead we use
the italic font to mark that we introduce a new definition. For example the free group

of rank n is by definition the fundamental group of the bouquet of #n circles.

1.4.2 Multi-index notation

When dealing with differential operators it is often convenient to use the multi-index

notation which we here recall. A multi-index is an n-tuple
a=(a,...,0) € Z5,.

The length of « is
lot| = oy + -+ + ot

We write B < a if B; < q; for all i. If this is the case then the binomial coefficient is defined

(5)-11(3) |

Let K[x1,...,x,] be the polynomial ring over some field K and let J; = = (i = 1,...,n).
We denote

as

o __ .0 Q, o __ )oq Q
X =xyan, 0“=9;"...9,.".

If I =(1<i; <---<iy <n)is an ordered k-tuple we write || = k. It is convenient to write
differential forms as
dx; = dxil AREE /\dxik.

We also use the above notation more generally, when X admits a local coordinate system

X1,...,%,. In this situation we usually write d,...,d, for the dual basis of dxi,...,dx,.
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Chapter 2

General theory

In this chapter we present theories of rigid analytic varieties and Z-modules in the gener-
ality needed for our purposes. Since our approach to the latter is mostly via homological
algebra, we also recall some preliminary algebraic results. Most of the content of this chap-
ter is not original. Our contribution consists of algebraic Lemmas 2.2.6, 2.2.7, 2.2.13, and
2.2.14 and of the discussion on the automatic continuity of differential operators (Theorem
2.3.12).

2.1 Rigid analytic varieties

In this section we recall basic results concerning rigid analytic varieties. For most of the
time we follow [BGR84], [Hub96], and [FvdP04].

2.1.1 Functional analysis over nonarchimedean fields

A normed field (K,| |) is called nonarchimedean if it is complete with respect to the
metric induced by the norm, and if for all x,y € K the strong triangle inequality (also

called the ultrametric inequality)
e+ y| < max{|x], |yl }
holds. In what follows we simply write K to denote a nonarchimedean field. The subset

ok ={xeK:|x|<1}CK
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2.1. RIGID ANALYTIC VARIETIES

is a subring of K. It is a valuation ring and we say that K is discretely valued if ok 1s a
discrete valuation ring. We denote by m C ok the maximal ideal and by k = og/m the
residue field. We say that K if of equal characteristic if char K = char k. Otherwise we
say that K is of mixed characteristic. In this thesis we are mostly interested in discretely

valued nonarchimedean fields of equal characteristic zero.

Example 2.1.1. The most basic examples of nonarchimedean fields are

(1) (finite extensions of) Q, with (the unique extension of) the p-adic norm |m| =

pfvp(m) .

(2) The field k((¢)) of formal Laurent series over a field k with the norm given by |f| =
exp(—ordg(f)), where ordy(f) stands for the order of the zero/pole of f at the origin.

(3) If K is any nonarchimedean field then the completion of its algebraic closure is again

nonarchimedean (This is Krasner’s lemma cf. [BGR84, page 146]).

The fields from examples (1) and (2) are discretely valued while the field in the last exam-
ple is not. The p-adic fields are of mixed characteristic while the fields of formal Laurent
series are of equal characteristic (= char k). We write C,, for the completed algebraic

closure of Q.

Example 2.1.2. Let K be a discretely valued nonarchimedean field of equal characteristic
and let @ € og be a uniformizer. Then K ~ k((®@)) by Cohen’s structure theorem. If
k C K is a field extension then k((@)) C k'((®@)) is an extension of nonarchimedean fields.
Since most of the properties discussed in this thesis can be equally well checked after a
base-change along a field extension, a reader who prefers more concrete mathematics may
assume from now on that K = C((¢)). This will not decrease a generality of the discussed

results in any major way.

A Banach space over K is a normed K-vector space V complete with respect to the
metric induced by the norm. Here and elsewhere we require the norm to satisfy the strong
triangle equality. We set

VI ={lv| :veV}CRxo.

If S C V is any subset of V then we write cl(S) for its topological closure in V. If V;,V;
are Banach spaces over K and L : V| — V; is a (linear) operator then it is continuous if and

only if its operator norm

|L| = sup {M v €V \{0}}

v1]
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is finite. In this situation one also says that L is bounded and we will use these terms
interchangeably. The operator norm depends on the norms on Vi, V,. If V| =V, =V then
the spectral radius of L is defined by the Gelfand formula

. ml nl
[Llsp = inf [L*[» = lim |L"]>.

The spectral radius depends only on the equivalence class of a norm on V, where two

norms | — |, | — |2 are said to be equivalent if there exist constants Cy,C, > 0 such that
Cil—1 <=L <G|

Continuity is the most basic property of a linear operator and it is useful to have some tools

to test it. First of all, as in the classical case, we have

Proposition 2.1.3 (Closed Graph Theorem, [Sch02, Proposition 8.5]). Let ¢ : V — W be

a linear operator between two Banach spaces. The following are equivalent.
(1) @ is continuous.
(2) The graph T(@) ={(v,o(v)):vEV} CV X W is closed.

(3) If{vn} CV is a sequence such that limv, = 0 and the limit lim ¢ (v,) exists, then the

latter limit is zero.

Using the closed graph theorem C. E. Rickart [Ric50] introduced an invariant that
measures how far ¢ is from being continuous. The separating space of ¢ : V — W is
defined as

S (@) = {w € W : there exists a sequence {v,} C V with limv, =0 and lim¢@(v,) = w}

This is a linear subspace of W. The following properties are considered ‘folklore’ (cf.
[Sin75, page 166]). Since we were not able to provide a suitable reference, we attach the

proof for completeness.

Lemma 2.1.4. Let ¢ : V — W be a (not necessarily continuous) operator between K-

Banach spaces. Then
(1) @ is continuous if and only if (@) = 0.

(2) S(¢@) C W is a closed subspace.
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2.1. RIGID ANALYTIC VARIETIES

(3) The composition of ¢ with the natural projection 1 : W — W /& (@) is continuous.

4) If T : W — Z is a continuous operator between Banach spaces then the composition
T ¢ is continuous if and only if TS (@) = {0}.

(5) If T : W — Z is a continuous operator between Banach spaces then cl(TS(¢)) =
S(To).

©6) IfR:V =V and L : W — W are continuous operators such that R = L@ then
L&(p) C &(9).

Proof. (1) is just a reformulation of the equivalence of (1) and (3) in the closed graph
theorem. For (2) assume that {w,} C &(¢) is a Cauchy sequence and let w be its limit in
W. We have to show that w € G(¢). By the definition of &(¢) for every positive integer n
there exists v, € V with |v,| < I and |@(v,) —wy| < 1. Then

W= ()] = [0 w) 4 O — @) < w4+

We conclude that lim ¢ (v,) = w, i.e., that w € &(¢@). For (3) first observe that by (2) the
quotient W /S (@) is naturally a Banach space with the norm given by

[m(w)| =inf {jw+w'|:w' € S(p)}.

To check that ¢ is continuous we have to check that S(m¢@) = 0. Let {v, } be a sequence
in V tending to zero, and assume that lim ¢ (v,) = m(w). Replacing {v, } by a subsequence

we may assume that

79 ()~ 70) <

for all n. By construction there exist w, € G(¢) such that

1
lo(vi) +wy —w| < —.

S

On the other hand, since w, € &(¢) there exist u, € V with |u,| < 1 and |@(u,) —wy| < 1.
Therefore

2

[@(vn+un) —w| = [(@(va) +wn—w) + (@(un) —wn)| < p

We conclude that w € &(@), i.e., that T(w) = 0 and therefore S(mw¢p) = 0 as claimed.
To prove (4) we only need to check that if TS (@) = {0} then the composition T ¢ is
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continuous. This is a straightforward consequence of (3) because we have a commutative

v —2 sw T
bid
)

W/&(o

diagram
Z

YA

The dotted arrow exists (and is continuous) by assumption and the composition T is
continuous by (3). Therefore T¢ = Tx@ is continuous. We prove (5) as in [Sin75,
page 166]. The inclusion 76 (@) C &(T¢) is straightforward and the latter is closed
by (2). Therefore we only need to verify that S(T¢) C cl(T&(¢@)). Consider the pro-
jection mz : Z — Z/cl(TS(¢)). We have ;TS (@) = {0} by construction and therefore
the composition 777 @ is continuous by (4). As 7z is continuous we obtain from (4) that
zS(Te) = {0} and thus &(T @) C kermz = cl(TS(¢)). Assertion (6) is an easy compu-
tation. [

2.1.2 Nonarchimedean Banach algebras

If A is a K-algebra and a Banach space, then we say that it is a Banach K-algebra if
lajaz| < |ay||az| for all aj,ar € A and |1| = 1. If this is the case and M is a normed A-
module then we call it a Banach module if it is complete and |am| < |a||m| for all a € A
andm € M.

Example 2.1.5. The K-algebra

Kixi,....x) =< Y, agx® €K[xi,...,x,] : lim |ag| =0
is called the (n-dimensional) Tate algebra over K. It carries the Gauss norm
Y agx®| =max|ag|
a0 “

which makes it into a Banach K-algebra. The ring

0k (X1, 2n) = {f € K{x1,-.xn) 2 || < 1}

is called the integral Tate algebra. These objects can be constructed in a purely algebraic

manner. We have an isomorphism of topological rings

0K<x1,...,xn> = @(OK[xl,...,xn]/wk“)
k>0
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where @ € ok is some pseudo-uniformizer and on the right hand side we consider the (@)-
adic topology. The Tate algebras are known to be noetherian (cf. [BGR84, page 164]).
This is not completely obvious for general K but is quite clear if K is discretely valued. In
this situation og|[xy,...,x,] is noetherian (by Hilbert’s basis theorem, because ox is) and
thus
K(xi,...,xp) = <1é'r‘n(01([x1,...,xn]/wk+l)> (@1
k>0

is a localization of a @-adic completion of a noetherian ring.

Let A be a (commutative) Banach K-algebra. We set

A° ={a €A :supla"| < e}.
n>0

It is a subring of A because in the nonarchimedean norm we have | ( ) | <1 and therefore

n
j
=0 \J

We say that a € A is power-bounded it a € A° and we call A° the ring of power-bounded

|(a—Db)"| = < max |ai||bj|.

T 0<ij<n

elements of A. We also set
A ={a€A: lim|d"| =0}.
n—soo
It is an ideal in A°. Its elements are called topologically nilpotent. The ring
A/:AO/ 0o

is called the reduction of A. 1If ¢ : A — B is a bounded homomorphism of Banach K-
algebras then clearly ¢(A°) C B° and ¢(A°°) C B°°. Therefore the assignment

A— A

is a functor from the category of Banach K-algebras (and bounded K-algebra homomor-

phisms) to the category of k-algebras.

One nice property of noetherian Banach algebras is the following lemma which we use

quite frequently.

Lemma 2.1.6 ([BGR84, Proposition 2, page 164]). Let A be a (commutative) noetherian

Banach algebra. Then every ideal in A is closed.
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In particular, any ideal in the Tate algebra is closed. If A = K{(xi,...,x,)/I, then we
call A an affinoid algebra. Since it is a quotient of a Banach algebra by a closed ideal it is
itself a Banach algebra, although it is not clear that the topological structure is independent
from the choice of a presentation for A. This ambiguity will be soon clarified. First, we

recall the basic algebraic properties of affinoid algebras.
Lemma 2.1.7. Let A be an affinoid K-algebra. Then

(1) A is noetherian,

(2) if m C A is a maximal ideal then the field extension K C A/m is finite.

Proof. The claims follow from [BGR84, Proposition 3, page 222], and [BGR84, Lemma
2, page 261]. O

We now deal with the topological structure of affinoid algebras. First let us recall that
if K C L is a finite extension of fields and K is nonarchimedean then there exists a unique
extension of the norm on K to L which makes L into a nonarchimedean field. Now let
m C A be a maximal ideal in an affinoid algebra. By Lemma 2.1.7 the extension K C A/m
is finite and therefore for every f € A the value |f mod m| € |A/m| is well defined. We
define the supremum norm of f to be

|flsup = sup |f mod m|
{mcA}
We also set
1 1
p(f) = inf "]+ = lim | "]
This is the spectral radius of the K-linear map A — A given by a — fa.

Lemma 2.1.8. Let A be an affinoid K-algebra. Then every Banach K-algebra norm on A
is equivalent to the one induced from the presentation A = K(xy,...,x,)/I. Moreover, if A

is reduced then

(1) f > |flsup is a K-Banach norm on A with the property that |f| € |K| (here K is the

algebraic closure of K).

(2) We have |f|sup = p(f).

(3) We have the equalities
A°={acA:p(a) <1},

and
A ={acA:pa)<1}.
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Proof. See [BGR8&4, Proposition 2, Page 229], [BGR8&4, Proposition 2, Proposition 3, page
240], and [BGR84, Proposition 3, page 241]. O]

Example 2.1.9. If A is the Tate algebra then A° is the integral Tate algebra and A=

k[x1,...,x,]). Moreover, the supremum norm on A agrees with the Gauss norm.

Remark 2.1.10. It is a classical result (cf. [ST74]) that every noetherian Banach C-algebra
has finite dimension as a C-vector space, and therefore almost all interesting Banach C-
algebras are not noetherian. This is one of many differences between the classical and
nonarchimedean functional analysis, where one rarely studies Banach K-algebras that are

not noetherian. In fact, every Banach algebra discussed in this thesis will be noetherian.

2.1.3 Rigid analytic varieties

In this subsection we recall the basic definitions regarding Huber adic spaces. This theory
has been in recent years developed in a very big generality but we use it in a very restricted
case and therefore we only state definitions and necessary properties in generality needed

later.

We start by considering the category of triplets (X, Ox,{Vy}xex), Where X is a topolog-
ical space, O is a sheaf of topological rings and V; is an equivalence class of valuations on
Ox x. A morphism (X, Ox,{Vy}rxex) = (Y, Oy,{Vy}yey) of such tripletsisamap f: X =Y
of topological spaces such that the induced map ¢ : Oy — f, Oy is a morphism of sheaves

of topological rings and valuations V,) and vy o ¢ are equivalent for all x € X.

Remark 2.1.11. We write valuations multiplicatively. In particular, nonarchimedean norms
introduced in the previous subsection (and, more generally, nonarchimedean seminorms)
are examples of rank one valuations, provided they are multiplicative. If A is a ring and
x:A —T'U{0} is a valuation then we write |a(x)| to denote x(a). This notation is motivated
by the following. If A is an affinoid K-algebra, a € A, and p C A is a maximal ideal then we
would like to interpret (as in the classical theory of algebraic varieties) a as a function on
the maximal spectrum of A. The problem is that (since K does not need to be algebraically
closed) L = A/p may be a finite extension of K and thus the value a(p) = [a] € A/p is
well defined only up to the action of the Galois group Gal(L/K). On the other hand, the
extension of the nonarchimedean norm from K to L is unique, so the value |a(p)| is well
defined.

25



CHAPTER 2. GENERAL THEORY

If B is a topological ring then we say that a valuation x : B — ['U {0} is continuous if

for any other valuation y € 'U {0} the sets

xT({yer:yY<vy})cB

are open in B.
If A is an affinoid K-algebra then there is a natural way of assigning to A a triplet as

above, denoted Spa A. The points of this space are described as
Spa A = {continuous valuations x on A : |a(x)| < 1 foralla € A°}
We say that a subset U C Spa A is rational if there exist f1,..., f,,g € A such that
U={xeSpaA:|fi(x)| <|g(x)| #0 forall i}.

We declare these subsets to be generators for the topology on Spa A. In fact, the rational
subsets form a basis for the topology on Spa A (see [Hub96, page 39]). For a rational

subset U as above we set

Ospaa(U) =Alx1,....x0) ) ({fi—xig:i=1,...,n})

These algebras are Banach K-algebras in a natural way and they depend only on U (and

not on the choice of fi,..., f,,g). In particular, we have
ﬁ’spaA(Spa A) =A.

Finally, if x: A — I"'U{0} is a continuous valuation then it extends in a unique way to the
valuation vy : Ox y — I'U{0}. The triplet (Spa A, Ospa 4, { Vi }x) constructed in this way is
called an affinoid variety. For the details of the construction above we refer the reader to
[Hub96, pages 38-39]. We say that X is a rigid analytic K-variety if it is locally isomorphic

to an affinoid variety.

Example 2.1.12. The n-dimensional Tate polydisc is by definition the rigid analytic variety
B" = Spa K(x1,...,X,).

If n =1 we simply call B! the Tate disc. Tate polydiscs are local (in the étale sense)
models for the (smooth) rigid analytic varieties and thus they play a role similar to complex
polydiscs in the theory of complex manifolds, or to open balls in the theory of € real
manifolds. It would probably be more suggestive to denote the polydisc as D" by analogy
to the complex analytic theory but since this thesis is mostly devoted to Z-modules, the
letter D is already used in too many different contexts. Therefore we settle for B" by

analogy to the 4> manifolds.
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Remark 2.1.13. Tate polydiscs are by far the most important rigid analytic varieties in this
thesis. All the main results remain meaningful and nontrivial in this case and actually most
of the ‘heavy lifting’ is done precisely when X = B".

For the future reference we recall that a topological space X is quasi-compact if every
open cover of X has a finite subcover. Moreover X is quasi-separated if intersection of any
two open quasi-compacts subsets is again quasi-compact. We note (see [Hub96, page 39])
that affinoid varieties are quasi-compact and quasi-separated. A morphism of rigid analytic
varieties is a Zariski closed embedding if it locally corresponds to a surjective morphism

of affinoid algebras.

We will now recall the notion of reduction of an affinoid variety. Let X = Spa A be

such variety and let x € Spa A. Consider the subset
pr={acA:l|a(x)| =0} CA.

It is easy to verify that this is a closed prime ideal in A. In particular, X induces a nonar-
chimedean norm on the quotient field of A/p,. We write k(x) to denote the completion of

this field with respect to the induced norm. The map A — k(x) induces the map A — k(x).

The reduction map is defined as

m:SpaA — Spec A; x+— ker <X_> K(x)> .
We have the following
Lemma 2.1.14 ([Ber90, Proposition 2.4.4]). With the above notation

(1) 7 is surjective.

(2) Let X be an irreducible component of Spec A and let 1N be its generic point. Then
there exists a unique 1 € Spa A with T(n) = 1.

(3) If |Alsup = |K| then x(n) = ﬁspecgﬁ-

Remark 2.1.15. Much of the foundational work in the theory of Z-modules on rigid an-
alytic varieties has been done by Z. Mebkhout and L. Narvdaez Macarro in their paper
[MNMO1]. This work predates the work of Huber and has been written using the formal-
ism of Tate, where open coverings are replaced by the so called admissible coverings. By
[Hub96, 1.1.11] any affinoid variety in the sense of Tate can be seen as an affinoid vari-
ety in the sense of Huber and any admissible covering corresponds to an open covering.
Therefore the work of Mebkhout and Narvdez Macarro translates without changes to the

formalism of Huber.
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2.1.4 Quasi-coherent modules

In this subsection we recall the basic constructions regarding (quasi)coherent modules on
rigid analytic varieties. An Ox-module .% is said to be coherent if it is locally finitely
presented, i.e., if there exists an open covering X = |J; U; such that for each index i there
exists an exact sequence
oy — 0" — Fy, — 0.

The category of coherent ’x-modules enjoys many properties of the category of coherent
modules on algebraic schemes. It is the case because if M is a finitely generated Banach
module over an affinoid algebra then it turns out that the topological structure is already

encoded in the algebraic structure. We recall below the basic results in this direction.

Lemma 2.1.16 ([BGR84, Chapter 3.7.3, Proposition 3 and Corollary 5]). Let A be an
affinoid K-algebra and let M be finitely generated A-module. Then

(1) There exists unique (up to equivalence) norm on M which makes M into a Banach
A-module.

