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Abstract

The thesis is concerned with ranks of tensors. Topics of central interest are
tensor rank, tensor border rank, cactus rank, border cactus rank and related
varieties, i.e. secant variety and cactus variety.

In the case of tensor rank and tensor border rank, we analyze the problem of
additivity with respect to the direct sum of two independent tensors (of order 3)
peABC, pe A"®B"®C". Namely, we study if the (border) rank of their
direct sum is equal to the sum of their individual (border) ranks. For the tensors of
order 2 (matrices), tensor rank equals the rank of the corresponding matrix and the
additivity holds. In the case of tensors of a bigger order, a positive answer to the
problem was previously known as Strassen’s conjecture (1973). It was disproved
by Shitov (2019). However, his proof was not constructive, and still, an explicit
counterexample is not known.

In this thesis, we prove that the additivity of tensor rank holds for some small
three-way tensors. For instance, if the tensor p” is concise and its rank is less
or equal dimension of A” plus 2, then the additivity holds. It is the case also if
p' € A" ® (B" @ k! +k? x C”). When we restrict our base field to real or complex
numbers, the sufficient condition for rank additivity is that dimensions of both B”
and C” are equal 3. For p/ ¢ C*@C*@C?, p" c C*@C*@C? or p € C*@C*® C?,
p" € C*® C® ® C* the additivity also holds. If the base field is C and the rank of
p” is smaller than 7, it holds as well. As a consequence, the pair of 2 x 2 matrix
multiplication tensors has a rank additivity property. It gives a negative answer
to the question of the existence of a faster algorithm for the multiplication of two
pairs of 2 x 2 matrices. The optimal method is to multiply the first pair and then
the second one independently.

In addition, we also treat some cases of the additivity of the border rank of
tensors. In particular, we show that it holds if the direct sum tensor is contained
in C* @ C* @ C*.

Tensors of a given border rank form a secant variety. Cactus variety is
its generalization. It is defined with linear spans of arbitrary finite schemes of
bounded length, while secant variety definition uses isolated reduced points only.
In particular, any secant variety is always contained in the respective cactus variety,
and, except in a few initial cases (when the length is small), the inclusion is strict.
It is known that lots of natural criteria on membership in secant varieties are
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actually only tests for membership in cactus varieties. In this thesis, we propose a
pioneering technique for distinguishing actual secant variety from the cactus variety.
Our method works in the case of the cactus variety defined for Veronese variety
vq(P™). We present an algorithm for deciding whether a point in the cactus variety
k14(va(P™)) belongs to the secant variety oy4(vg(P")) for 6 < d,6 < n. We obtain
similar results for the Grassmann cactus variety rg3(vq(P")).

For a tensor p € C* ® C' ® C™ (border) rank of p equals (border) rank of the
image of the linear map (C*)* — C! ® C™ induced by p. We extensively use this
tool, known as the slice technique, when studying the additivity of (border) rank.
We present counterexamples for the slice techniques in the case of cactus rank and
border cactus rank. In some sense, the counterexamples which we provide are the
smallest possible.

keywords: tensor rank, additivity of tensor rank, Strassen’s conjecture, slices
of tensor, secant variety, border rank, cactus variety, cactus rank, Hilbert scheme,
apolarity

AMS MSC 2020 classification: 15A69, 14N07, 14M17, 15A03, 14C05,
68W30
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Streszczenie

Rozprawa dotyczy rang tensoréw. Glownymi tematami pracy sa ranga
tensorowa, brzegowa ranga tensorowa, ranga kaktusowa oraz zwigzane z nimi
rozmaitosci, tj. rozmaitosé¢ siecznych i rozmaitosé kaktusowa.

W przypadku pierwszych dwoch rodzajéw rang analizujemy problem
addytywnosci ze wzgledu na sume prosta dla dwoch niezaleznych tensoréw (rzedu 3)
p e A B @C, p € A”® B”" @ C”. Badamy, czy ranga (brzegowa) ich
sumy prostej jest rowna sumie poszczegolnych rang (brzegowych). Dla tensorow
rzedu 2 (macierzy) ranga tensora jest rowna rzedowi odpowiadajacej macierzy oraz
zachodzi addytywnosci rangi. W przypadku tensoréw wiekszego rzedu pozytywna
odpowiedz na zagadnienie addytywnos¢ rangi tensorowej byta znana jako hipoteza
Strassena (1973). Zostala ona obalona przez Shitova (2019). Jednak jego dowod nie
jest konstruktywny i wcigz jeszcze zaden konkretny kontrprzykltad nie jest znany.

W pracy doktorskiej dowodzimy, ze dla pewnych matych tensoréw rzedu 3
addytywnos¢ rangi tensorowej zachodzi. Dzieje sie tak na przyktad, gdy tensor
p” jest treSciwy oraz jego ranga jest mniejsza lub réwna wymiarowi przestrzeni
A" powiekszonemu o 2. Zachodzi ona rowniez gdy p” € A” @ (B" @ k! +k? x C").
Jezeli ograniczymy ciato bazowe do liczb rzeczywistych lub zespolonych, warunkiem
wystarczajacym na addytywnosé¢ jest, zeby wymiary obu przestrzeni B” oraz C”
byty rowne 3. W przypadku gdy p' € C* @ C* @ C3ip’ € C* @ C* ® C? lub
P eC*C*@C?ip" € C*®C?®C* rowniez zachodzi addytywnosé. Jest tak tez,
gdy cialem bazowym sa liczby zespolone oraz ranga p” jest mniejsza niz 7. Stad,
para tensoréw mnozenia macierzy 2 X 2 ma wlasno$¢ addytywnosci rangi. Daje to
negatywna odpowiedZ na pytanie o istnienie szybszego algorytmu mnozenia dwoch
par macierzy 2 X 2. Optymalnym sposobem jest niezaleznie od siebie pomnozy¢
pierwsza pare, a nastepnie drugg.

Badamy roéwniez przypadki addytywnosci rangi brzegowej wspomnianych
tensoréw. W szczeg6lnosci pokazujemy, ze zachodzi ona, gdy suma prosta tensoréw
jest zawarta w C* @ C* @ C*.