(2) Every homomorphism of finitely generated A-modules is continuous with respect to

the topology induced by this equivalence class of norms.

If we consider an affine scheme Y = Spec R then every R-module M gives a rise to a
sheaf M on Y with the property that if Uy = Spec R[f ~1] is a distinguished open affine
subset then

M(Uy) =R[f ") @r M.
This is indeed a sheaf because the map R — R[f~!] is flat. A similar result holds for

affinoid varieties. We have

Lemma 2.1.17 ([BGR84, Chapter 7.3.2, Corollary 6]). Let X = Spa A be an affinoid vari-
ety and let U C X be an affinoid subdomain. Then the natural map A — Ox (U) is flat.

The fundamental theorem regarding coherent modules on rigid analytic varieties is due
to Tate.

Theorem 2.1.18 (Tate’s acyclicity theorem, [BGR84, Chapter 8.2.1, Theorem 1]). Let X
be an affinoid variety and let {U;} be a finite open covering of X by affinoid subdomains.
Then the Cech complex

0— ﬁx(X)%@ﬁx(Ui)—)@ﬁx(UiﬂUj)—)... (2.1)

i<j
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is exact.
As a corollary we obtain the following.

Theorem 2.1.19. Let X = Spa A be an affinoid variety and let M be a (not necessarily
finitely generated) A-module. Then

(1) The presheaf on affinoid subdomains
M:Uws Ox(U)oaM
is a sheaf.
(2) H'(X,M) =0 for all i > 0.

Proof. Since the map A — Ox(U) is flat by Lemma 2.1.17, both claims follow from ten-
soring the exact complex (2.1) with M. [

Remark 2.1.20. At this point we remark that every coherent sheaf on an affinoid variety
is necessarily of form M for some finitely generated module M. This is no longer true if
we are interested in what would be quasi-coherent modules, i.e., modules that on every
affinoid open are locally of form M for some possibly not finitely generated M. This
difference between the categories of affine schemes and affinoid varieties will cause some

technical difficulties later.

2.1.5 Differential forms

We now discuss modules and sheaves of differential forms and the author feels that he
should explain himself for this rather long discussion. We have decided to write it mainly
because the book of Fresnel and Van der Put [FvdP04] is a very standard reference and
since we want to use a slightly different definition (which in our opinion is much more
natural) that the one given there, such definition needs to be justified. In particular the
construction from [FvdP04] is used by Mebkhout and Narvaéz Macarro in their work

[MNMO91], which is one of our main sources.

First of all, it is clear that the algebraic definition of Kihler differentials is not well-

suited for our purposes.
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Example 2.1.21 ([FvdP04, Remarks 3.6.2]). Consider the Tate algebra A = K(x), where K
is a field of characteristic zero. It is reasonable to expect that the module of K-differentials
on A is Adx. Now let L be the fraction field of A. Then L has infinite transcendence

dimension over K , so

QR @k L= QR
It is an L-vector space of infinite dimension. It follows that QE;‘[h(ler is not even finitely
generated as an A-module.

To fix this problem one usually considers instead the universal finite differential mod-

f
ule QA/K,

by the universal property, that there exists a K-derivation d : A — Q£ /K

derivation 6 : A — M with M finitely generated there exists a unique A-module homomor-

which is defined (for all K-algebras A, and K not necessarily nonarchimedean)

and for any K-

phism that makes the diagram

A—S M

b~

A/K

commutative. In other words, Qj; IK

Kaéhler differentials, but only with respect to finitely generated A-modules. This definition

satisfies the same universal property that the module of

is well-suited for affinoid algebras because of the following result.

Proposition 2.1.22 ([FvdP04, Theorem 3.6.1]). If A is an affinoid K-algebra, then the

module Q£ JK

() IfA=K(xy,...,x,) then

exists and is finitely generated. Moreover,

A/K @Adx,
(2) IfA=K(x1,...,%2)/(f1,- -, fm) then

A/K @Adx,/ (dfi,....dfn).

While useful from the technical point of view, the definition of finite differentials does
not seem to be the right one from the point of view of general theory. When dealing with
Banach K-algebras it seems to be very reasonable to take into account the topological
structure and the above definition is well-behaved only because Lemma 2.1.16 asserts
that for affinoid K-algebras the topological structure on a finitely generated module is

determined by the algebra.
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Example 2.1.23. We will later see (cf. Example 2.3.10) that there exists a lot of Q-
linear derivations of C,, and that all of them are discontinuous. This shows that Q{ép oy
is nonzero. On the other hand, C, plays the role of the algebraic closure of QQ, in the
nonarchimedean geometry, so by analogy to the Kihler differentials we would expect any

reasonable construction of differentials to be zero for the extension Q, C C,,.

Let A be a Banach K-algebra. A universal continuous differentials module is a Ba-
nach A-module on/r}; together with a continuous derivation d : A — on/r}é such that for
any Banach A-module M and any continuous derivation 0 : A — M there exist a unique

continuous homomorphism QZO/“[Q — M making the diagram

A—9% v m

l+

cont
Qi

commutative.

Lemma 2.1.24 (cf. [FvdP04, Remarks 3.6.2]). Let A be an affinoid K-algebra. Then

—of
ik = Ly

Proof. We claim that: (1) if 6 : A — M is a continuous derivation into a Banach A-module,
then its image is contained in a finitely generated submodule of M, and (2) the universal
derivation d : A — Q£ IK is continuous (by Lemma 2.1.22 Qj: IK
A-module so it has a natural Banach module structure by Lemma 2.1.16). Since every

is a finitely generated

A-module homomorphism from a finitely generated A-module to a Banach A-module is
continuous (cf. [Hub96, Page 76]), this will show that Qf‘ JK satisfies the universal property
t
of on/r}(.
To show (1) let us consider a projection 7 : K(x; ...,x,) — A and let X; = 7(x;). Then
X1,..., X, topologically generates A, i.e., every element a € A can be written as a conver-

gent power series a = Y, ag X * with ay € K. By the continuity of & we have

5a)=Y (ZaaaiXa_aiei> 5(X),

i=1 \'a
and therefore the image of 0 is contained in the A-module spanned by 6(X;),...,5(X,).
To show (2) first note that the map

d:K{xy,...,x,) — Qé(xl,...7x,,)/l< = G?K(xl, ey Xp ) dX;
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is continuous. By Lemma 2.1.22 we have a commutative diagram

d f
K<X1 PR ;xn> - QK(xl,...,xn>/K

| I

d Cof

and 7" is continuous as it is a homomorphism of finitely generated K (x,...,x,)-modules.
Therefore d7 is continuous and thus d is continuous because 7 is a quotient map by the

open mapping theorem. []

Example 2.1.25. We will show that ch"“/tQ = 0. Let V be a Banach Q,-vector space and
p/Np

let y: C, — V be a continuous derivation. We have to show that y is zero, and to do so we

only need to show that for every b € @p we have y(b) = 0. As b is algebraic over Q, there

exists minimal polynomial equation
B'+an 1B '+ 4+ab+ay=0, (2.2)
where g; € Q. Differentiating this equation we obtain
(nb"' 4 (n=1)ay b2+ +a1) y(b) =0.

The expression in the bracket is nonzero by the minimality of (2.2), because the char-
acteristic of Q, is zero. Therefore y(b) = 0. This example illustrates that the universal
continuous differential module is better suited for the study of nonarchimedean Banach

algebras than the universal finite differential module.
As a straightforward consequence of Lemma 2.1.24 we obtain the following.

Proposition 2.1.26. Let A be an affinoid K-algebra. Then every K-linear derivation of A

is continuous.
We finish this subsection by giving the definition of the cotangent sheaf.

Lemma 2.1.27 ([Hub96, Page 78]). Let X be a rigid analytic variety. Then there exists a

coherent sheaf Q)l( on X with the property that for every affinoid open subset U C X we
1 —
have Qy (U) = Q%);EU)/K.

We further define sheaves of differential k-forms as Q% = K Q)l(, and the tangent sheaf
%{ = <95”01’11@( (.Q)l(, ﬁx)
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2.1.6 Smoothness

If X is a rigid analytic variety then we say that it is smooth if the cotangent sheaf Q)l( is
locally free of rank n = dim X. The notion of an étale morphism of rigid analytic varieties
is defined by analogy to algebraic geometry (cf. [Hub96, Chapter 1.6]). For our purposes
we only need to know that to give an étale morphism from a smooth variety X to a Tate
polydisc is equivalent to giving exact forms dxy, ..., dx, that form a basis of Q)l(. Following

this idea, if U C X is an open affinoid subset then we say that the elements x,...,x, €

1
X|U

dxi,...,dx, € QL(U) form a basis for Qxy- In this case we also say that U admits a

Ox (U) form a local coordinate system on U if Q,, . is a free Oy-module and the elements
coordinate system. If X itself admits a coordinate system we say that it admits a global
coordinate system. Note that by the definition this implies that X is affinoid. Since every
point x € X has a neighbourhood that admits such a morphism we see that open subsets
of X admitting a coordinate system form a basis for the topology on X. These definitions
may be generalized to the relative case when i : X < Y is a Zariski closed embedding.
We say that such an embedding admits a coordinate system if there exists a coordinate
system yp,...,y, on Y such that X is cut out by the ideal J = (y,41,...,y,) and the images
of y1,...,yrin Oy /I = Ox form a coordinate system on X. The following lemma has been
taken from the notes of B. Zavyalov [Zav, Lemma 5.8] (see also [Sta24, Tag OFUE] for

an analogous statement for algebraic schemes).

Lemma 2.1.28. Let i : X — Y be a Zariski closed immersion of smooth rigid analytic
varieties. Then for every x € X there exists an affinoid open x € U, C Y and an étale

morphism h : Uy — BY™Y sych that the following diagram is cartesian

UNX —— BdimX

| |

U BdimY
x ————— .

The vertical arrow on the left is induced by i and the vertical arrow on the right is the

inclusion of the vanishing locus of the first (dimY —dimX) coordinates.

Lemma 2.1.28 implies that for every Zariski closed embedding X — Y there exists an
open covering {U;} of Y such that embeddings X NU; — U; admit coordinate systems for
all i. We use this basic observation several times throughout the text without mentioning it

explicitly.
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2.2 Homological algebra

In this section we collect results from homological algebra that will be used in the follow-

ing chapters.

2.2.1 Rings and modules

Let R be a ring (here and everywhere else a ring is an associative unital ring). The opposite

ring of R is defined to be R as an additive group with the multiplication given by
rnQ©r:=nrmnn

for r1,r, € R. We write R°P to denote the opposite ring. If M is a left (resp. right) R-module

then it is also a right (resp. left) R°P in a natural way. We simply define
m.r:=rm (resp. r.m :=mr)

for all r € R°? and m € M. We write Mod(R) for the category of left R-modules. By the
above observation the category of right R-modules is naturally equivalent to the category
of left R°P-modules. Therefore we slightly abuse the notation and we write Mod(R°P)
to denote the category of right R-modules. We also denote by Mods(R) the category of
finitely generated left R-modules and by Dl} (R) the bounded derived category of left R-
modules with finitely generated cohomology.

An involution on a ring R is a ring homomorphism
1:R—>RP:r—7

such that 12 = Id. Such a homomorphism is necessarily an isomorphism and thus if 1 exists
then the categories Mod(R) and Mod(R°P) are equivalent.

Example 2.2.1. Let R = M,(K) be the matrix ring. Then the map which assigns to each
matrix its transpose is an involution of R. This justifies the notation r — r'.

If M is a left R-module then its projective dimension is defined as the length of its

minimal projective resolution
pd(M) = min {n : there exists a projective resolution 0 — P, — --- — Py - M — 0}.

We recall the following lemma.
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Lemma 2.2.2 ([Wei%4, Lemma 4.1.6]). Let M be a left R-module. The following are

equivalent.
(1) pd(M) <d.
(2) Extt™H(M,N) = 0 for all left R-modules N.
(3) Exth(M,N) = 0 for all left R-modules N and all k > d.

The left global dimension of R is then defined as
l.gl.dim(R) = sup{pd(M) : M € Mod(R)} .

The right global dimension is defined as [.gl.dim(R°P). In general the left and the right
global dimensions of R may be different but if R is left and right noetherian then they are
equal (see [Wei94, Exercise 4.1.1]). In this case we simply talk about the global dimension
of R

gl.dim(R) = l.gl.dim(R) = [.gl.dim(RP).

From the definition g/.dim(R) is either a nonnegative integer or infinity. In the first case

we say that R has a finite global dimension.

2.2.2 Duality and modules of minimal dimension

For the purpose of this subsection we assume that R is a left and right noetherian ring of
finite global dimension. We set n = gl.dim(R). Following [MNM91, 1.2] we say that a
finitely generated left (resp. right) R-module M is of minimal dimension if either M = 0 or

gradep (M) := inf{i : Exty(M,R) # 0} = n.
For such module we set
M* = Exty(M,R)

Note that by assumption pd(M) < n and therefore by Lemma 2.2.2 Exth(M,R) = 0 for all
i #n. We call M* the dual of M. This name is justified by the following (well known)
lemma. Since it is an important ingredient in the proof of Theorem 3.1.1 we sketch the

proof for completeness.

Lemma 2.2.3. Let M be a left (resp. right) R-module of minimal dimension. Then M* is a
right (resp. left) R-module of minimal dimension and M** = M.
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Proof. It is well known that if P is a finitely generated projective left (resp. right) module,
then its dual PV = Homg(P,R) is a finitely generated projective right (resp. left) module
and the natural map P — PV is an isomorphism. Let M be a left (resp. right) R-module
of minimal dimension.

Since R is noetherian we know that M admits a finite projective resolution by finitely
generated projective modules. Let P, be such resolution and let Qo = Homg(P-e,R)[n].
We have H;(Q.) = Ext} (M,R) and therefore Q, is a projective resolution of M*. By

reflexivity of finite projective modules we have P, = Homg(Q_,,R)|n] and therefore

_— Oifi#n
Extpr(M*,R) = H,—i(P,) = (2.3)
Mifi=n
This shows that M* is of minimal dimension and that M** = M. O

It is convenient to consider the derived version of the duality discussed above. Under

our assumptions we have a well defined duality functor
Dg = RHomg(—,R) : D}(R) — D}(RP).
Its basic properties are contained in the following lemma.

Lemma 2.2.4. With the above notation and assumptions the following hold.
(1) We have an equality M = DgooDg(M).
(2) The duality functor is an equivalence of categories satisfying DgooDg = Id.
(3) The natural map RHomg(M®,N*®) — RHomgop (Dg(N*®),Dr(M*®)) is an isomorphism.

(4) Let R — S be a ring homomorphism of left and right noetherian rings of finite global
dimension. Assume that S is flat as a right R-module. Then for any M*® € D?(R) we

have Ds(S(X)RM') = ]D)R(M.) ®RS.

Proof. Parts (1)—(3) are well known, see for example [Meb89, p. 49], [HTTO08, D.4].
Possibly (4) is known to the experts but we were unable to provide a suitable reference, so
we give a proof.

If M is a finitely generated (and thus finitely presented by noetherianity) R-module
then Homg(M,R) ®@p S = Homg(S ®g M, S) since S is R-flat. Under our assumptions ev-
ery object in D? (R) is represented by a bounded complex of finitely generated projective

modules. If M*® is such complex then

RHOI’IlR(M.,R) RRrS = RHOl’Ils(S ®RM.,S),
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which finishes the proof. [

Example 2.2.5. If M is of minimal dimension then definitions of duality for modules of
minimal dimension and duality on the derived category are connected by the formula
Dg(M) = M*[—n].

2.2.3 Euler characteristic of a complex
In this subsection K is a field. In Lemma 2.2.6, where we additionally assume that K is

nonarchimedean and discretely valued, we follow our usual notational conventions.

Let C*® be a bounded complex of K-vector spaces and assume that dimg H'(C*®) < oo

for all i. The Euler characteristic of C* is then defined as an alternating sum

x(C*) =Y (—1)'dimg H'(C®).
i€’

One of the basic properties of the Euler characteristic is that it is additive on exact se-

quences in the sense that if

0—-Cl—-C—C3—0
is a short exact sequence of complexes as above, then

x(G3) = x(CT) +x(C3).
The following is less obvious.

Lemma 2.2.6. Let K be a discretely valued nonarchimedean field. Let C* be a complex of
complete (for the m-adic topology), torsion-free ox-modules and assume that all k-vector

spaces H'(C® ®,, k) have finite dimensions. Then

(1) All ox-modules H'(C®) are finitely generated and therefore also all K-vector spaces
H'(C® ®,, K) have finite dimensions.

(2) If C® is bounded then
X(C. ®0K k) — X(C. ®0K K) (24)

i.e., the Euler characteristic of C* on the special and the generic fibers are equal.

To prove Lemma 2.2.6 we need the following variant of Nakayama’s Lemma.
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Lemma 2.2.7. Let
VoW—->0—-0

be an exact sequence of og-modules. Assume that V complete, W is separated and Q Q. k

is finitely generated. Then Q is finitely generated.

Proof. Since the tensor product is right exact we have the following commutative diagram

with exact rows.

o

~

S — =

[

W>Q
!
W>§

Pick generators ¢qy,...,q, € 0=0 ®ox k and let g1,...,g9, € Q denote lifts of these ele-

<l +— <

N
>

> 0

ments to Q. Let wy,...,w, € W satisfy y(w;) = ¢;. To prove the lemma it suffices to show
that for any x € W there exist rq,...,r, € og and v € V such that w =Y, riw; + y(v).
Since W is generated modulo im ¢ by wy,...,w,, there exist r?, . ,r,? € ok, vo €V and
x1 € W such that

i+ @(vo) + @x
1

n
X =
i=

0 1

17717

We can repeat this process for x; to find inductively elements r rl~2, ... € 0K, Vo, V1,... €

V and x1,x3,... € W such that for every m > 1

m

n ) m )
=Y. (Y o/rhw+ Y @/ov)+@" xu.
i=1 j=0 =0

Since og is complete there also exist r; = limy,; e 27:0 o/ rlj . Since V is complete there
eXists v = iMy, 00 1.7 @/v; and therefore @(v) = limy, e Y7 @/ @(v;). Since W is sep-

arated we have

X— iriwi— o(x) e () @"W ={0}

m>1

and hence x =Y " | riwi+ @(v). O

Proof of Lemma 2.2.6. Recall that a module over a discrete valuation ring is flat if and
only if it is torsion-free. In particular, images of d’ are also flat and we may invoke the

Kiinneth formula [Wei94, Theorem 3.6.1]. We have exact sequences

0= H'(C*) @y k — H'(C® @qy k) — Tor{* (H'(C*), k) 0. 23)
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To prove the first assertion we consider the exact sequences
n—1
' L kerd” — H'(C®) — 0 (2.6)

By (2.5) and our assumptions the dimensions dimy H"(C) ®,, k are finite. Moreover by
assumption C" are all complete and thus kerd” are separated modules as they are submod-
ules of complete (and thus separated) modules. Therefore we may apply Lemma 2.2.7 to
sequences (2.6) to conclude the first part of the lemma.

For the second part, recall that it follows from the classification of finitely generated

modules over discrete valuation rings that if M is such module then
dimy M ®,, k — dimg M ®,, K = dimy Tor(¥ (M, k). 2.7)

Since — ®,, K 1s the same as localization at @, it is an exact functor. The first part of the

lemma together with (2.5) and (2.7) imply formula (2.4). Indeed, we have

X(C* @o k) =Y (-
=Y (-

=) (-
(-
(-

1)! dimy H'(C® @, k)
1)/ dim H'(C*) @, k+ Y (—1)" dimy Tor (¥ (H(C*), k)
1) (dimy H'(C*) ®q, k — dimy Tor{X (H'(C*),k))
=Y (=1)'dimg H'(C*) ®o, K
=Y (=1)'dimg H(C* ®oy K) = % (C* @0, K).
This finishes the proof. ]

Consider a complex of K-vector spaces with only two nonzero entries

viLy? (2.8)

We say that f has an index if both ker f and coker f are of finite dimension. The index of
f is the Euler characteristic of the complex (2.8). It is usually denoted as x (f;V!,V?) or,
ifV=v2=V,as x(f;V).
Example 2.2.8. If V1, V? are finitely dimensional then f has an index and

x(f:v1 v =dimg V! — dimg V2,
so in this situation the index does not depend on f.

The index enjoys all the arithmetic properties of the Euler characteristic. It also dis-

tributes additively with respect to the composition of linear maps, i.e., for any two mor-

1
phisms V! f—> VZand V2 — s V3 the equality

(VLY =2 (Vv + x (V2 Ve)
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holds, provided both f! and f? have indices.

Example 2.2.8 shows that the problem of computing an index of a linear map is the
most interesting if V! and V? are of infinite dimension. This is in general a difficult prob-
lem but it can be sometimes reduced to the finitely dimensional case if both V! and V2 are
filtered and f preserves the filtration. By a filtration on a vector space V we understand an
increasing family F,V of subspaces of V such that |J,F,V =V and F,,V = 0 for m < 0.

The following lemma is sufficient for our purposes.

Lemma 2.2.9. Let (V,FV) be a filtered vector space and let f :V — V be an endomor-

phism. Assume that

(1) There exists an integer o0 > 0 such that f(F,V) C F,+qV for all n.

(2) There exists an integer B > 0 such that for all n > B the induced maps gtt’V —
grg n BV are isomorphisms.

Then f has an index if and only if its restriction f : FgV — Fy_ gV has an index. If this

is the case then these indices are equal.

Corollary 2.2.10. In the situation above and with additional assumption that F,V are all

finite dimensional we have x(¢@;V) = dimVpg —dimVy g (cf. Example 2.2.8).

To prove Lemma 2.2.9 we first recall the following (well known) property of mor-

phisms of filtered vector spaces.

Lemma 2.2.11. Let (V,F,V), (W,F,W) be two filtered vector spaces and let f :V — W be a
linear map preserving these filtrations (i.e., f(F,V) C F,W for all integers n). Assume that

the induced morphisms grf : gt¥' V. — gt W is an isomorphism. Then f is an isomorphism.

Proof. Without loss of generality F,,V = 0 for n < 0. Then also F,W = 0 for n < 0 since
otherwise grf is not surjective. To prove that f is an isomorphism it suffices to show that it
is an isomorphism for all n» > 0. We do it by induction on n. The case n = 0 follows from
our assumptions. In general our claim follows from the application of the snake lemma to
the diagram

0 —— F,_1V » F,V y grf V.— 0

I

0 —— F,_ W F,W » grf W —— 0.

v
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Proof of Lemma 2.2.9. Consider a commutative diagram with exact rows

0 —— FgV >V » V/IFgV ——— 0
>V

0 —— FaypV » V/FaipV —— 0

Now the vector spaces V/FgV and V /Fy gV are naturally filtered. By assumption (1)
the map V / FgV =V / Fy 4V induced by f preserves this filtration and by assumption (2)
the induced map on the graded pieces is an isomorphism. From Lemma 2.2.11 the map
V/FgV — V [Fy gV is an isomorphism. It follows from the snake lemma that we have

natural isomorphisms
ker(f) = ker(FgV — Fy, V), coker(f) = coker(FgV — FygV),
and the proof follows. ]

Remark 2.2.12. Our terminology of ‘having an index’ and the notation for it is taken from
the work [Mal72] of B. Malgrange. We use it because it seems to be the most common
among algebraic geometers. Since our work has some intersection with (nonarchimedean)
functional analysis we remark that among people working in this area it is more common
to call an operator f that has an index a Fredholm operator and to denote its index by
ind(f) (cf. [Sch02, Chapter 22]).

2.2.4 Two technical lemmas

It is possible that Lemmas 2.2.13 and 2.2.14 below are known to the experts but we are not
aware of any published proof in the form that we need. We will use these results in a very
special case while proving Theorem 3.1.1, but since the proofs would be neither easier nor

shorter after restricting to this special case, we present them in a more general setting.

For the purpose of this subsection we assume that By is a (not necessarily commutative)
ring and 7 € By is a central element that is not a zero divisor. We set B = By[z~!] and
B = By/7By. Because 7 is not a zero divisor the natural map By — B is injective and we
may write B = (J,c7 "' By. A model example of this situation is when 7 is a uniformizer

of some discrete valuation ring O and By is a flat O-algebra.
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Lemma 2.2.13. Let M be a right Byo-module that is mt-torsion free and has a finite projec-
tive resolution by finitely generated modules. Then for each i > 0 there exist short exact

sequences of left B-modules
0 — B®g, Exty (M, Bo) — Exti:(M ®p, B,B) — Tor(°(B,Exty (M, By)) — 0.
The same holds for left By-modules with obvious modifications.
Proof. Note that B has a projective resolution
0— By~ By — B — 0. (2.9)
Thus for any right By-module M we have Tor?0 (M,B) =0 fori > 2 and
Tor?(M,B) = {m € M : mm = 0}.
In particular, if M is 7-torsion free and if
P=[0—-P">...5P ' 5P 0
is a projective resolution of M by finitely generated modules then
P =P*®p,B
is a projective resolution of M ®p, B. Set
Q. =Homg,(P*,By). (2.10)
This is a complex of finitely generated projective left Bp-modules and we have
H;(Q.) = Extg! (M, By). (2.11)
On the other hand, we have
Ext;'(M ®p, B, B) = Hi(Hom(P*,B)) = H;(B®g, Q.) (2.12)

Here the first equality holds because P° is a projective resolution of M ®p, B and the
second equality holds because for any finitely generated projective right Bp-module P we

have natural isomorphisms of left B-modules

B ®p, Homg, (P,By) = Homg, (P,B) = Homg(P ®p, B,B).
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Consider the following claim: If Q. is a bounded chain complex of finitely generated

projective left Bo-modules then there exist exact sequences of left B-modules
0 — B®p, H;(Qs) — H;(B®p, Qu) — Tor2*(B,H;_1(Q.)) — 0. (2.13)

Once we have proven the claim we are done with the proof because of equalities (2.11)
and (2.12). The fastest way to show existence of exact sequences (2.13) is to use Kiin-
neth’s spectral sequence [Wei94, Theorem 5.6.4] (see also [Rot09, Theorem 10.90] for the

formulation over noncommutative rings)
Bo —
Elz] = Tor;*(B,H;(Qs)) = Hi1 j(B®p, Qo) (2.14)

and to note that because of the resolution (2.9) we have Tor'(B,—) = 0 for i # 0,1 and

hence the spectral sequence degenerates to short exact sequences
0— Eg; — Hj(B®g, Qs) = E{ ;1 — 0. (2.15)

The problem with this approach is that existence of the spectral sequence (2.14) is usually
formulated with B replaced by an arbitrary right By-module. Therefore formally one needs
to check that maps in sequences (2.15) are in fact B-linear and not only additive (which
is usually the case for tensor product of a left and a right module over a noncommutative
ring). Alternatively, we can notice that if d, is a differential in Q, then as in the proof of

[Wei94, Thm 3.6.1] we have the short exact sequence of complexes
0 — kerde ®p, B — Qe ®p, B — imde ®p, B — 0. (2.16)

This is again a consequence of description of Tor’(—, B). Based on this observation we can
copy the proof of [Wei94, Theorem 3.6.1] to prove our claim. Then B-linearity is clear
because the arrows in short exact sequences come from the long exact sequence associated
to (2.16). O]

We now briefly introduce a notion of a lattice in a generality needed for our applica-
tions. A lattice in a finitely generated B-module M is a finitely generated Byp-submodule
L C M such that B®p, L = L[r~'| = M. We set L = L/zL and call it a reduction of L.

Recall that a Bo-module N is of finite length if it has a finite composition series
0=NgoCNyC---CN,=N

in which the factors N;/N;_; are simple modules. If N is of finite length then the module

,
N* = EPNi/N;—
i=1
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does not depend on the choice of a composition series. We call this module the semisim-
plification of N.

Lemma 2.2.14. Let M be a finitely generated left B-module and let L1,L, C M be two lat-

tices. If L1 has finite length then so does Ly and they have isomorphic semisimplifications.

Proof. Since B = |J,,c7 "By, there exist integers n,m € Z with "L, C L1 C n"L,. Be-

cause JITL,- is isomorphic to L; we may assume that
L, CL Cr "Ly, 2.17)

where n > 1. We prove the lemma by induction on n. We do the inductive step first.
Assume that n > 2 and that the statement is true for n — 1. Then the result holds for n

because we have containments
LcLina "L, cx L,
and
LN 7'L'_n+1L2 CLi C 717_1(L1 N ﬂ_n—HLz).

Therefore we only need to deal with the base for induction, i.e., with the case n = 1. We
have
Lcrn'lLycrn 'L (2.18)

Taking reductions of (2.17) (for n = 1) and of (2.18) gives exact sequences
L%L YN
and
LYL 5L
where @ (resp. ) is the map induced by the inclusion L, C L (resp. L; C n'Ly).

Therefore we have exact sequences
0 — im@ — L; — imy — 0 (2.19)

and

0 — imy — Ly — im@ — 0. (2.20)

If0— Ny — N — N, — 0 1s a short exact sequence of modules then N has finite length if
and only if Ny and N, have finite length. If this is a case then N** = N}® ®© M3°. Therefore

the result follows from existence of short exact sequences (2.19) and (2.20). L]
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Remark 2.2.15. Lemma 2.2.14 above is a simple generalization of a classical observation
that appears in many branches of mathematics. For example in algebraic geometry a vari-
ant of Lemma 2.2.14 for vector bundles with integrable connections is due to O. Gabber
and may be found in a book of N. Katz [Kat90, Variant 2.5.2]. More recently similar a
argument was used by A. Langer in [Lan22]. There is also a variant of Lemma 2.2.14
in representation theory of modular representations of finite groups (see [Sch13, Theorem
2.2.3]).

2.3 Z-modules

In this section we recall basic notions an properties of rings of differential operators and

Z-modules.

2.3.1 Connections

The discussion in this subsection is very general and it applies to every locally ringed
space (X, Ox) on which we can define a cotangent bundle Q)l( equipped with an exterior
derivative d : Ox — Q}(. Its main purpose is to introduce the de Rham complex and the de
Rham cohomology. In what follows we are only interested in the case when X is a smooth
rigid analytic variety and Q) is the cotangent sheaf of continuous differentials but for the

sake of motivation we list several situations to which the discussion below also applies

Example 2.3.1. Below one may take (X, Oy, Q) to be one of the following:
(1) (X, 0x) is a € real manifold and Q, is the sheaf of ¢"*-differential forms.

(2) (X,0x) is a complex manifold and Q} is the sheaf of holomorphic differential

forms.
(3) (X, Ox) is a smooth algebraic variety and Q, is the sheaf of Kéhler differentials.

(4) (X, 0x) is a smooth rigid analytic K-variety and Q}( is the sheaf of continuous dif-

ferential forms.

In what follows we write Q¢ for A’ Q). Let & be an Ox-module. A connection on &
is an additive map
Ve Q' ee
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that satisfies the Leibniz rule
V(fm)=df @m+ fV(m)

for all local sections f € Ox, m € &. Note that in Examples 2.3.1 V is automatically

K-linear, where K is the base field. Given (&£, V) we can more generally consider maps
ViQkes - Qlles
given by the formula
V(ie@m) =da@m-+(—1)'aAV(m).

We have V¥ =V and it is straightforward to verify the generalized Leibniz rule which says
that for all local sections o € Q% B e QJ, and m € & we have

Vit (aABom) =daAB@m+(—1)aAV/(B@m).
Let us write R = V!V?. Then
ViHVia@m) =V (do@m+ (—1)a AV(m))
=d*oa@m+ (—1)da AV(m)
+(=1)'da AV (m)+ (—1)* o AR(m)
= aAR(m).

(2.21)

In particular, taking i = 0, we see that R € Homg, (£,Q% ® &). We call R the curvature of
V and we say that V is integrable if R = 0. If this is the case then by (2.21)

DR} (&,V) = (Qy @ &, V) (2.22)

is a complex. We call it the de Rham complex of (&,V). Its (hyper)cohomology is the de
Rham cohomology of (&,V). We set

Hig(X,(£,V)) = H' (DR} (&, V).

We also write MIC(X) for the category of coherent &x-modules with integrable connec-

tions.

Remark 2.3.2. If V is integrable then we can also consider a complex & ® Q3 with the
differential given by
V(Mm@ a) =medo+V(m)Aa.
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It 1s straightforward that the natural maps QS'( RE = EX® QS'( yield an isomorphism of

complexes. In a local coordinate system xi,...,x, we have

Véhufﬂe (m.dxp) = Z d;.mdx; Ndxy, (2.23)

where d; : & — & is defined as the contraction of V by the vector field d; € Jx. Thus
we recover the de Rham complex discussed in (2.31). In what follows, whenever we
discuss computations concerning de Rham complexes in local coordinates, we will without

mentioning identify the de Rham complex with (2.23).

We finish this subsection by giving examples of connections that appear in different
branches of geometry. We hope that this discussion partially justifies our study of inte-

grable connections (and Z-modules) on rigid analytic varieties.

Example 2.3.3. (1) The structure sheaf Oy carries a natural integrable connection de-
fined by the exterior derivatve d : Ox — Q)l( If X is either a ¥ real manifold or a
complex manifold then by the de Rham Theorem Hjg (X, (Ox,d)) = Hg;,,(X). If X
is a smooth algebraic C-variety then Hyg (X, (Ox,d)) = Hg;,,(X“") by the theorem
of Grothendieck (cf. [Gro66)).

(2) If (M,g) is a €* real riemannian manifold then there is a distinguished connection
Vi _c on the tangent bundle ), called the Levi-Civita connection. The curvature
R(V_c) is the curvature of (M, g) so this connection is rarely integrable. In what

follows we are interested only in integrable connections.

(3) If X 1s a complex analytic manifold then the Riemann—Hilbert correspondence es-
tablishes an equivalence of categories MIC(X) = Rep(m;(X),C). This equivalence
has been later generalized by Deligne to the Deligne—Riemann—Hilbert correspon-
dence MIC,4(X) = Rep(m (X“"),C). Here X is a smooth algebraic C-variety and
MIC,, (X ) stands for the category of vector bundles with integrable connections that
have regular singularites at infinity (cf. [Del70]). Finally, Kashiwara and Mebkhout
generalized these results to the correspondence between the categories of regular

holonomic Zx-modules and perverse sheaves on X",

(4) The classical study of Picard—Fuchs equations is described in the modern language
using the Gauss-Manin connection (cf. [ABC20]).
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2.3.2 Rings of differential operators

In this subsection K is a field of characteristic zero. Let A be a commutative K-algebra.

Then the ring of differential operators is defined as the subring

Dy = U 'Dfn C HOIIIK(A,A),

n>0
where @fo = A and
D" = {P € Endg(A) : [P, f] € D" forall f € A}. (2.24)

We call elements of D4 differential operators. If P € Df” \ Df"_l, then we say that P is

a differential operator of order n.

Example 2.3.4. We recall the definition of the Weyl algebra. Let B be any commutative ring
and let R be a free noncommutative B-algebra on symbols x1,...,x,,d,...,d,. Consider
the two-sided ideal / C R generated by elements [x;,x;], [d;,d;], and [d;,x;] — &;;, where
i,j=1,...,n. The n-th Weyl algebra over B is defined as

W, (B) =R/I.

If A= K|xy,...,x,] is a polynomial ring over a field of characteristic zero, then W,(K) =
Da.

We recall the following theorem of Matsumura in the formulation of Mebkhout and

Narvaez Macarro.

Lemma 2.3.5 (Matsumura, [MNMO91, 1.2.2]). Let A be a commutative noetherian K-
algebra such that

(1) A is of equal dimension n.

(2) Residue fields for maximal ideals are algebraic extensions of K.

(3) There exist xi,...,x, €A and 9y,...,0, € Derg(A,A) with di(x;) = &;j.
Then Derg (A, A) is a free A module with a basis 9y, .. ., 0.

Note that in the situation of the lemma above we necessarily have [d;,d;] = 0. Indeed,

since dy,...,d, form a basis for Derg(A,A) we may write
k
(0:,9]1 =Y £k
k

After evaluating both sides of this equation on x1,...,x, we see that fl’j =0 for all &.
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Example 2.3.6. The assumptions of Lemma 2.3.5 are satisfied in various geometric situa-

tions. For example.

(1) If X = Spa A is a smooth affinoid K-variety (K is nonarchimedean of characteristic
zero) then the properties (1) and (2) are satisfied. Assume that X admits an étale
X — B” to some Tate’s polydisc and let ¢ : K(yi,...,y,) — A be the corresponding
morphism of algebras. If we write x; = @(y;) then QL = @7, Oxdx;. If we let
di,...,0d, be the dual basis of Jx then by definition

ai(x]') = <8,-,dxj> = 5,']',
so the property (3) is also satisfied in this situation.

(2) Analogous considerations apply to the case when X = Spec A is a smooth affine

C-variety that admits an étale morphism to Af..

(3) If A s either the ring of formal power series C[[xy,...,x,] or the ring C{{x,...,x,}}

of power series with nonzero radius of convergence then one may take d; = %
1

Mebkhout and Narvaez Macarro [MNMO91] conclude from Lemma 2.3.5 that we have

a direct sum decomposition
D" = P A.0“ (2.25)
| <n
and therefore
grDy =A[Ey, ..., &)

is a polynomial ring over A. We call &; the symbol of d;. While the fact that equality (2.25)
holds under the assumptions of Lemma 2.3.5 seems to be ‘folklore’, it is not completely
obvious. Because in what follows it is very important and we were not able to find a

suitable reference, we sketch its proof for completeness.
Lemma 2.3.7. Let A be a commutative K-algebra. Then
(1) D' =A@ Derg(A).

(2) If char K = 0 and there exist xy,...,x, € A and a free basis 01,...,0d, of Derg(A)
such that di(x;) = &;j, then equality (2.25) holds for all n.

Proof. To verify (1) it suffices to show that if P € DEI then P — P(1) is a derivation. Set
a=P(1) and let x,y € A. By the definition we have

[Px](y) = y[Px] (1) = y(P —a)(x)
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and thus

(P —a)(xy) = P(xy) —xP(y) +xP(y) — axy
= [Px](y) +x(P—a)(y)
=y(P—a)(x) +x(P—a)(y).
So P —a is a derivation. The proof of (2) is more involved. We work by induction on
the order of a differential operator. Let P be a differential operator of order n. We define
inductively Py = P — P(1) and
P=P - Y, N Nrar

|
o= &

Then £, (x%) = 0 for |at| <n and P — P, € P¢<,A-0%. This shows that we can assume
that P(x*) = 0 for |a| < n from the beginning. We now show that [P,x;] = 0. By the

inductive assumption
[P,x;| = Px; —x;P = Z agd?.

la|<n—1
From the first equality we conclude that [P, x;](x*) = 0 for || < n— 1. On the other hand,

a! a—p ;
9B () = { [P ifp<a. (2.26)

0 otherwise.
These two observations imply that ag = O for all o. We conclude that P(x* f) = x*P(f)
for all multi-indices & and all f € A. Now let f € A be any element. Our goal is to show
that [P, f] is an operator of order zero. This would imply that P € DEI and then the proof
follows from (1) and the initial assumption. Again by the inductive assumption we can

write

1
P f]= _f(xaa-
n |a§'_1 ol

We prove that f = 0 for |o¢| > 1 by induction. Assume that fo, = 0 for || <i—1 and let
|| =i. On the one hand, since P(1) = 0 we have

PP(f) =PIPf)(1) =P fy.