Tensory ustalonej rangi brzegowej tworza rozmaitoS¢ siecznych. Jej
uogodlnieniem jest rozmaitosé kaktusowa. Definiuje sie ja przy pomocy przestrzeni
liniowych rozpietych przez dowolne skonczone schematy ograniczonej dlugosci,
podczas gdy rozmaito$c siecznych jest zdefiniowana przy pomocy tylko izolowanych
zredukowanych punktow. W szczego6lnosci kazda rozmaitos$é siecznych jest zawsze



zawarta w odpowiadajacej jej rozmaitosci kaktusowej. Poza kilkoma poczatkowymi
przykladami (gdy dlugo$¢ jest mala) zawieranie jest $ciste. Duzo naturalnych
kryteriow na bycie punktem rozmaitosci siecznych sprawdza jedynie przynaleznosc¢
do rozmaitosci kaktusowej. W rozprawie prezentujemy technike, ktora jako pierwsza
pozwala na odrdéznianie rozmaitosci siecznych od rozmaitosci kaktusowej. Nasza
metoda dziala w przypadku rozmaitosci kaktusowej zdefiniowanej dla rozmaitosci
Veronese 1v4(P"). Podajemy algorytm stwierdzajacy, czy punkt rozmaitosci
kaktusowej r14(vg(P")) nalezy do rozmaitosci siecznych oq4(vg(P™)) dla 6 < d
i 6 < n. Przedstawiamy takze podobny rezultat dla rozmaitosci kaktusowej
Grassmanna kg 3(v4(P")).

Narzedziem, ktorego wielokrotnie uzywamy w czesci dotyczacej addytywnosci
rangi (brzegowej) jest tzw. technika plastrow. Mowi ona, ze ranga (brzegowa)
tensora p € C* @ C' @ C™ jest réwna randze (brzegowej) obrazu przeksztalcenia
liniowego (CF)* — C! ® C™ zadanego przez p. Podajemy przyklady $wiadczace
o tym, ze technika plastrow w przypadku rangi kaktusowej i brzegowej rangi
kaktusowej nie dziala. W pewnym sensie nasze kontrprzyklady sa najmniejszymi
mozliwymi do uzyskania.

Stowa kluczowe: ranga tensorowa, addytywnos$¢ rangi tensorowej, hipoteza
Strassena, plastry tensorow, rozmaitos¢ siecznych, ranga brzegowa, rozmaitosé
kaktusowa, ranga kaktusowa, schemat Hilberta, abiegunowos¢

klasyfikacja AMS MSC 2020: 15A69, 14N07, 14M17, 15A03, 14C05, 68W30
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2 Chapter 1. Introduction

1.1 Preface

Tensors appear in many different branches of sciences. The classical question
related to tensors is how complicated they are, i.e. what is their rank, border rank,
cactus rank. When do different notions of ranks coincide? Is the rank of a sum of
two given tensors equal the sum of their ranks?

In the present thesis we analyze the relation of these questions with
Commutative Algebra and Algebraic Geometry and give answers for the mentioned
questions in some particular cases.

1.2 Additive decomposition

1.2.1 Integers as a sum of powers of integers

Some natural numbers are squares (e.g. 4), some are not, but can be presented
as a sum of squares (5 = 12 + 22). There are also such that cannot be presented
even using 3 (or less) squares of natural numbers. For example

T=1"+12+12+2%

2023 = 12 + 22 4+ 132 4+ 43?

and one can check that there is no presentation using fewer squares. We can ask:

Question. Is it possible to present every non-negative integer as a sum of 4 squares
of non-negative integers?

This question intrigued humanity already in ancient times. Claude Gaspard
Bachet de Méziriac observes that Diophantus of Alexandria (AD 200-284) appears
to assume that any number is a sum of up to four squares [HealO, Arithmetica
Book IV Problem 29|. However, the proof was not known, so the claim became
known as Bachet’s conjecture, after his translation of Diophantus from 1621.

We had to wait until 1770 for the proof that the answer for the question is
affirmative. Since then, the conjecture is known as a famous Lagrange’s Four Square
Theorem.

Theorem 1.2.1.1 (Lagrange’s Four Square Theorem). Any non-negative integer
can be expressed as the sum of four integer perfect squares.

In the same year in which Joseph-Luis Lagrange solved the Bachet’s conjecture,
the number theorist Edward Waring stated, with no proof [War91] that:

e every integer is a cube or the sum of at most 9 cubes;

e every integer is also the square of a square, or the sum of up to 19 such,

e and so forth.
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Waring looked for a generalization of the question. He was trying to show two
things. First, that any positive integer may be represented as the sum of other
integers raised to a specific power. Second, that given a power there is always a
maximum number of summands needed for such minimal presentation.

We had to wait next 139 years for a proof of the following statement.

Theorem 1.2.1.2 (Hilbert, 1909). For any positive integer d, there exist the
smallest number g(d) such that every non-negative integer n can be written as:

n=al+al+ .. + ag(d), for a; € Z>y.

Using the notion of g(d) from the statement, we can translate Lagrange’s Four
Square Theorem to g(2) < 4, and Waring’s statement to ¢g(3) < 9 and ¢(4) < 19.

1.2.2 Waring decomposition of homogeneous polynomials

The last subsection was devoted to the question about presenting positive
integers as a sum of powers. We can ask if the similar problem can be stated and
solved in the case of rings. Let us focus on the polynomial ring and try to describe
a given homogeneous polynomial as a linear combination of powers of linear forms.

Throughout the article, we use the following notation. For any graded ring P
(for example polynomial ring k[xy, s, ..., z,]), by P; we denote the homogeneous

part of degree 7, and
J<i

Definition 1.2.2.1. The Waring rank of a homogeneous polynomial F' €
k[z1,xo,...,x,]q of degree d in n variables, is the smallest number r such that
F'is a linear combination of r d-th powers of linear forms. The presentation as a
such sum is called a minimal decomposition).

R, paeny)(F) := min{r |there exist linear forms L1, Lo..., L, € k1,22, ..., 2|1
and scalars aq, as, ..., a, € k such that
F=aL{+ali+. . +a.L%

We will briefly say rank for Waring rank and write R instead of R, pn)), if there
is no risk of confusion with other notions of ranks. For the definitions of the map
vg and rank with respect to any projective variety see Definitions 1.3.0.2, 1.3.0.3.

The decomposition as in Definition 1.2.2.1 is particularly important in the
process of blind identification of underdetermined mixtures, i.e. linear mixtures of
independent random variables (the so-called sources) when the number of sources
exceeds the dimension of the observation space. For more details see [CGLMOS§|
and the references therein.
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Notice, that in Definition 1.2.2.1 one can set all a; equal to 1, if the base
field is algebraically closed. Another fact is, that the rank R(F") of a homogeneous
polynomial F' of degree d and the rank R(AF') of a multiplication of F' by a nonzero
scalar A\, are equal.

If we are interested in the rank of a polynomial F' of degree d, it is natural
to look at the [F] € P(k[xy, xa, ..., x,]q) in place of F € K[z, 29, ..., x,]4. Here, we
use P(V) to denote the projectivization of the vector space V', i.e the quotient of
V'\ 0 by the equivalence relation: v ~ w if and only if there exists a number A # 0
such that v = Aw. We will also use two other notations for a projective space. The
projectivization of a N-dimensional vector space will be denoted by P(k"), or PN~!
if the base field k is clear from the context.

Let us look at the set of the polynomials of a given rank.

Definition 1.2.2.2. The set of polynomials in n variables of degree d and rank r
will be denoted by:

& (a(B(K[x1, T2, ooy za]1))) = {[F] € P(k[zy, 22, ..., 2,]a) | R(F) = 1}

It is important to observe that the set o, is not always closed, as the following
example demonstrates.

Example 1.2.2.3. The Waring rank of vy € Clz,yls is greater than 2, but [xy?]
is contained in the closure of o2(ve(P(Clz,y]1)))

R(zy?) obviously is not 1. To see it is not 2, assume there exists {a, b, ¢, d} such
that
zy® = (ax + by)® + (cx + dy)®.

Then
ry® = (a® + )a® + 3(a®b + Ad)2x?y + 3(ab® + cd®)wy® + (b* + d*)y?.
Thus, {a,b,c,d} satisfy the following system of equations
a4+ =0
a*b+c*d=0
3(ab?® + cd?) =1
b+ d* =0

(1.2.2.4)

However, one can check that 1.2.2.4 has no solution. We obtained a contradiction.
To prove that [zy?] is contained in the closure of & (vq(P(Clz,y]1))) let us look
at the limit lim,o(5%)° + (%)3 Indeed (5%)° + (%)3 = 3?2 — tay + xy?,
so it converges to zy? when t goes to 0.
We say that the polynomial xy? € C[z,y]3 has a border rank two. In general,
for an algebraically closed field k, the polynomial p € k|xy, 2o, ..., x,]s has border
rank at most r, if and only if it is a limit of polynomials of rank at most r. The

border rank of p is denoted by R, pn-1y)(p) or R(p) if there is no risk of confusion.
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1.2.3 Additive decomposition of tensors

For every quadratic homogeneous f € kl[zy,xo,..,2,]2 over a base field of
characteristic different than two, one can find a symmetric matrix M such that
(21, T2, ooy T ) M (21, T2, ...y w,)T = f(x1, 9, ..., 7,). This correspondence is unique
|AIK89, Ch. 2 Sect. 3.9]. Standard methods of the linear algebra states how to
obtain a basis B = {21, 7, ...,2,} of k[xy, za, .., x,]; such that writing M in B
we obtain the diagonal matrix M [ATK89, Ch. 2 Sect. 3.7a]. Thus, we recover the

minimal decomposition of f by calculating (21, Ts, ..., Z,) M (2, Ta, . .., 7)) 7.

Example 1.2.3.1. Given [ = zy € Clz,y], we can present it as (z,y)M(z,y)"

1 1
where M = [2 (2) . The matriz M in a basis B={x +y,x — y} is {6 _Ol} so f
2 1

is of Waring rank 2 and %((x +y)? — (x — y)?) is the minimal presentation.

Notice that rank of a homogeneous polynomial f € Clxy,zo, ..., 2, of degree 2
is the same as the rank of corresponding matrix (in arbitrary basis). We may go one
step deeper and look at the generalization of rank to multi-dimensional matrices,
called tensors. Before that, lets look at the one of the definitions of the rank of
matrix.

Definition 1.2.3.2. Matrix M € k**! is of rank r if and only if there exist
V1, Vg, ..., v, € KF and ug, uy, ..., u, € k! such that M = viu? + voud + ... +v,ul.

This definition generalizes to tensors. For simplicity, here we define it only in
case of three-way tensors.

Definition 1.2.3.3. Tensor p € k* ® k! ® k™ is of rank r if and only if
there exist a1, as,...,a, € k¥, by, bs,...,0, € k! and ¢;,cy,...,c, € k' such that
p=a ®b ®c1+ay®by®coy+ ... +a, b, ® ¢, and such a presentation is
minimal with respect to the number of summands. Tensors of rank 1 are called
simple tensors.

The tensor decomposition, also known as Canonical Polyadic Decomposition
and CANDECOMP/PARAFAC (CP) tensor decomposition, can be considered to
be higher order generalizations of the matrix singular value decomposition (SVD).
In the analogy to the analyzing complicated data coming from physical world,
the rank should correspond to the number of simple ingredients affecting our
complicated state.

In the last twenty years, interest in the subject has expanded to other
fields. Examples include signal processing [DLDM97|, numerical linear algebra
[DLDMV00], computer vision [VT02], numerical analysis [HKT05|, data mining
|SPY06]|, graph analysis [KBKO05|, neuroscience [Arn06|, and more. More about
tensor decomposition one can read in the survey [KB09|. For more motivations
to study tensor rank see for instance [Com02|, [Lan12|, [CGO14] and references
therein.
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Tensors and tensor rank appear also in physics. In quantum information theory,
a tensor p = Zf’;:l Zilzl Do Pivinis€in @ €5, ® €5, € CF @ C' ® C™ (where e;
are elements of orthonormal basis of C™@{¥Lm}) corresponds to a pure state of a
quantum system composed out of 3 subsystems of k,[ and m levels respectively.
In Dirac notation used by physicists p = 22:1 Zélzl > iy Pisinis|i1i213). The
quantity p; ; .. represents the probability of the state to be measured in the
corresponding base state and the sum 22:1 Zﬁlzl > iy D3 iyiy Das to equal 1. In
quantum mechanics, the rank of a tensor is a measure of degree of entanglement.
Simple tensor is called separable state, while other tensors are entangled states.
Separable states correspond to a product probability tensor p(X,Y, Z = iy, s,13) =
p(X =1i1)p(Y =iy)p(Z = 13). Degree of entanglement is interpreted as a degree of
quantum correlation between subsystems. For detailed introduction to problems of
pure states entanglement and connection with variants of tensor rank, see [BFZ20].

A simple criterion of the complexity of a given tensor, in particular a matrix,
is its rank. The computation of the matrix rank is usually obtained by applying
the Gaussian elimination process. A classical result says that it is computable in
a polynomial time [Far88, p.12]. In contrast to matrix rank, there is no effective
algorithm calculating the rank of a given tensor. Hastad [Has90| proved that the
tensor rank is NP-hard to compute.

1.2.4 Matrix multiplication

Let us recall the standard way to calculate the product of two 2 x 2 matrices:

api aig| bii bia|  |aiibig +aiben aiibio + aigbo
Q21 Q22 ba1 bag a21012 + az2b21  az1b19 + az2b29

We have used 8 multiplications and 4 additions. Since additions are
computationally cheaper than multiplications, it is natural to ask if there is another
algorithm, which uses possibly more additions but fewer multiplications. In 1969,
Strassen presented an algorithm for the multiplication of two 2 x 2 matrices, using
18 additions, but only 7 multiplications.