On the other hand, using formula (2.26), the inductive assumption, and the established

properties of P we have

PP(f)=PPf) = [Pf1(xF) = f5 +2P fo.

This shows that [P, f] = fp is indeed an operator of order zero. [
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Remark 2.3.8. We often abuse the notation and write equality (2.25) as Dy = Al[dy, ..., ).
This notation should be understood geometrically as a choice of the coordinate system
on the corresponding rigid analytic variety. Then d,...,d, should be understood as the

partial derivatives with respect to this coordinate system.

For the future reference we recall the following.
Proposition 2.3.9. Let A be a K-algebra that satisfies assumptions of Lemma 2.3.5. Then
(1) Dy is left and right noetherian and gl.dim D4 = gl. dimA.

(2) If we identify Dy = A[dy,...,0,| then D4 has an involution given by

t
o o o

Proof. Both parts of the proposition are well known. The first one may be found in

[MNMO1, Théoreme 1.4.4]. The second one is a direct computation based on the clas-

sical elementary formulas

2%f = Z( )aa B(r)oP

B<a

and
fo%="Y (- (“) B b(f)
B<a B

(cf. [Sab, Exercise E.1.16]). ]

2.3.3 Continuity of differential operators for Banach algebras

Let A be a Banach K-algebra. Since the topological structure is a part of the definition of
A it is reasonable to restrict the study of K-linear differential operators on A to these which
are continuous. In this subsection we clarify this ambiguity. It follows from Lemmas
2.1.26 and 2.3.7 that every K-linear operator on A is continuous if A is an affinoid algebra
satisfying assumptions of Lemma 2.3.5. On the other hand, continuity of differential oper-
ators on noetherian Banach algebras is not automatic in general, as shown in the following

example.

Example 2.3.10. Let A = C,. This is a noetherian Banach algebra over Q,. We know

that C, is algebraically closed and that it is the completion of @p, the algebraic closure
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of Q,. Therefore the field extension @p C C,, has transcendence degree at least one,
and since these fields are of characteristic zero there exists a nonzero @p—linear derivation
0 : C, — C,. Such derivation is also Q,-linear and it cannot be continuous because every
continuous derivation that is zero on @p is also zero on C,. In fact, every continuous

Qp-derivation of C,, is zero (cf. Example 2.1.25).

Example 2.3.11. We now present a variation of the previous example. Let A = C, (x)/(x?).
Again, A is a noetherian Banach Q,-algebra. Let  be the discontinuous nonzero derivation

from the previous example and let &' : f — 8(f(0))x. This is clearly Q,-linear and we have

&'(fg) =6(fg(0))x
= 6(/f(0))g(0)x+5(¢(0))f(0)x
=0'(f)g+8'(3)f.
The last equality follows from the fact that fx = f(0)x in A. We conclude that 6’ : A — A
is a (Q-linear derivation that is not continuous.

Int turns out that if we assume that A is noetherian, then the above examples essentially

show the only obstructions for continuity of differential operators.

Theorem 2.3.12. Let K be a nonarchimedean field and let A be a noetherian Banach K -

algebra. Assume that
(1) Ais reduced, i.e., yespec 4P = {0}

(2) For every minimal prime ideal p C A, either A/p is not a field or the field extension
K C A/y is finite.

Then every K-linear differential operator on A is continuous.

Since by Lemma 2.1.7 affinoid algebras are noetherian and for every maximal ideal
m C A the extension K C A/m is finite, we easily conclude from Theorem 2.3.12 the

following.

Theorem 2.3.13. If A is a reduced affinoid K-algebra then every K-linear differential

operator on A is continuous.

Since we are interested in smooth affinoid varieties, and those are adic spectra on re-
duced affinoid algebras, Theorem 2.3.13 is sufficient for our applications. Theorem 2.3.12
is a consequence of the general result of N. P. Jewell and A. M. Sinclair who studied au-

tomatic continuity of derivations of complex Banach algebra. While the result we want to
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use translates almost without changes to the nonarchimedean setting, it does not seem to
be known to the general nonarchimedean audience. Therefore we include the proof of the

following lemma for the convenience of the reader.

Lemma 2.3.14 (N. P. Jewell, A. M. Sinclair). Let ¢ : V — W be a (not necessarily contin-
uous) operator. Assume that there exist continuous linear operators {R,} and {L,} on'V

and W respectively such that the operators
OR,—L,0:V =W

are continuous for all n. Then there exists a positive integer N such that for all n > N the
equality
CI(L] Ln6(¢)) =C1(L] LN6((P)) (2.28)

holds.
We first prove a sublemma.

Lemma 2.3.15 ([JS76, Lemma 1]). In Lemma 2.3.14 we may assume that the equality
OR,— L, =0 (2.29)
holds for all n

Proof. LetV' =W’ =V ®W, and we let

, (Id 0) S ( R, 0 )
(p = ) Rn == Ln - .
¢ O OR,— L, L,

Clearly, L], are continuous. It is a matter of a straightforward computation that L/ ¢’ —
¢'R), = 0 for all n and that

S(¢')={0} ©6&(9),

and more generally
Ly...L,&(¢)={0}®L;...L,S(0).

Clearly, we have
({0} Ly...L,&(9)) ={0}®cl(L;...L,S(9))

and therefore we can indeed assume that equalities (2.29) hold. [
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Proof of Lemma 2.3.14. We may assume that equalities (2.29) hold for all n. The proof
in this case is the content of [Sin75, Lemma 2.1] and we closely follow the exposition
given there. We assume that the conclusion of Lemma 2.3.14 does not hold and our goal
is to reach a contradiction. By Lemma 2.1.4 (6) we have inclusions L,&(¢) C &(¢) and

therefore inclusions
cl (L] .. .Ln_]LnG((P)) Cecl (L] .. .Ln_]6<([))) (2.30)

hold for all n. The first observation is that we can assume that these inclusions are always
strict. Let {my,} be the sequence of integers for which inclusions in (2.30) are strict. By

assumption, this is the case for infinitely many integers. We now let

L,=Ly,1---L R, =Ry, 1---R

sy sy

Then

/

L,o=Lpn+1- L, ,9=0R, =Ry, 41...Rn,., = OR),

and the inclusion

cl(Ly...L, L,6(9)) =cl(Ly...Ln,S())

(L1 -Lm,—16(9))
Li...Lyi_1Ly, ,S(9))
Ly.. -LZ—1L2—16(§0))

is strict by construction. We now proceed with the proof under the extra assumption that
that all inclusions in (2.30) are strict. We may also assume that in the operator norm

|R,| < 1. Consider natural projections
Ty W —=W/cl(Ly...L,S(p)) =W,.

The composition
mLy...Lyo:V =W,

is continuous by Lemma 2.1.4 (4) because we have
m,Ly.. Ln6((P) =0.
On the other hand, by the same lemma the composition

ﬂnLl ‘..Ln_l(P . V — Wn
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is not continuous, because if m,L;...L,_1S(¢p) = 0 then we would have a containment
Ly...L,_16(¢) Ccl(L;...L,S(¢)), contradicting our assumptions. Using discontinuity
of the latter operator we can for every positive integer n find an element v, € V such that
[va| <27 and

| Ly ... Ly—1@Qvy| >n+|m,Ly...Ly@|+ .

n—1
T, Q ZR[ .. .Rj,1Vj
j=1

Now let
= ZRI ~~~Rn—1Vn-

n>1

We have
< Y R Rui|val < ) 27" < L,

n>1 n>1

so this is a well defined element of V. Now for any positive integer n we compute that

02| > [Tz = |} TR ... Ry—1vn

n>1

n—1
= |T@R ... Ry 1va+ @ Y Ri...Ri_1vj+MLi...Ly@ Y Rup1...Rj_1v;
Jj=1 j=>n+1

n—1

v/ ZR] ...Rj_]Vj
j=1

Z’ﬂL]...Ln_l(Pvn|— — JZ'nL]...Ln(p Z R,,_H...Rj_]vj

j>n+1

> n.

>n+ MLy ... Ly@| = |TLy ... La@]| Y, Rpy1...Rj_1v;

Jj>n+1

Since the inequality |¢z| > n cannot hold for all integers we reach the contradiction. [
We now prove Theorem 2.3.12 under the extra assumption that A is a domain.

Proof of Theorem 2.3.12 when A is a domain. Since every differential operator (and in fact
every K-linear operator) acting on a finitely dimensional K-vector space is continuous, we
may assume that A is not a field. The proof goes by induction on the order of the differen-
tial operator P. If this order is zero, then the theorem is clear, because in this situation P is
a left multiplication by some element f € A and continuity of such an operator is a part of
definition of a Banach algebra. Now assume that the theorem holds for operators of order
< n—1 and let P be an operator of order n. The key observation is that the separating
space G(P) is an ideal in A. Indeed, let x € G(P) and f € A. By the definition [P, f] is an

operator of order < n— 1 and therefore it is continuous by the inductive assumption. Let
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{xn} be a sequence in A tending to zero, such that limP(x,) = x. Then fx, also tends to

zero and we have equality
[P, f10en) = P(fxn) = fP(xn).

From the continuity of [P, f] we conclude that lim|[P, f](x,) = 0, and therefore
limP(fx,) = lim fP(x,) = fx,

i.e., fx € G(P). Now let a € A be a nonzero element that is not a unit. We apply Lemma
23.14to

@ =P, L,=R, = left multiplication by a".
By noetherianity of A every ideal in A is closed (Lemma 2.1.6). In particular, we can omit

the closure in Lemma 2.3.14, and we conclude that there exists N such that
ATIS(P) =d"S(P).

By the noetherianity, a¥ G (P) is a finitely generated A-module. Therefore from Nakayama’s
lemma and the above equality we conclude that there exist b € A with (1 —ab)aV&(P) = 0.
Since a is not a unit and A is a domain, we conclude that S(P) =0, i.e., P is continuous.

This finishes the proof in the case when A is a domain. [l

To prove Theorem 2.3.12 in the full generality we further exploit the noetherianity
hypothesis. It is known that a noetherian ring has only finitely many minimal prime ideals
P1,...,pn. By the definition

piO-Npa= [ p=V0.

peSpec A

If A is reduced then this intersection is zero. On the other hand, the intersection N #iPj 18

nonzero if the minimal primes are nonzero. Otherwise we would have
MjziPj C Pis
which implies that p; C p; for some j # i, contradicting the minimality.

Lemma 2.3.16. Let A be a reduced noetherian K-algebra (over an arbitrary field) and let
P : A — A be a differential operator. Then P(p) C p for every minimal prime p C A, and
the induced K-linear map A/p — A/p is a differential operator.
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Proof. Both claims are verified by induction on the order of P. The lemma is clear if this
order is zero. We let q denote the intersection of all minimal primes of A different from p.
Then q is nonzero by the above discussion and p N q = {0} since A is reduced. Let x € p

and y € q be nonzero elements. Then xy = 0 and by the inductive assumption

[P,y)(x) = P(yx) —yP(x) = —yP(x) € p.

Since y ¢ p we conclude that P(x) € p and the first claim is verified. To verify the second
claim let us write P : A; — A; for the induced k-linear map. We show by induction on the
order of P that it is a differential operator of order less or equal to the order of P. This

follows from the straightforward equality [P, f] = [P, f]. O

Proof of Theorem 2.3.12. Let p;...p, be all minimal primes of A and let P: A — A be a
differential operator. By Lemma 2.3.16 the induced maps P; : A/p; — A/p; are differential
operators. All p; are closed by the noetherianity of A (Lemma 2.1.6) and thus A/p; are
Banach K-algebras, which are domains. If A/p; is not a field then P; is continuous by the
special case of Theorem 2.3.12, which we have already shown. Otherwise, K C A/p; is a
finite field extension and P; is continuous because every K-linear map of finitely dimen-

sional K-vector spaces is. Since

(0) ==t (4> [T/ )

by the reducedness assumption, we have a commutative diagram with injective rows

A — [L;A/pi
lP l(Ph..A,P,,)
A — [L;A/pi
The right vertical arrow is continuous and therefore P is also continuous. [

Remark 2.3.17. Note that in this subsection we did not put any restrictions on the nonar-
chimedean field K. It may be of arbitrary characteristic and not necessarily discretely

valued.

Remark 2.3.18. The continuity of derivations on complex (commutative) Banach algebras
has been studied by many authors. The classical result of I. M. Singer and J. Wermer
[SW55] states that every continuous derivation of such an algebra A has its image con-

tained in the Jacobson radical of A In particular, if this radical is zero then there is no
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nonzero continuous derivations. This result has been later strengthened by M. P. Thomas
[Tho88], who showed that the continuity assumption in the work of Singer—Wermer is su-
perfluous. Therefore commutative Banach C-algebras with zero Jacobson radical have
no nonzero derivations. This is yet another example of a striking difference between
the nonarchimedean and classical theory, because reduced affinoid algebras usually have
plenty of (continuous by Theorem 2.3.13) derivations (for example % :K{x) = K(x) is a

nonzero derivation) and they are known to be Jacobson rings.

2.3.4 Modules over rings of differential operators

In this subsection we again assume that A satisfies assumptions of Lemma 2.3.5. [f M is a

left ‘D 4-module then its de Rham complex is defined as

n
DRY, (M) = |M — @ Mdx; — @ Mdx; Ndxj — - — Mdxy Ndxy A -+ Ndx,
i=1 i<j

(2.31)
with the differential given by

8k (m.dx;) = Xn: djm.dxj Ndxj.
j=1
The de Rham cohomology of M is defined as the cohomology of this complex and denoted
H!x (M). This should be compared with formula (2.23).

We are interested in computing the cohomology of (2.31) when M is of minimal di-
mension. If M is a finitely generated left D 4-module then there exists a good filtration FeM
on M, i.e., a filtration such that gr’ M is a finitely generated A[£, ..., &,]-module (here &
denotes the symbol of 9; ). By [BGK*87, Thm V.2.2.2]

gradeq, (M) + dimgr’ M = 2n, (2.32)

A[él a"'?&ﬂ}
Ann(grf M)
to the affine scheme Spec B as the singular support or the characteristic variety of M and

where dim gr’’ M is by definition the Krull dimension of B = . One often refers

denotes it by CC(M). It follows from the definition that if M is a nonzero finitely generated
D 4-module then
dimCC(M) =n

if and only if M is of minimal dimension.
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Remark 2.3.19. If X = Spec A is a smooth affine C-variety then the characteristic cycle has
a nice geometric interpretation. In this situation we can identify grD, with the algebra of
functions on the (geometric) cotangent bundle 7*X. This is again a smooth affine variety
and CC(M) C T*X is an algebraic cycle. If X = Spa A is affinoid then grDy is the algebra
of functions on 7*X that are polynomial on the fibers, and thus it does not correspond to
any nice geometric object. This is partially resolved by the D-module theory of Ardakov—
Bode—Wadsley (cf. [AW19]). For our applications we are only interested in the equality

(2.32) and the lack of its geometric interpretation is not a problem.

The category of D4-modules of minimal dimension has many nice properties.
Lemma 2.3.20. Let M, M’ ,M" be finitely generated left D s-modules. Then

(1) If0 =M — M — M" — 0 is a short exact sequence then M is of minimal dimension

if and only if M' and M" are of minimal dimension.
(2) IfExti, (M,Dy) # 0, then gradeq, (Ext, (M,Dy)) > i.
(3) Exty, (M, Dy) is a right Da-module of minimal dimension (here n = gl.dim(A)).
(4) If M is of minimal dimension then it has finite length as a ‘D s-module.
The same holds for right ‘D s-modules.

Proof. The proofs of (1), (2) and (4) are in [MNMO91, page 231]. For the proof of (3) it
suffices to use (2). If Ext"@A (M,Dy4) = 0 there is nothing to prove. Otherwise we have

n > gradeq, (Exty ,(M,D4)) > n,

where the first inequality follows from g/.dim D4 = n (Proposition 2.3.9). See also [Meb89,
page 49] for the reference. [

Remark 2.3.21. The part (3) of Lemma 2.3.20 will be crucial for us. Together with Lemma

2.2.3 it gives a nice interpretation of the operation
M— o(M) = Ext%A (Ext’})A (M,D4),Dy)

in terms of the elementary linear algebra. By Lemma 2.2.3 we have 6(M) = M provided
that M is of minimal dimension. In any case 6(M) is of minimal dimension by Lemma

2.2.3 and part (3) of Lemma 2.3.20. Thus if we write V for a K-vector space freely spanned
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by the isomorphism classes of finitely generated left D4-modules and W C V for a sub-

space spanned by classes of modules of minimal dimension then the K-linear map
V=V:iM|—[0(M)]

is a linear projection onto W.

If we take A = K|xy,...,x,] then Dy = W,(K) is the n-th Weyl algebra (char K =
0). In this context the de Rham cohomology of modules of minimal dimension has been
classically studied. We refer to [Bj679, Ch. 1 Thm 6.1] for the proof of the following

fundamental result.

Theorem 2.3.22 (Bernstein). Let M be a left W, (K)-module of minimal dimension. Then
dimg H' (M) < oo for all i.

2.3.5 Coherent, finitely presented, and holonomic Z-modules

In this subsection we assume that X is a smooth rigid analytic variety over a nonar-
chimedean field K of characteristic zero. We define sheaves of differential operators of

order < n on X as a sheafified version of (2.24), i.e., as
25" = {P € &Endg(Ox) - [P f] € 25" forall f € Ox}.

These sheaves are coherent because if xy,...,x, is a coordinate system on an open subset
U C X and 0y, ...,0d, is the dual basis to the basis dxi,...,dx, then .@5” is the coherent
sheaf associated to the finitely generated module @;}’Z )" Finally, we define the sheaf of

differential operators on X as

7x = J 25"

n>0
Alternatively, Zx can be defined as the subsheaf of &ndk(Cx) generated as a sheaf of
K-algebras by Ox and Zx. This follows from Lemmas 2.3.5 and 2.3.7, and from Theorem
2.3.13. The latter description shows that giving a left Zx-module structure on an Ox-

module & is equivalent to giving a K-linear map
V:,%(%gndlg(@@,@@); 0+— Vp
that satisfies for all local sections f € O, 6 € Jx the following conditions.

(1) Vyg=fVy
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(2) Vo(f—)=06(f)+ Ve
(3) V[el,ez] = [V917V92]'

Further, it is easy to see that the first two conditions are equivalent to giving a connection
V:&— Q}( ® & and the last condition is equivalent to vanishing of the curvature of V.
The passage from connections to Z-modules is given by contracting V with elements of
Ix, i.e., by setting

Vo:6 S olewe 229 4

The passage in the other direction is easily done in local coordinates. One sets
V(m) = de,- ®Vy, (m)

and checks that this description is coordinate-independent. Since equivalence of these
two constructions is well known we omit the details and we refer the interested reader to
[ABC20, Chapter 2].

The notions of a coherent and globally finitely presented left (or right) Zx-module is

clear. Namely, a Zx-module is globally finitely presented if it admits a finite presentation
D — DN — M — 0,

and it is coherent if there exists an open covering X = (J;U; such that .#|y, is finitely
presented for all i. Finally, we say that a left coherent Zx-module is holonomic if there
exists an open covering of X by affinoids {U;} such that each U; admits a coordinate system

and . (U;) are D 4, (,-modules of minimal dimension.

Remark 2.3.23. If we replace X by a smooth algebraic C-variety then all the above def-
initions translate mutatis mutandis to that setting. By equality (2.32) our notion of holo-
nomicity agrees with the classical definition in terms of the dimension of the characteristic

cycle.