Theorem 1.2.4.1 (Strassen’s algorithm for multiplication of two 2 x 2 matrices,
[Str69]). Let A = (a;;) and B = (b; ;) be two 2 x 2 matrices and C = AB = (¢;;)
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be their product. Then calculating 7 products (of numbers):

I:=(a11+ az2)(b11+ bas);
IT :=(ag1 + a22)b1 1;
I1T :=ay1(byo — bao);
IV :=ag9(—=b11 + b21);
Vii=(a11 + a12)ba2;
VI :=(—a11+az1)(bis+ bi2);
VII :=(a15 — ag2)(ba1 + bao);

we can present (¢; ;) using just their sums:

{cl,l 0172} B [I +IV -V +VII IT+1V

(o1 Con I +V I+1IT—I1+VI

Since the multiplication of two n X n matrices can be made in blocks, there
is a generalization of Strassen’s algorithm to multiplication of bigger matrices. As
a consequence, matrix multiplication can be performed by using on the order of
nt092(1) ~ n28! arithmetic operations, in contrary to the standard algorithm which
uses the order of n3. The natural question is: what is the smallest possible exponent?

In [BCS97| authors proved that looking for the answer, we do not need to
worry about the number of additions. To be more precise — the exponent of the
order of the required arithmetic operations equals the exponent of the order of the
required multiplications. More recent results decreased the expomnent close to 2.
From 1990 until 2010 the smallest known exponent was 2.375477 [CW8T|, given by
the Coppersmith-Winograd algorithm. The state of the art is 2.3728639 [LG14].
The famous conjecture in algebraic complexity theory states that the number is
exactly 2 |[Lan08, Subsect. 3.9]. Roughly speaking, it says that as matrices get
large, it becomes as easy to multiply them as to add them. For a more detailed
description see [Lanl7].

The matrix multiplication is a bilinear map p; jx: M5 x MI*F — MPXF
where M!™ is the linear space of [ x m matrices with coefficients in a field k. In
particular, M>*™ ~ ki™ where ~ denotes an isomorphism of vector spaces. We
can interpret fi; ;1 as a three-way tensor

i gk c (Mixj)* ® (ijk)* ® Mixk‘

Example 1.2.4.2. The 2 x 2 matriz multiplication tensor is pag2 = (a11 ® by 1 +
a12®b21) 11+ (a1 @b12+a12®beo) ®cio+ (a1 @b1a+a20@ba1) @ oy +
(21 @ b12+ a22 ® bya) @ caa.

Using Theorem 1.2./.1 we can write fia22 = (a11 + a22) ® (b1 + ba2) @ (11 +
C22) + (21 4+ a22) ®b11 @ (c12 — C22) + a11 ® (b12 — baa) ® (ca1 + C22) + A22 ®
(=b11+b21) @ (11 + c12) + (a11 + a12) ®bao ® (—c11 + €12) + (—a11 + az1) ®
(b11+b12) ® oo+ (a12 — a22) ® (bay + baa) ® 11
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The question “what is the minimal number of multiplications required to
calculate the product of two matrices M, N, for any M € M™J and N € MI*k?”
is the same question as “what is the tensor rank of p; ;7"

1.2.5 Strassen additivity problem

One of our main interest is the additivity of the tensor rank. Given arbitrary
four matrices M’ € M"*', N' € MI">F  M" € M7*" N" € M suppose
we want to calculate both products M'N’ and M”N” simultaneously. What is the
minimal number of multiplications needed to obtain the result? Is it equal to the
sum of the ranks R(jty jo i)+ R (i j» 1)? More generally, the same question can be
asked for arbitrary tensors. For two tensors in independent vector spaces, is the rank
of their sum equal to the sum of their ranks? A positive answer to this question was
widely known as Strassen’s Conjecture [Str73, p. 194, §4, Vermutung 3|, |[Lan12,
Sect. 5.7], until it was disproved by Shitov [Shil9].

Definition 1.2.5.1. Assume A = A/@A”, B= B'®B",and C = C"®C”, where all
A,...,C" are finite dimensional vector spaces over a field k. Pick p' € A/ @ B’ @ ('
and p’ € A”® B"® C” and let p = p’ + p”, which we will write as p = p' @ p”. We
say that the pair p/, p” has a rank additivity property if the following equality holds

R(p) = R(p) + R(p"). (1.2.5.2)

Problem 1.2.5.3 (Strassen’s additivity problem). Given p',p” as in the definition
1.2.5.1 decide if they poses rank additivity property.

Theorem 1.2.5.4 (Strassen’s additivity does not always hold, [Shil9]). There exist
P eARBRC andp" € A”@B"@C", where ' =A" = ... =C"=C"=C"
and n > 450 such that

R @p") < R(p') + R(p")? (1.2.5.5)

Shitov did not gave a constructive proof, so there is still work needed to find
an explicit example of a pair without rank additivity property.

In the article [BPR20] we address several cases of Problem 1.2.5.3 and its gen-
eralisations. It is known that if one of the factor vector spaces is small, then the
additivity of the tensor rank holds.

Theorem 1.2.5.6 ([JT86|). Using notation from Definition 1.2.5.1, if one of the
vector space A', A", B', B", C', C" over an arbitrary field k has dimension bounded
by 2, then

R(p' @ p") = R(Y) + R(p").

See [JT86]| for the original proof and Section 2.2.2 for a discussion of more recent
approaches.
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One of our results includes the next case, that is if say dim B” = dim C” = 3,
then (1.2.5.2) holds. The following theorem summarizes our main results, i.e.
Corollary 3.1.3.9, Theorems 3.1.4.1-3.1.4.3 and Corollary 3.1.4.13.

Theorem 1.2.5.7. Let k be any base field and let A’, A", B', B”, C', C" be vector
spaces over k of dimensions a’,a”, ..., c” respectively. Assume p’ € A'®@ B'® C’ and
p'eA"® B"®C" and let

p:p/@pue (A,EBA”)®(B/@B”)®(C,@Cﬂ).

If at least one of the following conditions holds, then the additivity of the rank holds
for p, that is R(p) = R(p’) + R(p"):
(i) R(p") < a”+2 and p" is not contained in A”®B"@C" for any linear subspace
Ar G A" (this part of the statement is valid for any base field k).
(i1)) k = R (real numbers) or k is an algebraically closed field of characteristic
# 2 and R(p") <6,
(iii) k = C or k =R (complex or real numbers) and p” € A” @ k3 @ k?
(iv) p" € A" @ (B" @ k! + k* ® C") (this part of the statement is valid for any
base field k).
(v) k = C and the pair ((a’,b',c'), (a”,b",c")) equals either ((4,4,3),(4,4,3)) or
((47 4, 3)’ (47 3, 4))7
(vi) k = C and both tensors have ranks less or equal 7. In particular, R(ps 22 ®
Ho22) = R(po22) + R(pa2.2).
Analogous statements hold if we exchange the roles of A, B, C' and/or of " and”.

Remark 1.2.5.8. Although most of our arguments are characteristic free, we
partially rely on some earlier results which often are proven only over the base
fields of the complex or the real numbers, or other special fields. Specifically, we
use upper bounds on the maximal rank of small tensors, such as [BH13] or [SMS10].
See Section 3.1.4 for a more detailed discussion. In particular, the consequence of
the proof of Theorem 3.1.4.3 is that if (over any base field k) there are p’ and p”
such that R(p”) < 6 and R(p' ®p”) < R(p') + R(p"), then p” € k* @ k? ® k* and
R(p") = 6. In [BH13] it is shown that if k = Z, (the field with two elements),
then tensors p” € k3 @ k* ® k* with R(p”) = 6 exist. Thus, the minimal case in
which the counterexample to additivity can occur is p' @ p” € Z3™ @ Z5T @ Z3,
R(p1) = R(ps) = 6. Over the base field C it is p’ @ p” € C*** @ C** @ C*** such
that R(p') =8, R(p") =7 (see Remark 3.1.4.15).

1.2.6 Strassen additivity problem for the border rank

Next we turn our attention to the border rank. Roughly speaking, over the
complex numbers, a tensor p has border rank at most r, if and only if it is a
limit of tensors of rank at most r. The border rank of p is denoted by R(p). One
can pose the analogue of Problem 1.2.5.3 for the border rank. For which tensors



10 Chapter 1. Introduction

p e AR B ®C and p" € A” ® B” ® C" is the border rank additive, that is
R(p'@p") = R(Y) + R(p")?

In general, the answer is negative; in fact there exist examples for which
R(p'ep”) < R(p')+R(p"). Schonhage [Sch81| proposed a family of counterexamples
amongst which the smallest is

B(HQ,I,S) =0, E(Mm,l) =2, E(M2,1,3 S¥ Ml,z,l) =1,

see also [Lan12, Sect. 11.2.2].

An interesting question is what is the smallest counterexample to the additivity
of the border rank? The smallest example of Schénhage lives in C**2 @ C3+2 @ CO*!,
that is it requires using a seven dimensional vector space. In [BPR20| we show that
if all three spaces A, B, C have dimensions at most 4, then it is impossible to find
a counterexample to the additivity of the border rank.

Theorem 1.2.6.1 (|[BPR20, Thm 1.3]). Suppose A', A" B’ B" C",C" are vector
spaces over C and A = A e A", B = B & B", and C = C'"® C". If
dim A, dim B,dim C' < 4, then for any p' € A ® B ® C' and p" € A” @ B" @ C”
the additivity of the border rank holds:

R(p' @ p") = R®') + R(p").

We prove the theorem in Section 3.2 as Corollary 3.2.0.2, Propositions 3.2.1.1
and 3.2.2.1, which in fact cover a wider variety of cases.

1.3 Geometry of secants

There is a definition which generalizes Definitions 1.2.2.1 and 1.2.3.3. To state
it we need to observe that the set of simple tensors is naturally isomorphic to the
Cartesian product of projective spaces. The image of the embedding in the tensor
space is called the Segre variety.

Definition 1.3.0.1. For A;, A,,... Ay vector spaces over k, the Segre variety is
defined as the image of the map, called Segre embedding:

Seg :PA; x PAy x - xPA; - P(A @ Ay @ -+ @ Ay)
([a1], [ag], . .., [ad)) = (a1 ® ay ® - - ® ag).

If there is no risk of confusion we will denote the image by

Seg = Segu, 4,4, = PA X PAy X -+ xPA; CP(A; @ Ay @ -+ ® Ag).
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Definition 1.3.0.2. For A = k™" and a positive integer d, consider the map

vg: PA — P(Sym? A)
[a] = [a].

Here, Sym? k! denotes the space of polynomials of order d in n+ 1 variables. The

Veronese variety is defined as the image of this map, called Veronese embedding.

Definition 1.3.0.3. For a projective variety X C PW ~ P(kV™!) and [p] € PW we
define X -rank of p to be the minimal number r such that there exist {s, s, ..., 5.} C
X such that [p| lies in the projective span (s, sa, ..., s,). To ease the notation we
will say that X-rank of a point p € Z is the X-rank of a projective class of point
[p] € PW. This number will be denoted by Rx(p). Compare to Definition 1.2.2.1.

For the notion of the rank of a linear subspace, see Definition 2.1.0.1.

Example 1.3.0.4. Taking Veronese and Segre variety (see Definitions 1.5.0.1,
1.3.0.2) as X in Definition 1.3.0.3 we recover Waring rank (see Definition 1.2.2.1)
and tensor rank (see Definition 1.2.5.3), correspondingly.

A central task in many problems is to test tensor membership in a given set
(e.g., if a tensor has rank 7). Some of these sets are defined as the zero sets of
collections of polynomials, i.e. as algebraic varieties. However in general, the set of
tensors of rank at most r is neither open nor closed. One of the very few exceptions
is the case of matrices, that is tensors in A ® B. The sets which are not algebraic
varieties, we can expand to varieties by taking Zariski closure. For example, the set
of tensors of border rank at most r is the Zariski closure of the set of tensors of
rank at most r.

Definition 1.3.0.5. For a algebraically closed base field k and a projective variety
X C PW ~ P(k™*1) the r’th secant variety of X is the closure of the union of all
linear subspaces spanned by r points of X:

o (X) :zU{(sl,SQ,...,sT> cs, € X CPW

where the overline {-} denotes the closure in the Zariski topology.

Example 1.3.0.6. When X = Seg, g ¢, then 0,(X) C PA®PB ® PC is the set
of tensors of border rank at most r.

Example 1.3.0.7. When X = vy(k[z1, x9, ..., x,]1), then 0,.(X) C k[z1, 29, ..., Ts]4
15 the set of classes of homogeneous polynomials of border rank at most r.

In the definition of r’th secant variety over C, the resulting set coincides with
the Euclidean closure. This is a classically studied algebraic variety [Pal06], [Zak93|,
[Ad187] and leads to a definition of border rank of a point.
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Definition 1.3.0.8. For a projective variety X C PW ~ P(kV ™) and for [p] € PW
define Ry (p), the X border rank of [p], to be the minimal number r such that [p]
belongs to o,(X). We say that p € Z has border rank r if [p] € PW has border
rank 7. We follow the standard convention that Ry(p) = 0 if and only if p = 0.
We will drop X from the subscript, if the variety we work with is clear from the
context.

For the notion of the border rank of a linear subspace, see Definitions 2.1.2.1
and 2.4.1.1.

There are many related variants of the notion of X-rank. To mention only one of
them, the X -cactus rank of a point p € Z is the minimal number r such that there
exists a finite subscheme R C X of length r such that [p] is in scheme theoretic
linear span of R. It follows from the definition that the X-cactus rank is less or
equal than X-rank. For more details, including definition of the border cactus rank
and the analogue of secant variety for the cactus rank (i.e. cactus variety), see
Subsection 2.4.2.

1.3.1 Secant variety of Veronese variety

Secant varieties of a non-degenerate variety X C PW ~ P(kV*!) eventually
fill the projective space PW. To see this, it is enough to make the following two
observations. One can check that, if 0,,(X) = 0,,,41(X), then 0,,(X) = op1a(X)
for every a € N [CGO14, Exer. 2.5]. In this case also 0,,(X) has to be a linear
subspace of PIW. It follows that if X is non-degenerate, namely is contained in a
space isomorphic to P(k"), then we have a filtration:

X Coo(X) Co3(X) Coy(X) ... Con(X)=PW.