Example 2.3.24 (cf. [HTTO08, Example 2.2.4]). Let (&, V) be a vector bundle with an inte-
grable connection on X and let U C X be an open affinoid subset that admits a coordinate

system and trivializes &. We set M = & (U ). Consider a filtration

0 i<0,
M i>0.

FM =
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It is clearly a good filtration and if grDs = A[&1,...,&,] (A = Ox(U)), then gr M = M as
an A-module and the action of &, ..., &, is trivial on grf M. We conclude that

= (A[éh...,én]/(&,_H‘éﬂ))@rké"

as an A[&;,...,&,]-module. Therefore M is of minimal dimension by equality (2.32).
Hence, (&,V) corresponds to a holonomic Zx-module. In particular, the structure sheaf

O 1s a holonomic Zx-module in a natural way.

If ./ is a coherent left Zx-module then we define its de Rham complex as
DR}, (M) = [ M @, O — -+ — M @, O™ (2.33)

with the differential defined (locally, in a coordinate system) as

dm@0) =m@do+ ) dm® (dx; \ ®) (2.34)
i=1

If we interpret .# as a sheaf with an integrable connection then the above de Rham
complex coincides with (2.22). The de Rham cohomology of . is defined as the (hy-
per)cohomology of (2.33) and it is denoted by H' (X, .#).

We now recall the Spencer complex.

n 1 0
Spx(Zx) = | Zx ®oy \Tx = -+ = Ix @0, \Tx = Zx ®ay [\ Tx (2.35)

with the differential given by
P®91/\"'/\9kHZ _ i+1p9.®91/\.../\§i/\.../\9k

+Z 1) P@[6, 0] AOI A ABA---NOA---ABy.

i<j

Our convention is that the complex (2.35) is concentrated in degrees [—n,0]. The following

1s well known.
Lemma 2.3.25. With the notation aboveL

(1) The Spencer complex (2.35) is resolution of Ox by locally free left Px-modules.
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(2) For any coherent left Px module .# we have a natural isomorphism of complexes

DR®y (/) = A omg, (Spx*(Zx), ). (2.36)

Proof. The first claim is verified by noticing that (2.35) is a complex of filtered %x-
modules and that the associated graded is the Koszul complex of Oy (cf. [HTT08, Lemma
1.5.27]).

For the second claim note that for any coherent left Zx-module .#Z we have natural

isomorphisms
Ok ®g, M = Homg, (Ox, 0k @ .4)
= %”Omﬁx(;\%(,//)
= Homgy, (Ix Doy /k\e%(,«///)
= Homg, (Sp " (Dx), ).

given by the formula
om— [P0 +— Pla,0)m).

A standard computation in local coordinates shows that these isomorphisms yield an iso-

morphism of complexes. []

2.3.6 D, -modules versus Zx-modules

In this subsection X = Spa A is a smooth affinoid variety that admits a local coordinate
system. In this setting we investigate the relations between D 4-modules and Zx-modules.

Let M be a finitely generated left Zx(X)-module. We define a presheaf on affinoid
subdomains

~

M:Uw Ix(U)@gyx) M
Lemma 2.3.26. Assume that X = Spa A admits a global coordinate system. Then:
(1) For every finitely generated left D a-module M the presheaf Misa sheaf.
(2) H'(X,M) =0 fori> 0.

B) M— M establishes an equivalence of categories between finitely generated D 4-

modules and globally finitely presented Yx-modules. The quasi-inverse is given by
M—T(X, ).
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(4) Hig(M)=Hig(X,M).

(5) The coherent Dx-module .4 = M is holonomic if and only if M is a D s.-module of

minimal dimension.

Proof. Clearly A satisfies assumptions of Lemma 2.3.5 and for every affinoid subdomain
U C X wehave Px(U) =Dy = Ox(U)|[dy,...,0d,]. We conclude parts (1)—(3) of the lemma
from Tate’s acyclicity theorem 2.1.18. Let X = Uévzl U; be a finite covering of X by affinoid

subdomains. Then Tate’s acyclicity theorem states that the Cech complex
n
%.({Ui}, ﬁx) =0— ﬁx(X) — @ ﬁx(Ui) — e
i=1

is exact. On the other hand, under our assumptions we have
Ix(U) @gyx)M = Ox(U) @4 M.

Since the maps A — Ox(U) are known to be flat (Lemma 2.1.17) we deduce that the

complex

¢*({Ui}, M) = ¢*({U;},Ox) @4 M

is exact. This shows that the presheaf M is in fact a sheaf and it has no higher sheaf
cohomology, i.e., that (1) and (2) hold.

To prove (3) we show that our functor is fully faithful and essentially surjective. Let M
be a finitely generated ‘D4-module. By noetherianity it is finitely presented and we have a

presentation
DY — DY — M — 0,

which induces a presentation
DE = P — M — 0.
Note that the latter is really a presentation because we have
Ix(U)@p, M = (Ox(U) ®4Da) @p, M = Ox(U) @a M

and therefore M — M is an exact functor as the functor Ox(U) ®4 (—) is exact. Now we

have
Homg, (Zx,N) =N(X) =N
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and therefore both Homg, (M,N) and Homs, ,(M,N) can be realized as the kernel of the
same homomorphism
N® — N2,

This shows that our functor is fully faithful. To check that it is essentially surjective we

use exactness once again. Let
D — DN — M —0

and let M be the cokernel of the corresponding map Zx (X)%%2 — Py (X)®*. From the

exactness of M — M we obtain an exact sequence
®ay ®a; >
Dy =Dy —M— 0.

It follows from the fully-faithfulness that M = 4 as they both must be the cokernel of the
same homomorphism. This finishes the proof of (3).

To prove (4) note that
DR*;, (M) =T(X,DR*x(M))

and therefore we only need to check that for i > 0 we have H!(X,M @4, Q&) = 0. Since
ng is globally free of finite rank this follows from (2).

To prove (5) it is sufficient to check that if .# is holonomic then M is of minimal
dimension. If M is a finitely generated D4-module and U C X is an affinoid subdomain
then from the flatness of Zx (U) over D4 we get (see Lemma 2.2.4 (4))

EXtéx(U)(M(U)a Ix(U)) = Exty (M, Dy) @p, Dx.

Then an argument with Tate’s acyclicity theorem, analogous to the one given above shows
that the presheaf
iU Extl (M, Dy) ®p, Zx(U)

is a sheaf of right Yx-modules. In particular, we have
(X)) =Exty (M,Dy).

Now assume that .# is holonomic and i # dimX. Let {U;} be the covering of X from the

definition of holonomicity. Then
Ai(Uj) = EXti@X(Uj)(M(UJ)a Ix(Uj)) =0

and therefore .4;(X) = 0. O
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Remark 2.3.27. LetY = SpecA be a smooth affine variety over C. Then there is an equiv-
alence of categories between the category of coherent left Zy-modules and the category of
finitely generated left D4-modules. Under this equivalence holonomic Zy-modules corre-
spond to modules of minimal dimension. More generally, we say that a smooth algebraic
C-variety Y is D-affine if the functor I'(Y,—) is exact and it induces an equivalence of
categories between the category of Zy-modules that are Jy-quasi-coherent and the cat-
egory of Zy(Y)-modules. It is natural to expect that smooth affinoid varieties are also
D-affine in the sense that the functor M — M of Lemma 2.3.26 gives a desired equivalence
of categories. Unfortunately, we do not know if it is true even for the Tate polydiscs. The
problem is that, contrary to the situation in classical algebraic geometry, quasi-coherent
Ox-modules on affinoid varieties need not be globally generated. If we knew that smooth

affinoids are in fact D-affine some arguments in the next chapter could be simplified.

2.3.7 Side-changing operations and direct image along closed embed-
ding
Let X be a smooth rigid analytic variety. We write wy = detQyx for the canonical line

bundle on X. It is known (cf. [HTTOS, p. 19]) that wy is in fact a right Zx-module with

the differential structure induced by the Lie derivative. More precisely, Zx acts on wyx by

((LieX).0) (X1,...,X,) = X(@(X1,...,X,))

—Za)(Xl,...,[X,X,-],...,Xn),

i=1
where X,X1,...,X, € 9x and o € wy. One verifies that the natural action of Oy on Wy
together with the right action of Jx given by

0.X := —(LieX)w

extends to a right Zx-module structure on @wy. More generally, if .# (resp. .#') is a
left (resp. right) Zx-module then wx ®g, A (resp. Homg, (ox,.#')) carries a natural
structure of a right (resp. left) Zx-module and these constructions are inverse to each other
(cf. [HTTOS, p. 20]). The right (resp. left) structure is given by

(wamX =0Xm—oxXt (resp. (X¢)(w)=—-¢p(0)X+¢(wX)).

If x1,...,x, is a coordinate system on X, d,...,d, are the corresponding derivations and

dxy A\ --- Adx, is the corresponding section of @y then the passage from left to right Zx-
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modules is given by the involution (2.27), i.e., by the formula
dxiN\---Ndx,@m.P=dx; N\ Ndx, @ P'm (2.37)

Operations described above are called the side-changing operations. We need the follow-

ing easy lemma.

Lemma 2.3.28. Assume that X admits a global coordinate system. Then the right 9Dx-
module ®x @ g, Dx is free of rank one. Similarly, the left Dx-module Px & g, Wy is also

free.

Proof. Let us set /4 = wx g, Yx. We fix a coordinate system xi,...,x, and let e =
dx; A\---ANdx, ® 1. The action of Zx on .# is defined by action of the tangent sheaf given
by

(fdxi A---ANdx, ®Q).0 = —0(f)dxi A--- Ndx, @ Q — fdxi A--- Ndx, Q@ 0Q.
We conclude that for P € 9x we have
(dxi A+ ANdx,@1).P=dx) N\ Ndx, @ P
and it is easy to see that .#Z = e. %y is free of rank one. ]

Leti: X — Y be a Zariski closed embedding of smooth rigid analytic varieties. Let us

recall the definition of the transfer modules. We have
Dx_y = Ox ®i-16y i_lgy =i"Yy.

This is an (Zx,i~ ' 9y)-bimodule with the Zx-module structure given by the chain rule
(cf. [HTTO8, p. 23]). We also have

SRV
Dyex = 0Ox Qoy Dx—y Q16,1 Oy

This is a (i’l.@y, Px )-bimodule with the structure induced by the side-changing opera-
tions. The direct image of a left (resp. right) Zx-module is defined as

iy M = i(Dyx Qgy M)

(resp. ix (M @z, Dx—y)).

Remark 2.3.29. While our notation is widely used, another common notation for the direct
image, used for example in [Meb89], [HTTO08], is fl,/// .
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CHAPTER 2. GENERAL THEORY

It is a standard computation (cf. [HTTOS, p. 24]) that (for a closed embedding) the
transfer modules are locally free over Zx. Moreover, since i is affine i, is an exact functor.
It follows that i is an exact functor. The same computation shows that if yq,...,y, is a

coordinate system for the closed embedding i : X — Y such that X is cut out by the ideal
J= (Yrs1s---,yn) then

il = @ it O =i M [Dri1,..., ). (2.38)
It 1yensin
If moreover Y = Spa A and X = Spa B with B=A/J then the above choice of the coordinate

system induces the homomorphism
Da ZA[(91,...,(9,1] — B[&l,...,an] = DB[<9r+1,...,8n]

and the Zy-module structure on (2.38) is the one induced by this homomorphism. Fi-
nally, we mention that the formation of direct images commutes with the side-changing

operations in the sense that we have a commutative diagram (cf. [HTTOS, p. 23])

Mod(Zx) o Mod(Zy")
(2.39)

iy i
Mod(Zy) 2“5 Mod(ZP)

Remark 2.3.30. In this subsection we referred mostly to the definitions and basic proper-
ties of Z-modules contained in the first chapter of the book [HTT08] of Hotta—Takeuchi—
Tanisaki. This book deals with Z-modules on complex algebraic varieties but it is clear
that all the stated facts translate mutatis mutandis to our setting as they are formal conse-
quences of the fact that Yy is generated by the tangent bundle. In the following section we

need to be more careful.

2.3.8 Cohomological descent

To reduce the proof of Theorem 1.2.2 to the affinoid case we need to use some spectral
sequences. Let X be a smooth rigid analytic variety and let X = Uﬁil U, be an open cover.
We define
%° =\ |u;
l

and
U= xx U xx - xxU°.

(n+1)-times
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In other words %" are disjoint sums of the intersections of (n+ 1) elements from the open

cover of X. We refer to [Del74, 5.3.3.3] for the proof of the following lemma.

Lemma 2.3.31. Let .7 ° be a complex of sheaves of abelian groups on X. Then there exists

a spectral sequence
EP = HI(UP, Fy,) = HPH(X,F°).

Obviously, if .7 ® in a complex sheaves of K-vector spaces then the maps in the spectral
sequence are K-linear. By taking .%*® the de Rham complex of some Zx-module we obtain

the following.

Lemma 2.3.32. Let X = vazl U; and let # be a coherent left Px-module. Then there

exists a spectral sequence of K-vector spaces

) +
EM'= @ HRWUO-NU, My, nonv,) = Hig'(X,4)
1<iy,...,ip<N

Proof. This is a direct consequence of Lemma 2.3.31 and the definition of the de Rham

cohomology. []
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Chapter 3

Finiteness of the de Rham

cohomology

3.1 Introduction

In this chapter we prove Theorem 1.2.2. To do so we first recall the notion of completed
Weyl algebra and we study modules of minimal dimension over such algebras. Then we
reduce the proof of Theorem 1.2.2 to the analogous result about such modules, i.e., to
Theorem 3.1.1 below. The exposition very closely follows the one given in our two recent
preprints [Ra24b], and [Ra24a]. For the rest of this chapter K stands for a discretely val-

ued, nonarchimedean field of equal characteristic zero.

Let us briefly explain the structure behind the proof, which is summarized in Figure
(3.1) below. If X = Spa K(x1,...,x,) is the Tate polydisc then we set D,, = I'(X, Zx) and
we write @n for the completion of this ring with respect to the operator norm. We also
write 5,3 ={Pe¢c Dy Pl <1} and D, = 5,3 ®o k. First, we study modules of minimal

dimension over D, and we prove the following.

Theorem 3.1.1. Let K be a discretely valued nonarchimedean field of equal characteristic
zero and let M be a finitely generated left 5n—module. Then the following conditions are

equivalent:

(1) M is of minimal dimension.
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(2) There exists a lattice L C M such that L is a D,-module of minimal dimension.

(3) For any lattice L C M the reduction L is a D,-module of minimal dimension.
If these equivalent conditions are satisfied, then:

A) The semisimplification of L does not depend on L and only on M.

B) We have dimg H',(M) < oo for all i and the equality x,r(M) = x4r(L) holds.

To prove Theorem 1.2.2 we first observe that the natural map D,, — 5,1 is flat. This
observation allows us to deduce the theorem for globally presented Zx-modules on Tate’s
polydiscs from Theorem 3.1.1. Next we prove Theorem 1.2.2 for globally generated holo-
nomic Yx-modules on a smooth affinoid variety X with a global coordinate system (i.e., an
étale morphism to some polydisc). Since X is affinoid there exists a Zariski closed embed-
dingi: X — Y of X into a polydisc Y. We study the Z-module theoretic direct image iy .#
to conclude the assertion by reducing to the previous case (see Proposition 3.4.1). Finally,
to prove Theorem 1.2.2 in full generality we cover X by open affinoid subsets such that
on each of these subsets assumptions of the previous case hold and we use cohomological
descent to conclude finiteness of the de Rham cohomology from its finiteness on each of

the open subsets.

Modules of minimal dimension over completed Weyl algebras

@n is flat over D,,

X =Spa K(z1,...,z,) and 4 is a globally finitely presented Zx-module

direct image along closed embedding

X is étale over Spa K(z1,...,x,) and . is a globally finitely presented Zx-module

cohomological descent

X is quasi-compact and quasi-separated
(Theorem 1.2.2 in full generality)

Figure 3.1: The logical structure of the proof of Theorem 1.2.2.
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CHAPTER 3. FINITENESS OF THE DE RHAM COHOMOLOGY

The reduction of the problem described above justifies the generality in which The-
orem 1.2.2 is stated, i.e., the use of holonomic Z-modules. Although in practice one
is usually interested in the de Rham cohomology of vector bundles with integrable con-
nections, or even just the de Rham cohomology of the trivial vector bundle (Ox,d), the
approach sketched above quickly leads to the more general category of holonomic Z-
modules. Indeed, for a closed embedding i : X < Y the direct image i; (Ox,d) is a holo-
nomic Yy-module that is not a vector bundle as it is supported on a proper closed subset.
On the other hand, it is hard to think of a larger category of Z-modules that is natural to
work with and enjoys the property of finiteness of the de Rham cohomology, although it is
worth mentioning that as a byproduct of our proof one can fairly easily construct examples
of non-holonomic Z-modules with finite de Rham cohomology. One such example will

be discussed in Example 3.3.4.

Remark 3.1.2. 1t would be interesting to compare our result with other known variants of
the de Rham cohomology used in the nonarchimedean setting. We expect an analogue of
Theorem 1.2.2 to be also valid (with K of equal characteristic zero) for the overconvergent
de Rham cohomology used by the p-adic geometers and for the de Rham cohomology of
the D-modules from the recent work of K. Ardakov, A. Bode, and S. Wadsley ([AW19],
[AW18], [ABW21]). Perhaps such results could be derived directly from our Theorem
1.2.2. It is also natural to ask if the assumption that K is discretely valued can be dropped.
We believe that it is true but it requires revisiting the proofs in [Ra24b] and it seems to

require further work.

3.2 Completed Weyl algebras

In this section we recall the notion of completed Weyl algebra and we study the category
of modules of minimal dimension over this algebra. The main result of this section is the

proof of Theorem 3.1.1.

3.2.1 Preliminary definitions

Let K be a discretely valued nonarchimedean field of equal characteristic zero and let og
be its valuation ring. We also fix a uniformizer @ € og. The notion of the n-th Weyl

algebra over og was recalled in Example 2.3.4. Then n-th completed Weyl algebra over o
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is defined as

Do =lim————— 3.1
n Lm wSHWn(UK)’ ( )
and the n-th completed Weyl algebra over K is defined as
Dy = D° @p, K. (3.2)

Similarly to the Tate algebra, the completed Weyl algebra can be defined in two equivalent
ways. The algebraic definition was given above. To give the functional-analytic definition

we first fix some notation that is used throughout this chapter. Let us set
@n = ®K<X17-~-,Xn> = K(xl, . ,xn>[81, . ,8,,]

The natural action of D,, on the Tate algebra is continuous and therefore the Gauss norm

induces an operator norm on D,,. One checks that

| ) fad®| = max|fql.

We define Dy, = {P € D, : |P| < 1}. Then Dj, is an og-algebra such that D ®,, K = D,,.

Moreover, we have

wk-i-l@’c; - CU"“W,,(UK)

and thus
De Wn(oz()

lim— " —lim— "k, _ e
SR GHIDe ~ 48 RN, (0g) "
and D, = /D\,‘,’L ®ox K. We have natural containments

W,(0g) C DS C D°

and
W,(K)C D, C 5n.

From this construction it is clear that the operator norm on D,, extends to the norm on D,,.

The elements of D,, are written as power series

|orf e

Zfa8a, fa € K{x1,....xn), lim |fy]|=0.
[0

The norm |}, fod%| = max|fy| makes /D\n into a (noncommutative) Banach K-algebra

and Dy, is the unit ball with respect to this norm. We also denote

D, =DS/@DC.
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CHAPTER 3. FINITENESS OF THE DE RHAM COHOMOLOGY

It is clear from the construction that D,, = W, (k) is the n-the Weyl algebra over the residue
field of K but we believe that the ‘overline’ notation is more intuitive in the following
considerations.