Given a class of point [p] and a non-degenerate variety, we would like to
check to which secant variety [p|] belongs. As every variety, o,.(X) is given by
some polynomial equations, so if we know them, we can check if [p] € o0,.(X).
Unfortunately, these equations are hard to compute and are unknown in general.

The paper [LO13| presents many methods of obtaining equations vanishing on
the secant variety in the setting of vector bundles. However, the equations given in
this way are equations of a bigger variety, the cactus variety x,(v4(P(C"1))), see
|Gat17] for the proof, and the discussion in [Lan17, Sect. 10.2]. In fact, we are not
aware of any explicit equation of the secant variety o, (v4(P(C"*))) which does not
vanish on the respective cactus variety. Moreover, the cactus varieties fill up the
projective spaces quicker than the secant varieties, see [BJIMR17].

An interesting question is for which values of r,d,n, the secant variety
o, (vg(P(C"1))) coincides with the corresponding cactus variety. This problem is
related to the geometry of Hilbert schemes. If HilbS°" (P(C™*1)), i.e. the open locus
of Hilb,.(P(C™1)) of Gorenstein subschemes of the Hilbert scheme of r points in
P(C"*1), is irreducible, then o,(vy(P(C"1))) = k. (va(P(C"*1))) for any d (see
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|BB14, Prop. 2.2|). The paper [CJN15, Thm A, B shows that for » < 14, the
scheme Hilb%o" (P(C"*1)) is irreducible and that Hilb§?" (P(C"1)) is reducible if
and only if n > 6. That is why we focus on studying r14(vg(P(C"))) for n > 6 in
Section 4.2.

The notion of the Waring rank of a single homogeneous polynomial can be
generalized to the rank of a subspace spanned by several homogeneous polynomials
of the same degree. This leads to a generalization of secant varieties to the notion
of a Grassmann secant variety o,x(vq(P(C"™))) C Gr(k,P(SY%k™!) for positive
integers 7, k, d,n (see Section 2.4 for the definitions). We have 0,1 (v4(P(C"))) =
o, (vg(P(C™™1))) as defined above. For a Grassmann secant variety, there is an
analogous notion of a Grassmann cactus variety x, x(v4(P(C"*1))) (see Section 2.4).

As in the case k = 1, it is interesting to investigate for which values of r, k, d,n
the Grassmann secant variety o, (vg(P(C"*1))) coincides with the Grassmann
cactus variety r,x(vg(P(C"*1))). However, in this case it is not enough to focus
only on the locus of Gorenstein schemes. The reduction to the case of GGorenstein
schemes was possible because of [BB14, Prop. 2.2] which is not true in the case of
a vector space. In particular, Theorem 1.3.1.3 describe two irreducible components
of kg3(vg(P(C™1))), while if we consider only Gorenstein schemes then (as it
was mentioned before) from |CIJN15, Thm A, B| follows that HilbSe" (P(C™+1))
is irreducible.

The paper [CEVV09]| shows that for » < 7 and any n, the scheme
Hilb,(P(C™1)) is irreducible. Moreover, Hilbg(P(C™™!)) is reducible if and only
if n > 4. As a consequence, o, (vg(P(C"1))) = Kk, (vg(P(C**1))) for r < 7, and
any n, k. Furthermore, og (vg(P(C"1))) = kg (va(P(C™1))) for n < 3, and any
k. That is why we focus on studying kg 3(v4(P(C"*1))) for n > 4 in Section 4.3. See
Remark 4.3.0.1 for the reason why we consider kg 3(v4(P(C"*1))) among all other
ks.k(va(P(C™H1))) varieties with k& > 2.

We solve the problem of identification of points of the Grassmann secant variety
inside the Grassmann cactus variety in the minimal cases where these varieties
differ. Tt turns out, that in the case of o4(vg(P(C"™))) for d > 5 and n = 6 the
closure of the set-theoretic difference between the cactus variety and the secant
variety, consists exactly of polynomials divisible by a large power of a linear form.

Theorem 1.3.1.1 (|[GMR20, Thm 1.1.|). Let d > 5 be an integer and
T = Clzg,x1,...,x6]. Then the cactus variety r14(vq(PT1)) has two irreducible
components: the secant variety o14(vg(PT1)) and the other one, denoted by
Ma(va(PTY)), where

ma(va(PTY)) = {[L?*F]|[L] € PTy, [F] € PT3}.

To become more familiar with the notation used in the statement of a Theorem
1.3.1.1 let us look at a simple example of its application. We obtain that the
polynomial

37,3 3 3 3 3 3
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has a border cactus rank 14.

If n is greater than 6 and d > 5, then the description of 74(vg(P(C")) is
more complicated, for the detailed statement see Theorem 4.0.0.2. The proofs are
in Section 4.2.

For d > 6, this allows us to design an algorithm for deciding whether a point
in the cactus variety ri4(vg(P(C"*1))) is in the secant variety o14(vgP(C"*1))
(Theorem 4.0.0.4). In Section 4.3 we prove results analogous to those of Section
4.2 for the case of the Grassmann secant variety ogs(va(P(C"™))) for n >
4. In particular we prove the following theorem and its generalization, i.e.
Theorem 4.0.0.3. We use notation Gr(k, V') for the Grassmannian of k-dimensional
subspaces of a linear space V.

Theorem 1.3.1.3 (|[GMR20, Thm 1.2.]). Let d > 5 be an integer and
T = Clxg, x1,...,x4). Then the Grassmann cactus variety ks s(va(PT1)) has two
irreducible components: the Grassmann secant variety og3(vq(PT1)) and the other
one, denoted by ngs3(va(PTY)), where

ns3(va(PTy)) = {[L*2U)|[L] € PTy, [U] € Gr(3,Ty)}.

The above results of our article [GMR20| are the first ones that provides a
procedure to distinguish points of a secant variety and the corresponding cactus
variety for an embedding of a smooth variety. An algorithm is contained in
Theorem 4.0.0.4, while its Grassmann version is included in Theorem 4.3.1.5. In
particular, as a consequence we can demonstrate that the polynomial from (1.3.1.2)
is contained not only in x14(v6(Clxg, 21, ..., z6])) but also in o14(v6(Clzg, 1, ..., 26]))
(see Corollary 4.0.0.5).

On our way to establishing Theorems 1.3.1.1, 1.3.1.3, 4.0.0.2, and 4.0.0.3, we
prove Theorems 1.3.1.4 and 1.3.1.5, which determine the cactus rank and border
cactus rank of polynomials and subspaces divisible by a large power of a fixed linear
form in a much more general situation. We denote such polynomials and subspaces
by fhomd2 and Whemdz correspondingly. One can think about them as a particular
way of homogenizing of polynomial f € S<4, and subspace W C S<g4,. The degree of
fhomdz i increased by dy with respect to degree of f. Every polynomial g € Whomdz
equals fhomd2 for a certain f € W. See Definition 2.5.0.1 for a precise definition.

Theorem 1.3.1.4 (Polynomial case, [GMR20, Thm 1.8.]). Let f € S<q,,f =
Fy, + -+ Fo, and r = S*/ Ann(f). Assume that Fy, is not a power of a linear
form. Then we have the following:
(i) The cactus rank cr(fromd2) of fhomdz js not greater than r.
(ii) If dy > dy — 1, then the border cactus rank cr(f'm™9%) of fhomdz equals r. In
particular, cr(fhomd2) = cr(fhomdz) = r,

Theorem 1.3.1.5 (Subspace case, [GMR20, Thm 1.9.]). Let W C S<q4, and
r = dimg S*/ Ann(W). We have the following:



1.3. Geometry of secants 15

(i) The cactus rank cr(Whoemdz) of Whemdz s not greater than r.
(i) If dy > dy, then the border cactus rank cr(Whemdz) of Whomdz equals r. In
particular, cr(Whemdz) = cp(Whomdz) =

Additionally, we show more or less the uniqueness of the border cactus
decomposition (see Theorems 4.1.0.2, 4.1.0.3 for more precise statements).

As an example of application of Theorem 1.3.1.4, one can obtain that the cactus
rank of the polynomial z3z922 + zox§ € Clzg, 21, 79 is 6. For the calculations see
Corollary 4.1.0.5 and its proof.
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This chapter is devoted to introduce the language and tools needed in Chapters
3 and 4. However it also contains first minor research results from [BPR20],
|GMR20| and unpublished ones. The reader can find here the explanation of the
slice technique for the (border) rank and a counterexample for it in the case of the
cactus rank. The chapter is divided on four parts: tensor rank (Sections 2.1, 2.2),
border rank (Section 2.3), cactus rank together with Hilbert schemes (Sections 2.4
and 2.5) and characterization of the sets of cubics and subspaces with a certain
Hilbert functions (Sections 2.6 and 2.7).

2.1 Ranks and slices

This section reviews the notions of rank, border rank, slices and conciseness.
Readers that are familiar to these concepts may easily skip this section. The main
things to remember from here are Notation 2.1.1.1 and Proposition 2.1.4.2.

Throughout this thesis let A, As, ..., Aq, A, B, C, V and W be finite
dimensional vector spaces over a field k. By the bold lowercase letters
aj,as, ..., a4, a, b, c,v,w we denote their dimensions. If P is a subset of V', we denote
by (P) its linear span. We will use the same notation, i.e. (P) for a projective span if
P is a subset of classes of points from a projective space PV. If P = {p1, ps, ..., p,} is
a finite subset, we will write (p1, pa, ..., p,) rather than ({py, ps,...,p,}) to simplify
notation.

Definition 2.1.0.1. For a projective variety X C PV and P* ~ P(W) a projective
linear subspace of PV, define Ry (W) and Rx(PW), the X-rank of W and the X -
rank of P(WW), to be the minimal number r such that there exist r classes of points
{[s1],[s2) - - -, [s+]} € X with P(W) contained in (s, sa,...,s,). For [p] € PV, we
write Rx(p) := Rx((p)) obtaining the same definition as in Definition 1.3.0.3. We
will drop X from the subscript, if the variety we work with is clear from the context.

Example 2.1.0.2. In the particular case where X = v4(1y), the Definition 2.1.0.1
can be stated as follows. For a k-dimensional linear subspace W C Ty,

R,,(W) :=min{r € Z-, | PW C (L[ld], .., LIy for some L; € Ty}

In the setting of Definition 2.1.0.1, if X = Segy, 4, 4, and W C A} ® Ay ®
- ® Ag and d = 1, then R(W) = R(PW) = dimW. If d = 2 and W = (p) is
1-dimensional, then R(W) is the rank of p viewed as a linear map A} — A,. If
d =3 and W = (p) is 1-dimensional, then R(W) is equal to R(p) in the sense of
Subsection 1.2.3.

More generally, for an arbitrary d, one can relate the rank R(p) of d-way tensors
with the rank R(W) of certain linear subspaces in the space of (d — 1)-way tensors.
This relation is based on the slice technique, which we are going to review in
Section 2.1.4.
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2.1.1 Variety of simple tensors

We will intersect linear subspaces of the tensor space with the Segre variety.
Using the language of algebraic geometry, such intersection may have a non-trivial
scheme structure. In Chapters 2, 3 we just ignore the scheme structure and all
our intersections are set theoretic. To avoid ambiguity of notation, we write (-) 4
to underline this issue, while the reader not originating from algebraic geometry
should ignore the symbol (-) 4

Notation 2.1.1.1. Given a linear subspace of a tensor space, V C A;®A;,®- - -®RAy,
we denote:

Vseg = UP)V N SegA1,A27-~7Ad)red.

Thus, Vs is (up to projectivization) the set of rank one tensors in V.
In this setting, we have the following trivial rephrasing of the definition of rank:

Proposition 2.1.1.2 (|[BPR20, Prop. 2.3.]). Suppose W C A1 @ Ay ® -+ ® Ay is
a linear subspace. Then R(W) is equal to the minimal number r such that there
exists a linear subspace V C A1 ® Ay ® -+ ® Ay of dimension r with W CV and
PV s linearly spanned by Vseg. In particular,

(i) ROW) =dim W if and only if
PW = (Wseg)-

(i) Let U be the linear subspace such that PU := (Wgee). Then dimU tensors
from W can be used in the minimal decomposition of W, that is there exist
S1y .-y Sdimu € Wseg such that W C (sq,. .. ,SR(W)> and s; are simple tensors.

2.1.2 Secant varieties and border rank

For this subsection (and also in Section 3.2) we assume k = C. See
Remark 2.1.2.2 for generalizations.

Analogously to Definition 1.3.0.8 we may give the border rank definition for
linear subspaces. Fix Ay, ..., Ag and an integer k. Denote by Gr(k, A;®---®A,) the
Grassmannian of k-dimensional linear subspaces of the vector space A; ® ---® Ay.
Let 0, x(Seg) C Gr(k, A1 ® - - - ® Ag) be the Grassmann secant variety of the Segre
variety [BL13|, [CCO01], [CCO8|:

ork(Sega, 4, a,) =W €CGr(k, A1 ®---®@Ag) | R(W) <71}

Definition 2.1.2.1. For W C A; ® A, ® - - - ® Ay, a linear subspace of dimension
W), the border rank of W, to be the minimal number r such

-----

is known.
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In particular, if £ = 1, then Definition 2.1.2.1 coincides with Definition 1.3.0.8:

,,,,,,,,,,

border rank of a point or of a linear space is that it is a semicontinuous function
E: Gl"(k‘,Al ®"'®Ad) — N

for every k. Moreover, R(p) = 1 if and only if (p) € Seg.