If M is a left 5n—module then it is also a D,-module and as such it has a de Rham

complex and the de Rham cohomology groups defined by formulas (2.31).
Remark 3.2.1. Algebraic properties of completed Weyl algebras have been studied by

many authors, for example by L. Narvdez Macarro in [NM98], and more recently by A.
Pangalos in [Pan08]. Since the construction of the completed Weyl algebra is parallel to
the construction of the Tate algebra with the polynomial ring replaced by the Weyl algebra
(cf. Example 2.1.5 and the discussion above), the name Weyl-Tate algebra is also some-
times used to denote these objects. Our notation 5,1 (pronounced ‘D-hat’) should not be
confused with the ring D (pronounced ‘D-cap’) of Ardakov—Bode—Wadsley (cf. [AW19],
[AW18], [ABW21]). Since the use of ‘hat’ to denote a completion of a ring is widely used

we believe that our notation is justified.

3.2.2 Algebraic properties of completed Weyl algebras

In this subsection we discuss some basic algebraic properties of completed Weyl algebras.
We show that they are left and right noetherian and that g/.dim /D\n = n. We also establish

some basic properties of 5Z—modules that are needed in the proof of Theorem 3.1.1.
Lemma 3.2.2. Both /D\,‘fl and /ﬁn are left and right noetherian.

Proof. Note that the Weyl algebra W, (o) is left and right noetherian. Indeed, the associ-
ated graded ring of the Bernstein filtration

Fan(oK) = @ aaﬁxo‘aﬁ
o[+ Bl <n

is the polynomial ring in 2n variables over ok. Since the valuation on K is discrete, ok is
noetherian and therefore so is any polynomial ring over ox. We can apply [HTTOS, Prop.
D.1.4] which states that if the associated graded ring is noetherian then so is the original
ring.

It is well known in the commutative case that for a noetherian ring R its /-adic comple-
tion is again noetherian. While this does not need to be the case for noncommutative rings,
it follows from [McC79, Proposition 2.1.] that the theorem remains true if 7 is a two sided

ideal generated by a single central element. Because W(og) is left and right noetherian
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and @ is central we conclude that Dy is left and right noetherian. Then D,, is left and right
noetherian because it is a localization of D at @. This proves the lemma.
O

We also need the following properties of ﬁz-lattices (lattices were defined in Subsec-
tion 2.2.4). We write L = L ®,, k.

Lemma 3.2.3. Let L be a finitely generated left @Z—module. Then:

(1) L is complete in the @-adic topology.

(2) If L=0then L =0.

Proof. Since @ is central we can use the same reasoning as in the case of commutative
noetherian rings. Since by [Row88, p. 413] the Artin—Rees Lemma holds for finitely
generated left @Z—modules, we can proceed as in [AM16, Ch. 10] to check that if I = (@)

and L is a finitely generated left /ﬂ\fl-module, then (as @,‘; is complete)
L'=D @p L=L.

This proves the first assertion of the lemma. Since L = Iis separated, the second assertion

follows from Nakayama’s lemma for separated modules. []
Lemma 3.2.4 (A. Pangalos). g/.dim /D\n =n.

Remark 3.2.5. We remark that Lemma 3.2.4 follows from the PhD thesis of A. Pangalos

[Pan08]. More precisely, Proposition 3.1.3 of op. cit. gives a bound gl.dim(@n) > n and

Proposition 4.3.6 gives a bound gl.dim(D,,) < n. Since this thesis is not published we give
a slightly different proof below.

Proof of Lemma 3.2.4. We only have to show that g/ .dim@n < n since the inequality
gl. dim/D\n > n follows directly from the existence of the Spencer resolution which is ob-
tained by tensoring the Spencer resolution for D,, with /ﬁn (see the proof of Lemma 2.2.4).
To do so, it suffices to show that Ext%:l (M,N) = 0 for all finitely generated /ﬁn—modules
M,N. Indeed, N can be assumed to be finitely generated, as it is a direct limit of finitely
generated modules, and the direct limit commutes with Ext on the second variable (cf.
[BGK 87, Theorem 2.4.3, Pages 189-190]). M can be assumed to be finitely generated
(or even of form 5,1 /I) by [Wei94, Theorem 4.1.2 and Lemma 4.1.6].
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CHAPTER 3. FINITENESS OF THE DE RHAM COHOMOLOGY

We first show that the global dimension is bounded. In this step we follow the main
source used by A. Pangalos, i.e., [LvO96], and our argument is based on his proof. Set
R= 5,1 and F;R=®© _”5;’,. We claim that this filtration is faithful (cf. [LvO96, Definition
12, page 45]), i.e., that F_R is contained in the Jacobson radical of FyR. To see this fix a
maximal left ideal m. If m does not contain F_{R then m+ F_1R = FyR and thus 1 =x+ @y
for some x € m and y € FoR. This cannot be the case since x = 1 — @y is clearly a unit
in FyR with the inverse } ;> @’/yl. Now set R = 5; [X,X~!] (the Laurent polynomial ring
in one commuting variable X). This ring is clearly noetherian by Hilbert’s basis theorem
since /D\Z is (by Lemma 3.2.2), and agrees with the definition of R given in [LvO96, Page
36]. This shows that the assumptions of [LvO96, Theorem 12, Page 68] are satisfied and
we obtain

gl.dimR < gl.dimgr R = W, (k)[X, X 1].

The latter has finite global dimension by Hilbert’s syzygy theorem [Rot09, Theorem 8.37],
since W, (k) has finite global dimension by Lemma 2.3.9.
The second step in our proof is to show that Ext% (M, 5,1) =0ford >n+1. Let
L C M be alattice. By Lemma 2.2.13 we have exact seqnuences
d Mo ) d (T T
0— EXt@; (L,D,)®D, — Exty (L,Dy),
and the term on the right hand side vanishes for d > n+1 (D, = W, (k)). Since the module
on the left hand side is a finitely generated right 5Z—module (by noetherianity of this ring),
we conclude from Lemma 3.2.3 that
Ext (L, D;) =0.
Since localization commutes with Ext for finitely generated modules we conclude that
Extl (M,Dy) =Exts (L, D) @o, K =0.

'DO

n

Once we know that the global dimension is finite and that equality Exti5 (M ,/D\n) =0

holds for all i > n and all finitely generated /D\n—modules, we can proceed as in the proof of

—~

[BGK 87, Theorem 2.4.3, Pages 189-190]. Assume that gl.dim(D,) = d > n. To reach a
contradiction we need to show that Ext% (M,N) =0 for all finitely generated 5n—modules

M ,N. We have a short exact sequence

0 K— DI 5N-0,
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where K is again finitely generated by noetherianity. We conclude that

Ext§ (M,N) = Ext%“ (K,M) = 0.

3.2.3 Proof of Theorem 3.1.1
Now we prove Theorem 3.1.1.

Proof of Theorem 3.1.1. First we prove that (1) = (2) = (3) = (1). We show condi-
tion A) as a part of the second implication. Then we show B).

(1) = (2). This is the most tricky part of the proof. It suffices to prove that for
any right D,-module N of minimal dimension its dual N* = Ext’%’1 (N ,/ﬁ,,) has a lattice
with reduction of minimal dimension. Indeed, by Lemma 2.2.3 we then may take N = M*
which is of minimal dimension and satisfies N* = M** = M.

Let V C N be some lattice (a priori with reduction that is possibly not of minimal
dimension). By Lemma 2.2.13 applied to By = 52 and 7 = @ we have an inclusion

0 — D, ®g, Extiy, (V. D;) — Bxty (V,D,).
The key observation is that the module on the left is of minimal dimension. Indeed, since
D, = W, (k) and V is finitely generated, by part (3) of Lemma 2.3.20 we know that the
module on the right hand side is of minimal dimension. Therefore so is the module on the

left hand side by part (1) of the same lemma. Now set
T={me Ext%o(V, @Z) : @*m = 0 for some k1.

This is a left @Z-module because @ is central in @;’ We define L as the quotient of

Ext% (V,Dy) by T, so that it fits into the short exact sequence
Dy

0T — Ext (V, Do) — L — 0. (3.3)
We will show that L is the desired lattice, i.e., that
(a) K®ox L= N* and the natural map L — N™ is injective,
(b) Lis a finitely generated 5Z—module,

(c) D, Q. L has minimal dimension.

77



CHAPTER 3. FINITENESS OF THE DE RHAM COHOMOLOGY

To show (a) we note that K ®,, — coincides with the localization at @. In particular, it is
an exact functor, it commutes with Ext and (by construction) K ®,, T' = 0. Tensoring (3.3)
with K we get that K ®,, L = N*. The natural map L — M is injective by construction
because its kernel consists precisely of @-torsion of L. Recall that by Lemma 3.2.2 we
know that /D\,‘,’[ is left and right noetherian. From noetherianity we conclude that because
V was finitely generated so is Ext%z (V, @;’l) Then L is also finitely generated because by
(3.3) it is a quotient of a finitely generated module. This shows (b). Since tensoring is right

exact we have an exact sequence of left D,-modules

D @5 EXUS, (V, D°) =D, @, L= 0,

we obtain (c) from part (1) of Lemma 2.3.20 because the right hand side is a quotient of a
D,-module which we already know to be of minimal dimension. Therefore the implication
is proven.

(2) = (3). This is a consequence of Lemma 2.2.14. Indeed, by Lemma 2.3.20 (4)
we know that a finitely generated D,,-module of minimal dimension is of finite length. It
follows by induction from part (1) of the same lemma that a semisimplification of a D,,-
module of finite length has minimal dimension if and only if the module itself has minimal
dimension. Therefore we may use Lemma 2.2.14 to get the desired implication. We also
get A) as a byproduct.

(3) = (1). Let L C M be a lattice such that L has minimal dimension. By the very
definition we ha\f EX%(Z, D) =0 for 0 <i < n— 1.Then short exact sequences of Lemma
2.2.13 for By = D,, give

0 — Ext (L, D) ®5,. D, — Ext; (L,D,) =0

ie., Exti5 (L, @0) 25, D = 0 for i < n. By noetherianity of 5; (Lemma 3.2.2) we know
0
that the right D;-modules Exti@o (L, Dy) are finitely generated and therefore must be zero

by the Nakayama lemma (cf. Lemma 3.2.3). As we have already explained while proving
that (1) = 2, we always have isomorphisms Ext%(M ) /ﬁ) = Ext’.5 (L,/B\o) ®ox K. We
0

conclude that EX%(M ) @) must vanish for i < n, i.e., M has minimal dimension. This
closes the circle of implications.

To prove B) we use Lemma 2.2.6. Assume that equivalent conditions of Theorem
3.1.1 hold for M and let L C M be a lattice which has a reduction of minimal dimension.

Consider the complex

d
DR*(L) = L — P Ldx; - @ Ldx; Adxj — ...
i=1 i<j

78



3.3. GLOBALLY PRESENTED Z-MODULES ON TATE POLYDISCS

with differentials as in (2.31). This is a bounded complex of complete (by Lemma 3.2.3)
and torsion-free (since lattices are @-torsion free) ox-modules. Note that by construction
we have

DR*(L) ®,, K = DR'ﬁl (M),
and

DR*(L) ®q, k = DR'@n (L).

The latter has finitely-dimensional cohomology over k by Bernstein’s theorem 2.3.22. We

may now apply Lemma 2.2.6 and conclude that dimg H ciiR (M) < oo for all i and moreover
Xar(M) = xar(L). u

3.3 Globally presented Z-modules on Tate polydiscs

The goal of this section is to verify Theorem 1.2.2 in the case when X =B" and ./ is a
globally presented holonomic %Zx-module. This is done by reducing the problem to the
de Rham cohomology of modules of minimal dimensions over Zx(X) = D, and further
to the modules of minimal dimension over completed Weyl algebras and using Theorem

3.1.1. We prove the following:

Proposition 3.3.1. Let X = B" and let ./ be a globally presented holonomic Px-module.
Then dimg H'p (X,.#) < o for all i.

3.3.1 The base change D,, — /D\n

We have to study which properties of D,-modules are preserved after tensoring with /D\,,
If M is a left D,-module we write M= 5,, ®p, M.

Lemma 3.3.2. 5,1 is flat as a left and right ‘D,-module.

Proof. We first check that D, is left and right noetherian. By [HTTO08, D.1.4] it is sufficient

to find a filtration on D;, such that the associated graded is noetherian. Setting

F}‘DZ = @ 0K<x1,...,xn>8a

o[ <t

it is easy to see that this is indeed a filtration in the sense of [HTT08, Appendix D] and

that the associated graded is a (commutative) polynomial ring in &;,...,&,, i.e.,

gl’RDZ = 01(()61,...,xn>[§1,...,5n].
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It is noetherian by Hilbert’s basis theorem because 0k (xy,...,x,) is noetherian if ox is a
discrete valuation ring.

Now it is well known that if R is a commutative noetherian ring then the /-adic comple-
tion R! is R-flat for all ideals I C R. The proof presented in [AM16, Chapter 10] is easy to
generalize to the case when R is noncommutative assuming that Artin—Rees lemma holds
for the I-adic topology on R. This assumption is satisfied if 7 is generated by a central
element by [Row88, p. 413]. Taking I = (@) C Dy, we see that /ﬁj‘l is flat over D;. Then
D, = /ﬂ\fl [@~ '] is flat over D, = D;[@ ] because flatness is preserved under localization
by [Wei9%4, Prop 3.2.9]. []

Lemma 3.3.3. Let M be a finitely generated left D,-module.
(1) If M is of minimal dimension then so is M.

(2) The complexes DR®p, (M) and DR*7 (M) are quasi-isomorphic.

Proof. Since @n is flat over D,, we have
Exts (M,D,) = Ext}, (M,D,)@xp, D,

by the Lemma 2.2.4 (4) and since D,, and /ﬂ\n both have homological dimension n, assertion

(1) holds. It is less obvious why (2) holds. To prove it we use multiple times equality

—~

D5 (M) =Dy, (M) R, D, (3.4)

which holds by (4) of Lemma 2.2.4. First, let us consider consider the left D,-module

Dy
Ox = Dp(01, ...,

and the left /ﬂ\n-module

~~

— D,

Ox=—~—"" =D,®0p, Ox.
D, (1, ,0p)

Note that Oy = 5’)( as left D,,-modules as the former is constructed by forgetting the 5,1—
module structure on the latter. We prefer to distinguish between these two objects for the
clarity of the proof.

It follows from (2.36) that we have an equality

DR.D (M) = RHomDn(ﬁx,M). (3.5)

n
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Then we have

DR®; (M) = DR’ (M) = RHomy, (0x,M) = RHomg, (0x,M),  (3.6)

where the first equality is the definition, the second is (3.5), and the last one follows from
the left adjointness of the tensor product to the restriction of scalars. By a standard compu-
tation with the Spencer complex (cf. Lemma 2.3.25, [HTTOS, Proof of Proposition 2.6.12])
we have equality

Dy

Pl = 5 g,

and thus also
Dy

D5 (Ox =Dy, (Ox ®Dn@n:—/\
5,(%%) (%) (d1,...,0.) Dy

[—n].

Clearly, the natural map

—~

D, . Dy
(91,--,00)Dn (3y,...,0,)D,

is an isomorphism of right D,-modules and therefore
Dy, (Ox) = Dﬁn(ﬁx)- 3.7
We now explain why the following chain of equalities is true.

DR"5 (M) X RHomg (6, M)

D,
= RHOIH@ZP (D@” (M), D@n (O))
3.4 ~ -~
= RHom@Zp (]D)D,, (M) ®p, Da, D@n (Ox))
= RHomgy (Dp, (M), D5 (Ox)) (3.8)
3.7
= RHomqpor (Dp, (M), Dy, (Ox))
= RHom@n(ﬁX,M)
= DR*p, (M)
For the first and the last equality without a subscript we use part (3) of Lemma 2.2.4. For

the remaining equality we use that (—) ®p, 5,1 is left adjoint to forgetting the structure
from @n to D,,. This ends the proof of the lemma. [
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3.3.2 Proof of Proposition 3.3.1

We finish this section with the proof of Proposition 3.3.1.

Proof. Let . be a globally finitely presented holonomic Zx module (in this section X =
B") and let M be the D,-module that corresponds to .# by Lemma 2.3.26. Then by the

same lemma M is of minimal dimension and we have
Hig (X, 4) = Hyp (M).
On the other hand, by Lemma 3.3.3 we know that M is of minimal dimension and
HcilR(M) - HéR(M)-
Therefore the proposition follows from Theorem 3.1.1. [

Example 3.3.4. Consider the left D,-module M = ﬁ. It is easy to see that it is
nonzero and it is not of minimal dimension for n > 2. Note that 1 — @d, is a unit in D,
with the inverse (1 — @) ™! = ¥~ @* 9} and therefore M="D, ®p, M = 0. This shows
that @n is not faithfully flat over D,, and gives an example of a left D,-module which is not
of minimal dimension but (by Lemma 3.3.3) has finite dimensional de Rham cohomology.

This example shows also that the converse to the Lemma 3.3.3 (1) cannot hold.

3.4 Z-module theoretic direct image along a closed em-
bedding

In this section we investigate how holonomicity and finiteness of dimensions of the de
Rham cohomology behaves under direct images along Zariski closed embeddings. This

allows us to prove the following proposition.

Proposition 3.4.1. Let X be a smooth (affinoid) rigid analytic variety that admits a global
coordinate system and let .# be a globally finitely presented (left) holonomic Yx-module.
Then dimg H' (X, .#) < oo for all i.

3.4.1 Properties of the direct image

Most of this subsection is occupied by the proof of the following lemma, which collects
properties of i (see Subsection 2.3.7 for the definition) needed for the proof of Theorem
1.2.2.
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Lemma 3.4.2. Let i : X < Y be a Zariski closed embedding of smooth rigid analytic
varieties. Let M be a coherent left Zx-module. Then

(1) Ifboth X andY admit global coordinate systems and .# is globally finitely presented
then so is iy M .

(2) The left Yy-module i, A is coherent.

(3) If A is holonomic then so is i+ /.

(4) There exists a natural K-linear quasi-isomorphism of complexes

i,DR*x (.#) — DRy (i, )[dimX — dimY].

Proof. Let . be a globally finitely presented left Zx-module (resp. globally finitely pre-
sented right Zy-module). Since the functor Wy ® g, — (resp. — ® g, ®y) is clearly exact
Lemma 2.3.28 implies that it preserves finite global presentation. It follows from the com-
mutativity of the diagram (2.39) and the discussion above that the left Zy-module i .7 is
globally finitely presented if the right Zy-module i (wx ®g, .#) is globally finitely pre-
sented. On the other hand, we have already remarked that the functor i, is exact. Therefore
it suffices to show that the right Zy-module iy Py is globally finitely presented. However,
if .# is the ideal that cuts out X inside Y then

I Dx =i Dx sy =il Dy = gy/f@y.

The right-hand side is clearly globally finitely presented as .# is generated by finitely many
elements. This establishes (1). (2) follows easily from (1) after passing to the local coor-

dinates for the embeddingi: X — Y.

Statement (3) is local so we may assume that the embedding i : X =Spa B— Spa A=Y
admits a global coordinate system yy,...,y, with X ={y, | =---=y, =0} and .# is glob-
ally finitely presented. Write o; for the derivation dual to dy;. Then Dy /x = A[d), ..., 0],
Dp/k = B0\, ..., 0] andif .4 corresponds to a Dp/x-module M (see Lemma 2.3.26) then
by formula (2.38) the direct image i .# corresponds to M' = M [0, 1,..., 0. We have to
show that if M was of minimal dimension then so is M’. For that we use the characteri-
sation of holonomicity in terms of the dimension of the characteristic variety. By equality
(2.32) if F,M is a good filtration on M then dimgr’ M = r and we want to show that for
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some good filtration G, on M’ we have dimgr®M’ = n. Set

GM = P F_jqM.0%

0<| | <t

where 0% = 9%

1, ...0x" " and |ot| = ¥ & Then

grtGM/: @ gl}F_|a|M-€a

0<|a|<t

and therefore

M’ = @gr,GM: (ngM)[<§,+1,...,§n].
t>0

In particular, we have

dim groM’ = dim(gr" M)[Eri1,.. &) = r+ (n—r) =,

which proves (3).

The proof of (4) is the most complicated. Write ¢ = dimY —dimX. First we describe
the natural Oy-linear maps

floi(d @ Q) — iy M R, O

and then we check that these maps give the desired quasi-isomorphism i,DR®x(.#) —
DR®y (i+.#')|—c] by computations in the local coordinates for the closed embedding. Re-

call that we have the conormal short exact sequence
0— Ay = Qplx = Q =0,
which induces exact sequences
- , ,
Q) x ®ay My = Qylx = Qx =0 (3.9)
and the natural isomorphisms

NAxjy = det My )y = Ox @0y o x. (3.10)

It follows from (3.9) that the natural pairing Qi |x ® 4, det J@?Y — Qy |5 induces natural

pairing
Qy @y det Ay — Q5 [x. (3.11)
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Now recall from subsection 2.3.7 that we have an isomorphism of Ox-modules

Dyex = 0x Qgy (Ox @14, iy i1, i'ay).

From this description we easily construct a natural Ox-linear map

1

dete/%(/y = 0x Qgy (ﬁx ®i_1ﬁy i (1)1\//) — Dy x

given locally (in a coordinate system) as
Ot N NIy dxi N Ndx, Q1R1R; A+ A dy.
After tensoring with .# we obtain an Oy-linear map
M Doy det Ny iy = Dyex Qgy M (3.12)

given locally as

mo—o®1lQm.

Now (3.11) and (3.12) give natural maps
MR gy Ql — (Yy. x Qg M) gy QL R gy dete/ﬂ&v/y = (Dyex Qg M) R, Q;J&
Finally, by applying i, and using the projection formula we obtain morphisms
fi : i*(%@)ﬁx QS() - i+%®ﬁy Q;Jri'

We now check that f* defines the desired quasi-isomorphism of de Rham complexes.
We write &' for the differential in the de Rham complex. First, we need to verify that
fiH18i = 8§ fi*1 (j.e., that f* is a morphism of complexes). Then we show that f* is injec-
tive and the cokernel of f* is acyclic. All these questions are local so we may work under
the assumptions and using the notation made in the proof of (3). A choice of local coordi-
nates yi,...,y, for the embedding i : X < Y induces bases {dyy,...,dy,}, {dy1,...,dy+},
and N =dy,+1 A--- Ady, of Q}q ¥ Q)l( and ,/Ig(\;y respectively. Under the identifications
M =Mand iy M =i, M[0y1,...,0,], the maps f* correspond to the module homomor-
phism

P mdy—~ P MOrs1,....0)dys; o aA,
1|=i | =c-+i
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where I C {1,...,r} and J C {1,...,n}. From that we easily see that

(118 =8'") (mdyr) = £ (Z d’m.dy; Adw) ~ & (m.dy An)

J=1

r r n
= Z d’'m.dy; NdyyAn — Z d’m.dy; Ndyy\n — Z d’m.dy; Ndyr \n
j=1 j=1 j=r+1

=— Zn: d/m.dyj Ndy;An =0,
j=r+1
where the last equality follows simply from the fact that dy; An = 0 for j > r+ 1. This
shows that f* is in fact a morphism of complexes.

We now show that f* is a quasi-isomorphism. Clearly, it is injective. It is also clear
from the local descriptions of i, .# and f that we can prove our statement by induction
on c¢. So we can assume that ¢ = 1. Let K* = coker f*. Let us show that the identity map
K*® — K* is chain-homotopic to zero. We have

K'= @ M[gn]-d)’I D @ anM[an]dyJ
I=(1<ij<--<ir<n—1) J=(1<ji<<j1<n—1)
so that every element in K’ can be uniquely represented as a + d, 3 A dy, where o (resp.

B) is a M[dy]-valued ¢-form (resp. (# — 1)-form) that does not contain dy,. We define the
homotopy operators /' : K — K'~! by

B o+ 0,8 Ady, — (—1)B.

Note that these maps are well-defined because d, is not a zero-divisor on M[d,|. We have
to verify the identity

§n +n 18 =1d.
We have

(5t—1ht+ht+16t)(a+anﬁ Adyn) _
n n—1
(=)~ Y(B) +n Tt ( dyjndla+ Y dyind;o,B /\a’yn) —

=1 j=1

J

n n—1
(=D)*Y dy;nodiB+a+ (1) Y dy;AdiB =
j=1 j=1

o+ (=1 dy, Nd.B =

This concludes the proof of (4). l

86



3.4. 2-MODULE THEORETIC DIRECT IMAGE ALONG A CLOSED EMBEDDING

Remark 3.4.3. It is well known that an analogue of the above lemma holds also for alge-
braic Z-modules. While it is possible that the usual proof carries over to our situation,
it would require a lot of work to honestly verify that and therefore we prefer to give an
elementary argument. While we are working in the rigid analytic setting, it is clear that
our argument works also for Z-modules in any reasonable geometric situation. The direct
description of the quasi-isomorphism i,DR®*x (.#) — DR®y (i;.# )[dimX — dimY| given
above does not seem to appear in the standard literature on the subject.

Remark 3.4.4. In the first part of Lemma 3.4.2 we do not assume that the embedding
X — Y admits a global coordinate system but only that both X and Y do. If X = Spa A
then we may (by the definition of an affinoid variety) write A = K(yy,...,yn)/I. Such
a choice of a presentation induces a closed embedding X — B". If X admits a global
coordinate system then the lemma applies to this embedding although X does not need to

be globally cut out in B" by some of the coordinates yy,...,y,.

Remark 3.4.5. The above proof implies that for a right globally finitely presented Px-
module .7, the direct image i .# is always globally finitely presented. It is not clear if
this is also true for left Zx-modules when we drop the assumptions about the coordinate
systems. The problem is that in general the side-changing operations used in the proof
do not preserve global generation. For example, on the projective space the left Zpn-
module Opn is globally finitely presented but the corresponding right Zp»-module @pr» =
Opn(—n — 1) has no nonzero global sections.

In this thesis we study direct image only in two special cases. The first one is the case
of the Zariski closed embedding discussed in this section. The second one is studied more
implicitly. The de Rham cohomology of a Z-module is the Z-module theoretic direct
image to the point along the structure morphism. In the theory of algebraic Z-modules
one studies direct images in greater generality but we do not expect similar theory to work
in the rigid analytic case. We illustrate this with an example.

Example 3.4.6. Let j: U = Spa K{x,x~!) — Spa K(x) = X be an open embedding. If
we consider the Zy-module Oy, then j; Oy is the Yx-module corresponding to the D -
module K (x,x~!). This module is not even finitely generated, and in particular not holo-
nomic. Thus the holonomicity is not preserved under arbitrary direct images, contrary to

the algebraic case.

3.4.2 Proof of Proposition 3.4.1

Now we deduce Proposition 3.4.1 from Proposition 3.3.1 and Lemma 3.4.2.
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Proof of Proposition 3.4.1. Let X be a smooth affinoid variety that admits a global coordi-
nate system. There exists a closed embedding i : X < B" for some n. Let .Z be a globally
presented holonomic left Zx-module. Since both X and B" admit global coordinate sys-
tems it follows from part (1) of Lemma 3.4.2 that i .# is globally finitely presented. It
is also holonomic by (3) of the same lemma. From Proposition 3.3.1 we conclude that
i+.7 has finite dimensional de Rham cohomology. From (4) of Lemma 3.4.2 we obtain
isomorphisms
Hix(X, M) = HE (B iy M),

where c is the codimension of X in B”. This finishes the proof. [

3.5 Proof of the finiteness of the de Rham cohomology

We finish this chapter with the proof of Theorem 1.2.2. For the convenience of the reader

we also recall some special cases proven in the previous sections.

Proof of Theorem 1.2.2. 1f X = B" and ./ is globally finitely presented then the assertion
follows from Proposition 3.3.1. If X admits a global coordinate system and .Z is still
globally finitely presented then we can consider some closed embedding i : X — B" and the
claim for . follows from the previous case applied to iy .# . This is precisely Proposition
3.4.1.

We now let X to be a smooth quasi-compact, quasi-separated rigid analytic variety
and .Z a (not necessarily globally finitely presented) holonomic Zx-module. We first
prove Theorem 1.2.2 under the additional assumption that X is separated. There exists
an affinoid open cover X = [J_, U; such that each U; admits a global coordinate system
and .|y, is a globally finitely presented left Zy,-module (it may be taken to be finite
because X is quasi-compact). As X is separated and U; are affinoid, each finite intersection
Ui, N---NU;, is also an open affinoid in X. Note that such finite intersection admits a global
coordinate system and '//IUi,ﬂ--ﬂUik is a globally finitely presented @Uilm...myik-module.
Now we consider the spectral sequence from Lemma 2.3.32 associated to the cover {U;},
1.e.,

EM= P HLRU,N-- NUi,, My, n.nvy,) = HiZ (X, ).
1<iy,ensip<N

By the first part of the proof we have

dimg Hj, (Ui, N -+ NUi,, My, n.nu;,) < o
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Since EL? is a subquotient of EI? we conclude that it is a finite dimensional K-vector
space. Therefore H(f; 1(X,.#) admits a finite filtration by finitely dimensional K-vector
spaces and hence it is of finite dimension.

Finally, we prove Theorem 1.2.2 in full generality. The argument is essentially a repe-
tition of the argument above. Under our assumptions on X there exists a finite open cover
X = Ué\; 1 Ui such that each Uj is separated. Then every finite intersection U;, N---NU;, is
again separated. Therefore we can use the spectral sequence of Lemma 2.3.32 associated
to this open cover to deduce finiteness of the de Rham cohomology from the case when X

is separated. ]

89



Chapter 4

Differential operators on curves

4.1 Introduction

In this chapter we change the topic slightly and study differential operators on smooth
algebraic curves using valuation theory. Our motivation comes from the fact that the for-
malism of valuations provides a very natural framework for working with rigid analytic
varieties, and therefore one may hope to generalize the results of this chapter to smooth
nonarchimedean curves. This is partially done in the last section, where we present some
ideas on how to compute an index of a differential operator on a smooth affinoid curve and
we give some examples. These ideas foreshadow an analogue of Delinge’s index formula

(discussed below) for smooth affinoid curves over C((7)).

Let U be a smooth affine curve over C, and let (&, V) be an algebraic vector bundle with
connection on U (this connection is necessarily integrable since dimU = 1). It is known
that there exists a unique compactification of U, i.e., a smooth projective algebraic curve
X that contains U as an open subset. Since the topology on X is cofinite, the complement
of U in X consists of finitely many closed points. To each closed point x € X we can
associate a local invariant of (&, V), called its irregularity at x, which is usually denoted
as irry (&£, V). This local invariant has the following properties (cf. [Del70, Page 110]):

(1) irry(&,V) =0forall x € U,

(2) irry(&,V) >0 forall x € X.
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We say that (&, V) is regular if its irregularity is zero for all x € X. The Index Theorem of
Deligne [Del70, Formula 6.21.1] compares the Euler characteristic for the de Rham coho-
mology of (&,V) and its analytification (&, V") in terms of the irregularity at infinity.

xprR(U™ (8, V") = xpr(U,(6,V)) = Y. i (U, V). 4.1)
xeX\U

By [Del70, 6.19] and the comparison theorem of Grothendieck [Gro66] we have
Xor(U™, (£, V) = (tk &) (X™) = (tk &) xpr(U, (Ov,d)),
and therefore formula (4.1) can be rewritten as

(tk &) xpr(U,(Oy,d)) = xor(U,(&,V)) = Y irr(U,V). (4.2)
xeX\U
It has been shown in [ABC20, Theorem 24.1.3] that one can give a purely algebraic proof
of formula (4.2), and this proof is valid whenever U is a smooth algebraic curve over an
algebraically closed field of characteristic zero.

In the first part of this chapter we rewrite the algebraic theory of differential operators
in the language of valuations. We show that with some elementary algebraic geometry one
can give a nice valuation-theoretic formula for the index of a differential operator acting on
the affine algebra of a smooth affine curve (Theorem 4.2.8). Then we show how to prove
Deligne’s theorem with our tools. The second part is devoted to examples. We explain
how the index of a differential operator is related to the Euler characteristic (for the de
Rham cohomology) of a holonomic Z-module. We use Lemma 2.2.6 to show how in
some cases one can compute an index of a differential operator on a smooth affinoid curve
using Theorem 4.2.8. Then we present some elementary formulas for indices in both affine

and affinoid cases. In the former case these examples are due to N. Katz.

4.2 Algebraic Curves

In this section we study differential operators on smooth affine curves and we show how

to compute their indices using valuations on the function field of a smooth curve.

4.2.1 Preliminaries on algebraic curves

We start by recalling some basic facts about smooth algebraic curves. Since they are well

known and mostly elementary, we simply refer the reader to Hartshorne’s book [Har77,
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Chapter 1.6, Chapter 4] for the proofs of the statements below and we do not give refer-

ences in the text.

Let k be an algebraically closed field. A curve over k is a reduced, irreducible k-scheme
X of dimension one. Assume that X is smooth. Then for every closed point x € X the local
ring Oy . is a discrete valuation ring on the function field K = Ox 5 ( € X being the

generic point). We write Vv, for the corresponding valuation.

Remark 4.2.1. For our purposes it is better to change our notation from multiplicative to
the additive one, so in this chapter by a discrete valuation on K we understand a function
v : K — ZU{eo} such that v(xy) = v(x) + v(y), v(x+y) > min{v(x),v(y)} and v(x) = oo
if and only if x = 0. We also assume that all considered valuations are k-valuations, i.e.,
that v(k*) =0.

If X = Spec A then there is a natural identification
X(k)={v:K—>ZU{ec}:v(x)>0forallx €A},
given by x — Ox .. Similarly, if X is projective then
X(k) ={v:K—ZU{e}}.

Every smooth affine curve U has a unique compactification X, i.e., there exists a unique
smooth projective curve X that contains U as an open subset. In this case X \ U is a finite
number of closed points. We call them points at infinity and we call the corresponding val-
uations valuations at infinity. From now on we try to write X for a smooth projective curve
and U for a smooth affine curve. On a projective curve every nonzero rational function has

only finitely many zeroes and poles that sum up to zero, i.e., the following lemma holds.
Lemma 4.2.2. Let X be a smooth projective curve, and let f € K* = ﬁ;_‘n. Then:

(1) vi(f) = 0 for all but finitely many x € X (k),

(2) Liex Va(f) =0.

For future reference we now recall a version of the Riemann-Roch theorem for curves.

Let X be a smooth projective curve. A Weil divisor on X is a finite formal sum

D= Z nyx[x]

xeX (k)
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with integral coefficients. We write D > 0, and say that D is effective if n, > 0 for all x. If
f € K* then we can associate with f the principal divisor

div(f)= Y vi(Hla-

xeX (k)
The degree of a divisor is defined as
degD = Z My,
xeX

and its support is defined as
supp D ={x € X : ny, # 0}.
Let us denote
Z(D)={feK:div(f)+D>0}uU{0}.

This is clearly a k-vector space and we denote its dimension by

¢(D) = dim; £ (D).
Recall that the genus of X is defined by

g=dimyH' (X, Ox).
The following is an easy consequence of the usual Riemann-Roch theorem for curves.

Theorem 4.2.3 (Riemann-Roch). Let X be a smooth projective genus g curve over an
algebraically closed field k. Then

(1) (D) < o for all Weil divisors D.
(2) IfdegD > 2g —2 then
(D) =degD+1—g. (4.3)
One of the consequences of Theorem 4.2.3 is the following Lemma.

Lemma 4.2.4. Let U be a smooth affine curve over k and let X be its compactification.
Then there exists a rational function on X that is regular on U and has a pole of order at

least one at every point of X \ U.

Proof. Let xy,...,x, be the points at infinity of U. Then for n > 0 we have degn[x;] >
2g —2 and

dim; Z((n+1)[x]) /L (n[xi]) = 1,
so there exists a function f; € K that has a pole at x; and is regular at X \ {x;}. Then
f =Y., fi1s the desired function. [
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4.2.2 Valuations on the ring of differential operators

Let k be an algebraically closed field of characteristic zero and let k C K be a field exten-
sion of transcendence degree one. In other words K is a field of rational functions on some
smooth projective curve over k. In this section we show that a discrete valuation on K can
be extended to a valuation on the ring of differential operators D of k-linear differential

operators on K in a natural way.

Let kK C Ry C K be the discrete valuation ring corresponding to a discrete valuation
v:K* — Z, m C R, the maximal ideal and let r € m be a fixed uniformizer. There exist
unique k-linear derivations d;, & : Ry — Ry such that d;(¢r) = 1 and &(¢) =¢. Then & =19,
and thus & (Ry) C m. These derivations extend uniquely to derivations d;, 8 : K — K and
one can consider the ring of twisted polynomials (cf. [Ked06] p. 85) K(&;), which by
definition is the k-subalgebra of Endy(K) generated by left multiplication by elements
from K and by &;. By [ABC20, Proposition 3.1.6] (or by Lemma 2.3.7) the obvious map

K(&;) = Dk

is an isomorphism. In particular, any operator P € Dg can be written uniquely as

P= Zfi5ti
i>0
and the Gauss valuation
v(P) = minv(f;) (4.4)

is well-defined, although at the first sight it is not clear that it does not depend on the choice
of ¢. Valuations on rings of twisted polynomials has been studied in [Ked06, 6.4], and are
very useful in understanding differential equations. In particular it follows from loc. cit.

that these are really valuations in the sense of the following lemma.

Lemma 4.2.5. Let v : Dg — Z U {oo} be the function defined by formula (4.4). Then for
any P,P,,P, € Dk

(1) v(P) € Z for P #0.
(2) V(P1P2) = V(Pl) —l—V(Pz).

3) V(Pl —|—P2) > min{V(Pl),V(Pz)}.
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(4) If P has degree zero then P is a left multiplication by some f € K and we have

V(P) = V().
We now prove the following interesting property of Gauss valuations on Dg.

Proposition 4.2.6. With the above notation:

(1) Forall a € K we have
v(P(a)) > v(P)+Vv(a). (4.5)

(2) There exists a finite subset S C Z (depending on P) such that the equality
v(P(a))=Vv(P)+v(a) (4.6)
holds whenever v(a) € 7\ S.

(3) The number v(P) is independent of the choice of a uniformizer of Ry .

Proof. For simplicity we write R = R, and 0 = §;. Let a = ut” with u € R*. Then
8(a) = 8(u)t" +nut" = v(a)a+1" 98 (u).

Since 0(R) C m we have 6(u) = tr for some r € R and we can rewrite the equality above

as
8(a) =v(a)a+1" Dty

Iterating this construction we see that for any k£ > 0 there exists r; € R such that

8 (a) = v(a)a+1" D1y,

In particular, we have

v(8(a)) > v(a).

It is now easy to verify that desired inequality (4.5) holds for all @ € K. We have

P(a)=)_ fid'(a),

i>0

and therefore

v(P(a)) > min{v(f;8'(a))} = min{v(f;)+v(8'(a))} > min{v(f)} +v(a) = v(P)+V(a).
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We now prove that (4.6) holds for all but finitely many values of v. Write f; = u;t™ with
u; € R* and let m = minm;. We have

Pla)=Y ut™(v(a)a+t" M) =1"a Y wv(a)+p,

i~0 {izmi=m}

where v(p) > m+ v(a). Consider the polynomial

p) = Y uy' €Rp,

{i:mij=m}

and its reduction

pO) =Y wy €kly.

{izmi=m}
Note that polynomials p and p depend only on P and not on a. If p(v(a)) # 0 then p(v(a))

1S a unit in R and

v(P(a)) = v(t"ap(v(x))) = m+v(a).

Since char k = 0 we see that p(v(a)) = 0 for only finitely many values v(a) and the equal-
ity (4.6) holds. Finally, this implies that v(P) is independent of the choice of a uniformizer
t. We have

v(P)= lim (v(P(a))—v(a)), 4.7)

v(a)—roo

and the right-hand side of this equality is independent of the choice of ¢ because the valu-

ation v on K is independent of the choice of ¢. [

Example 4.2.7 (Irregularity of a differential operator). Consider the field C((z)) and a dif-
ferential operator

d d\!
P= ilz— | - 4.8
lg’)al (Zdz) (4.8)
One classically defines the irregularity of P (cf. [Mal72, Page XX.9]) as
i(P) = sup{—v(a) +V(aa)},

where V is the discrete valuation given by the order of a zero/pole. Assume that k = C. A

choice of a valuation v on K and a uniformizer ¢ € R, gives an injective map

(K.v,8) > (€@, ).
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that sends ¢ to z. If P is in the image of this map we can compute its irregularity using
valuation on Dk discussed above. From Proposition 4.2.6 this valuation depends only on

v and not on a uniformizer ¢. For

d .
P= Zalﬁtl
i=0
we have
i(P)=v(ay)—Vv(P). 4.9)

This formula simplifies when P is a monic differential polynomial with respect to some
nonzero derivation 6 € Dery(K,K). If we let
d—1

P=07+Y a0
i=0

then 6 = f6; for some f € K* and v(0) = v(f). Since
P = f487 + lower order terms,

we conclude from (4.9) that

i(P) = dv(8) —v(P). (4.10)

4.2.3 Index formula for differential operators

Let U = Spec A be a smooth affine curve over an algebraically closed field k of characteris-
tic zero. We denote by X the compactification of U and by K the field of rational functions
on X. Then X \U = {xi,...,x,}. We write v; for the discrete valuation on K corresponding
to x;.

We have a natural injective map D4 — Dg. To be more precise, given P € Dy of order

n, we extend P to a k-linear endomorphism of K by setting

P(Z) —p! <P(a)— [P, b] (g)) @.11)

The second summand is a differential operator of order (n — 1), so we can proceed by
induction. An elementary computation shows that formula (4.11) does not depend on the
choice of presentation of the fraction 7 and that it indeed defines a differential operator of
order n. If P € D4 then we understand v;(P) as the valuation of the image of P under the

map above. We prove the following theorem.
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Theorem 4.2.8. With the above notation the index of P as a k-linear endomorphism of A
satisfies
p
x(PA) =) vi(P).
i=1
In particular, this index exists, i.e., the kernel and the cokernel of P have finite dimensions

overk.

Remark 4.2.9. If either X = A!, or X = G,, then a similar formula appears in Katz’s book
[Kat90, Lemma 2.9.12, Lemma 2.9.13]. In those cases the proof is much easier, since
one can use elementary properties of the degree of a (Laurent) polynomial and there is no
need to refer to the Riemann-Roch theorem. We show how to recover Katz’s results from
Theorem 4.2.8 in Propositions 4.3.1 and 4.3.2.

Example 4.2.10 (Operators of order zero). Assume that P is a nonzero differential operator
of order zero. Then P : A — A is a left multiplication by some element f € A. Since U is

smooth, A has no zero-divisors and therefore
kerP =ker(A > x+— fxc€A) ={0}.
We also have an equality of k-vector spaces

cokerP=A/(f) = @k@vx(f),

xeU

where Vv, is the discrete valuation corresponding to a closed point x € U. Therefore from

Lemma 4.2.2 we get that

2(PA) = —dimA/(f) =~ Y vl = ¥ wlf) = iw(P).

xeU xeX\U

This shows that Theorem 4.2.8 for operators of order zero is just a reformulation of Lemma
4.2.2.

Proof of Theorem 4.2.8. The idea is to find a filtration on A that satisfies the assumptions
of Lemma 2.2.9. It is not clear whether such filtration always exists (and if it has any
geometric interpretation) so we first do a reduction to a certain special case in which its

existence is very natural. By Subsection 2.2.3 for any two linear maps L1,L, we have

X(LiLa) = x(L1) + x(L2)
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whenever the composition makes sense and both L; and L; have indices. By Lemma 4.2.5

we have .
Y vi(PP,) = Zv, P) +sz Py),
i=1

and by Example 4.2.10 we know that Theorem 4.2.8 holds for left multiplication by
nonzero elements f € A. If f is such an element and P is any nonzero differential op-
erator then ker fP = ker P and we have an injective map coker P — coker fP.Therefore if

JfP has an index then so does P and the following equality holds:

M\

H(Pi) = Y viP) = 2(7PA) = L vl

1

In other words, to prove the desired equality for a differential operator P it suffices to prove
it for fP, where f € A is some nonzero element. By Lemma 4.2.4 there exists a rational
function on X that is regular on U and which has a pole of order at least one at every point
of X \ U. Taking f to be an appropriate power of such a function and replacing P by fP
we may assume that

vi(P) <0 for all i=1,...,r.

With this assumption we construct a filtration on A that will allow us to compute the index
of P. Consider the Weil divisor

——;wwWJ

By assumption D > 0 and supp D = X \ U. Therefore

A= ] Z(nD).

n>0

We use Proposition 4.2.6 to show that the triple (A,.Z(eD), P) satisfies the assumptions of
Lemma 2.2.9. By definition

Z(D)={xcA:vi(x) >nvi(P)foralli=1,...,r}.
By inequality (4.5) in the first part of Proposition 4.2.6 we have
Vi(P(x)) > vi(P)+ Vvi(x) > (n+ 1)v;(P)
for x € £ (nD). Therefore

P(Z(nD))) C Z((n+1)D).
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Since deg D > 0 by assumption, it follows from the Riemann—Roch formula (4.3) that for
n > 0 the equality

¢(nD) =1—g-+deg(nD)=1—g+ndegD (4.12)

holds. Let ngy be a positive integer such that the above equality holds for n > ng — 1 and
equalities (4.6) in Proposition 4.2.6 hold for v;(x) < (ng —1)v;(P) and i=1,...,r. We

claim that for n > ng the induced maps

Z(nD) Z((n+1)D)

P:gr"A= o =gr"1A
AT 2((—1)D) ZmD) &
are isomorphisms. Since by (4.12) we have
dimg gr"A =¥¢(nD) —4((n—1)D) = degD (4.13)

for all n > 0, it suffices to show that the induced maps are injective. Take a nonzero
X € gr'"A and let x be its lift to £ (nD). Then for some i we have

Vi(x) < (n— I)Vi(P) < (no— 1)Vi(P),

because otherwise x € .Z((n— 1)D). By our assumptions on ng equality (4.6) holds, so we

have
V,'(P(x)) = V,'(X) + V,'(P) < l’lV,'(P),

and P(x) is a nonzero element of gr'"t!A. This shows that the maps P : gr'"A — gr**!A
are isomorphisms and assumptions of Lemma 2.2.9 are satisfied. Using corollary 2.2.10,

equality (4.12), and definition of D we compute that
p
X(P:A) = —degD =) vi(P)
i=1

to conclude the proof. ]

4.2.4 Deligne’s index formula

We now prove Deligne’s formula (4.2) using results of the previous subsection. Among
many equivalent definitions of the irregularity irry(&,V) of (£,V) we recall the one that
is best suited for our purposes. As in the previous subsections, we let U be a smooth

affine curve with smooth compactification X. Let x € X be a closed point, t € Ox , a fixed
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uniformizer, and & : k(X)) — k(X) the unique derivation with 6(¢) =¢. We also write € X
for the generic point. Then V induces a k-linear map

which satisfies the Leibniz rule. By the cyclic vector theorem [ABC20, Chapter 1.3.2] there
exists a cyclic vector v € &y, i.e., a vector v such that {v,Vsv,..., V’gflv} is a k(X)-basis

of &y . In this situation there exist unique ao, ...,a,—1 € k(X) such that

n—1
5V = Z a;Visv.
i=0

Repeating this construction for the dual connection (&, V") we find (locally) a basis for

(&, V) in which the connection matrix is given by

0O 1 O 0 0
0 0 1 0 0
A= . (4.14)
0o 0 o ... O 1
ap 4ay azy ... dp—2 dady—1

The associated differential operator is then defined as
n—1 ]
P5,v =6"— Z ai617
i=0
and the irregularity of V at x is defined as

irr,(&,V) = ix(Ps ,,) = sup{0, —vy(a;) } .

Since the choice of a cyclic vector is highly non-canonical it is not clear that this definition
is well posed. We refer to [Mal72, Définition 5.3] for the proof that this is indeed the case.

Now let 0 : k(X) — k(X ) be any nonzero k-derivation. Then similarly we have an action
Since dimX = 1, there exists unique f € k(X) such that 8 = . Therefore we have

fV5:V9,
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and, more generally

Vi = ie + lower degree terms.

This is easily verified by induction on i using formulas given in the proof of formula (2.27).

It follows that v is also a cyclic vector for Vg and we have

PG,v = fnP&V'

So by the definition of the irregularity of a differential operator we have

i(PG,v> = i(f”P&V) = i(P&v)'

The punchline is that the irregularity of V can be computed with respect to any nonzero

derivation of k(X ). We now prove the following theorem:
Theorem 4.2.11 (Deligne). Formula (4.2) holds for any (&,V) € MIC(U).

Remark 4.2.12. We remark that the proof below is considerably longer than the one given
in [ABC20, Theorem 24.1.3]. Still, we believe that our proof has some value, mainly
because it illustrates the general philosophy that (1) the study of vector bundles with con-
nections on curves can be reduced to the study of differential operators via the cyclic vector

theorem, and (2) the latter can be successfully studied with tools from valuation theory.

Proof. We first deal with a special case that follows from Theorem 4.2.8. Then we use
"additivity in topological spaces" of both sides of equation (4.2) to prove the general case.

For the special case we assume that:
(1) Q}] is globally free and generated by, say, dx,
(2) & is globally free of rk & = n,

(3) There exists a basis ey, . ..,e; of & such that V : & — Q},(&) = &dx can be written
in this basis as V = d — Adx, where A is as in (4.14).

Note that these assumptions are always satisfied Zariski locally on U, because of the local
existence of a cyclic vector. Let d be a derivation satisfying (dx,d) = 1. The operator

associated to V is then

n—1
P=3"+Y ad'
i=0

1
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Since U is affine the de Rham cohomology of (&, V) is just the cohomology of the complex

of global sections
&) 2% &().

It follows from basic and well-known computations (cf. [ABC20, Lemma 3.2.14]) that

under our assumptions

Xar(U,(&,V)) =x(Va;:EU)) = x(P; Oy (U)).

By Theorem 4.2.8 we have

Xar(Ov,d) = x(0;T(U,0y)) = Z Vy(9).
xeX\U

From Theorem 4.2.8 and formula (4.10) we obtain

xar(U,(6,V)) =}, vi(P)=— } ir(P)+n }, vi(9).

xeX\U xeX\U xeX\U
Therefore
(1k &) 10r(U. (0. d)) ~ 2or(U.(E9) =1 ¥ @)+ ¥ ilP)=n ¥ w(d)
xeX\U xeX\U xeX\U
= Z ix(P) = Z iy (U, V).
xexX\U xexX\U

Thus Theorem 4.2.11 holds in our special case.

We now prove the Theorem under the weaker assumption that there exists an open
cover U = U; U U, such that on each U; the assumptions of the previous case are satisfied.

We have a commutative diagram

00— &) » &(Up) @ &(Uy) >» E(UNU) —— 0

l ! |

0 —— Q,eEU) — QLesU)eQ,esU,) — Q86U NU,) — 0

The rows of this diagram are exact since they are Cech complexes for the affine covering

of the affine variety U. This gives the Mayer—Vietoris formula

Xar(U,(&,V)) = xar(U1,(&E,V)) + Xar (U2, (&E,V)) = xar(U1 NV, (&,V)).  (4.15)
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Clearly, X is also the compactification of Uy, U;, and U; NU,. Therefore from the inclusion-

exclusion formula we obtain

Y i (& V)= ) im(E,V)+ ) im(&,V)— Y im(&,V).
xeX\(UUl,) xeX\U; xeX\U, xeX\ (U NU,)
(4.16)

Substracting equation (4.15) from (4.16) we conclude Theorem 4.2.11 in this case.

Finally, we prove theorem in full generality. Let U = |J;_, U; be a finite open cover
such that Deligne’s formula holds for all (Ug, (&, V)|y,, ), where

Ug = Upgy N---NUg.

Note that such a cover always exists because assumptions of the special case are satisfied
locally and are preserved under restricting to smaller open subsets. The case s = 2 has
already been dealt with in the second special case. The case when s > 2 follows formally by
induction from that one. Let U’ = Uf;ll U; and U” = U,. Then Deligne’s formula holds for
U’ by inductive assumption and for U” as well. Moreover, we have U'NU" = |Ji_] (U;N
Uy) and thus Deligne’s formula holds for U’ NU" again by inductive assumption because

it holds for any finite intersection of sets of form U; N Us. O]

4.3 Examples

We finish this chapter and the whole thesis by giving some elementary examples of index
formulas for holonomic Z-modules. If either X = Spec A is a smooth affine curve, or
X = Spa A is a smooth affinoid curve then it is very easy to give examples of holonomic
Px-modules. Indeed, let M be a left Dy-module and let .# = M be the corresponding
Px-module. Since dimX = 1, by Lemma 2.3.26 for .# to be holonomic it is necessary
and sufficient that

Ext}, (M,Dy) =Homyp, (M, Dy) =0,

because this is precisely the case when M is of minimal dimension. Now let 0 # P € Dy
and let us denote

Mp = _@X/@XP

Then we have a short exact sequence

0— 9% =5 9y — Mr — 0. (4.17)
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After applying .7 omg, (—, Px) to this sequence we easily conclude that
Homg, (Mp,Dx) =0,  Exty, (Mp,Dx) = Dx|PDx,

and in particular .#p is holonomic. Let us further assume that X is étale over Al (resp.

B') and let dx be a global generator of Q)1(. Then
Homg, (Ox,%x) =0,  Exty,,(0x,%x) = Ox(X),
and therefore we have an exact sequence
0= HR (X, #)— Ox(X) = Ox(X) = Hig(X,.4#) — 0 (4.18)

obtained by applying to (4.17) the functor Homg, (Ox,—). The arrow Ox(X) — Ox(X)
corresponds to the right multiplication by P on Exﬂ% (Ox, Px), and thus it is simply given
by f — P'(f) (cf. Formula (2.37)). We obtain the formula

Xar(X, Ap) = x (P A). (4.19)

4.3.1 Examples in the affine case

Let us give some concrete examples in the affine case using formula (4.19) and Theorem
4.2.8.

Proposition 4.3.1 (Katz, [Kat90, Lemma 2.9.12]). Let X = A with global coordinate x.

(1) IFP =Y fi(x)()" then x(P:K[x]) = —max{deg f;}.

() If P =Y 8i(x) ()", then x(P;K[x]) = —max{degg; —i}.
Proof. Lety =x"!. Then %(y) = —y?, and therefore

i ,d d d
~ — _— =y 4.20
dx dy’ Ydx dy (4.20)

If we write oo for the unique point in P!\ A!, then v..(f) = —deg f. Using Theorem 4.2.8
we compute that

X(P;K[x]) = Veo(P) = min{—deg fi} = —max{deg fi},

so (1) holds. This formula is nice but (2) is a more standard way of presenting a differential

operator on A!. One verifies by induction on i the formula
(&) =110
N — Rl
* (dx ]I;I Yo )

0
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which implies that
-/ d )i ( d )i i—1 xd . .
i) (2 (2N
o (a’x Yix +j§)a”(dx) ’

with a;; € Z. We conclude that

) =x g+ Y, xajgi).

j=i+l1
In particular, we have
deg fi < max{degg; — j} < max{degg; — j}-

Now let ip be the maximal index among indices i satisfying degg; —i = max{degg; — j}.
Then deg f;, = max;{degg; — j}. Therefore (2) follows from (1). O

We now move to the case X = G,,. Let P!\ G,, = {0, 0}, and let Vg, V.. be correspond-

ing valuations. For a Laurent polynomial
f)=apx +- - +ax™ €eKlx,x'], k<m, a_an#0,
we have vo(f) = k and Ve (f) = k. We prove the following.

Proposition 4.3.2 (Katz, [Kat90, Lemma 2.9.13]). With the above notationlet P=Y_ fi(x) (fz_i)i’
where f; € K[x,x~1]. Then

(1) x(P;K[e,x~1]) = min; vo(f;) + min; Vea (f;).
(2) If we write
- d
PZXJ;XJP](Z_X); PiGK[x]?

then
x(P:K[x,x ']) = max{i: P, # 0} —min{i : P, # 0}.

Proof. (1) follows from Theorem 4.2.8, and (2) follows from (1). ]

4.3.2 Examples in the affinoid case

We now prove formulas analogous to those given in the previous subsection when X =
Spa K (x) is Tate’s disc and when X = Spa K(x,x~!) is the annulus {|x| = 1}. Recall that
by definition K (x,x~!) = K{x,y)/(xy — 1).
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Assume more generally that X = Spa A is a smooth affinoid curve and that the reduction
A is again smooth. Assume moreover that |A| sup C | K| (affinoid algebras with this property
are called distinguished, cf. [BGR84, Definition 2, Page 254]). Let P : A — A be a nonzero
differential operator. Then P is continuous by Theorem 2.3.13 and since the valuation on
K is discrete we have |P| € |K|. Therefore there exists an integer k such that |@*P| = 1.
Of course, we have y(P;A) = x(@*P;A). This shows that to compute the index of P
we may assume that |P| = 1. We are now in the situation of Lemma 2.2.6. The ok-
module A° is complete and torsion free, and the induced map (which is easily seen to be a
nonzero differential operator) P : A — A has an index by Theorem 4.2.8. Since under our

assumptions A = A° @, « k, we conclude that

X(P:A) = 1 (P:A). (4.21)
If we fix a closed point x in the compactification of Spec A, and define

VIS (P) = v, (8PP

X

then formula (4.21) together with Theorem 4.2.8 implies the equality

x(P;A) = Z vies(P), (4.22)

where the sum on the right hand side runs over all point at the infinity of Spec A

Let f =Y, >0a.x" € K(x). We define the residual degree of f to be
degresf = max{d : |a4| = |f]}.

In other words, if we rescale f by some power of a uniformizer, so that @* f € o (x) \
(m)og(x) then
degresf = deg w* f.

Proposition 4.3.3. Let P=Y" , fi(x)0" : K(x) — K(x) be a nonzero differential operator.
Then

x(P;K(x)) = —max{degresf; —i: |fi| = |P|}.

Proof. This follows from equality (4.21), Proposition 4.3.1 and the easy observation that
|P| = max{|fi}. [
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As a very special case we can return to the differential operator P = d — @ ! discussed
in the introduction. It is straightforward that x (P;K(x)) = 0.

We now move to the case of the annulus {|x| = 1}. Write § = %. Given a differential

operator

P=Y fi(x)§,  fieK{xx")

i=1n
we can rewrite it as
P=Yx/'Pi(§), PjeK[.
J

Proposition 4.3.4. Let P =Y ;x/P;(8) be a nonzero differential operator on K(x,x ).
Then
x(P;A) = max{i: |P| = [P[} —min{i: || = [P[}.

Proof. The claim follows immediately from Propostion 4.3.2 and formula (4.21). [
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