Remark 2.1.2.2. When treating the border rank and secant varieties in Section 3.2,
we assume the base field is k = C. It is convenient to use this field, because in this
case the Zariski closure is the same as the Euclidean closure. However, the result
of [BJ17, Sect. 6, Prop. 6.11] imply (roughly) that anything that we can say about
a secant variety over C, we can also say about the same secant variety over any
base field k of characteristic 0. In particular, the same results for border rank over
an algebraically closed field k of characteristic 0 will be true.

To state it more precisely, we need some notation. For every natural number
i let A; o be a vector space over Q, and A;x = Aig Xspecg Speck be a
corresponding vector space over the field extension Q C k. Furthermore, we denote
by Xg = Sega, 4.4, C Po(Ai,g ® -+ ® A, o) the embedded Segre variety and
Xk = XQ X SpecQ Speck C IED]]((AL]]{ K- ® An,k)-

We have the following commutative diagram [BJ17, Sect. 6, Prop. 6.11] where
the arrows pointing down are inclusions

O'T(X]k) e O'T(XQ) X Spec @ Spec]k
! ¢
P(H{N+1) — P(@N+1> X SpecQ Spec k.

Thus, we can translate results about secant varieties of X¢ to a results for o,(Xg)
and then to o,.(Xg) where k is any base field of characteristic 0.

If k is not algebraically closed, then the definition of border rank above might
not generalise immediately, as there might be a difference between the closure in the
Zariski topology or in some other topology, the latter being the Euclidean topology
in the case k = R. Over real numbers, if we fix the degree d, then the set of
polynomials of ranks equal 7, i.e. 7, (vg(P(R[xg, x1..., 2,]1))) (see Definition 1.2.2.2)
is semialgebraic and its interior (with the Euclidean topology) can be non-empty
for more than one value of r. For example &, (v5(P(R[zo,21]1))) has non-empty
interior for r equal to 2 and 3 [Blel5, Thm 2.4].

In the following sections, up to Section 2.3 we restrict to the case of rank with
respect to the Segre variety. In Subsection 2.4.1 one may find generalizations of
definitions of this subsection, i.e. X-(border) rank and X-cactus (border) rank for
arbitrary variety X.
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2.1.3 Independence of the rank of the ambient space

As defined above, the notions of rank and border rank of a vector subspace
W C A ®A®---® Ay, or of a tensor p € A; ® Ay ® --- ® Ay, might seem
to depend on the ambient spaces A;. However, it is well known, that the rank is
actually independent of the choice of the vector spaces. We first recall this result
for tensors, then we apply the slice technique to show it in general.

Lemma 2.1.3.1 ([Lanl2, Prop. 3.1.3.1] and |[BL13, Cor. 2.2|). Suppose k = C and
peARA,®- - -® A, for some linear subspaces A, C A;. Then R(p) (respectively,
R(p)) measured as the rank (respectively, the border rank) in A} ® - --® Al is equal
to the rank (respectively, the border rank) measured in A; ® -+ - ® Aq.

We also state a stronger fact about the rank from the same references: in the
notation of Lemma 2.1.3.1, any minimal expression W C (s1, ..., sgmw)), for simple
tensors s;, must be contained in A} ® - - - ® Al,. Here, we show that the difference in
the length of the decompositions must be at least the difference of the respective
dimensions. We stress that the lemma below does not depend on the base field, in
particular, it does not require algebraic closedness.

Lemma 2.1.3.2 ([BPR20, Lem. 2.8]). Suppose that p € Al @ Ay @ A3 @ -+ ® Ay,
for a linear subspace A} C A, and that we have an expression p € (s1,...,S.),
where s; = a} @ a? ® -+ @ al are simple tensors. Then:

R(p) +dim(ay,...,a;) —dim A" <r.

In particular, Lemma 2.1.3.2 implies the rank part of Lemma 2.1.3.1 for any
base field k, which on its own can also be seen by following the proof of [Lan12,
Prop. 3.1.3.1] or [BL13, Cor. 2.2].

1

Proof. For simplicity of notation, we assume that A} C (ai,...,al) (by replacing

> T

A’ with a smaller subspace if needed) and that A; = (al,...,al) (by replacing A

with a smaller subspace). Set k& = dim A; — dim A} and let us reorder the simple
tensors s; in such a way that the first k of the a}’s are linearly independent and
(A'U{al,...,a1}) = Ay

Let A] = (a},...,a}) so that Ay, = A} ® A and consider the quotient
map 7: A, — A;/AY. Then the composition A} — A; 5 A /A7 ~ Al is an
isomorphism, denoted by ¢. By a minor abuse of notation, let 7 and ¢ also denote
the induced maps 7: A1 @ Ay R A3® -+ @ Ag = (A1/A]) @ As®@ A3 ® -+ - ® Ay and
P ARARA®- - A~ A ®ARA;® - ® Ay. We have

op)=7p) em((1®a; @ - ®af,....q;,®a’ Q- @ay))
=(r(a})®al® - ®af,...,7(a)) ®aZ @ - ®a’)
= (M(ths1) @ Q14 ® -~ ®afyy, ..., 7(0)) ®a} @~ ®ay).

Using the inverse of the isomorphism ¢, we get a presentation of p as a linear
combination of (r — k) simple tensors, that is R(p) < r — k as claimed. |
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2.1.4 Slice technique and conciseness

We define the notion of conciseness of tensors and we review a standard slice
technique that replaces the calculation of rank of three way tensors with the
calculation of rank of linear spaces of matrices.

Atensorpe A;®A;®---® Ay determines a linear map p: A7 - A,®---® Ay,
If we choose a basis {aq,aq,...,as} of Ay we can write

p= Zai®wi7
i=1

where wy,...,wa € W i=p(A1") C A ® -+ ® Ay.

The elements wy,...,w, € W are called slices of p. The point is that W
essentially uniquely (up to an action of GL(A;)) determines p (cf. [BL13, Cor. 3.6|).
Thus, the subspace W captures the geometric information about p, in particular
its rank and border rank.

Lemma 2.1.4.1 (|[BL13, Thm 2.5|). Supposep € A1®@As®--- @Ay and W = p(A})
as above. Then R(p) = R(W) and (ifk = C) R(p) = R(W).

Clearly, we may also replace A; with any of the A; to define slices as images
p(A7F) and obtain the analogue of the lemma. Now, we can prove the analogue of
Lemmas 2.1.3.1 and 2.1.3.2 for higher dimensional subspaces of the tensor space.

Proposition 2.1.4.2 (|BPR20, Prop. 2.10.]). Suppose W C A,®---® A/, for some
linear subspaces Ay C A,,..., A, C Ag.
(i) The numbers R(W') and R(W') measured as the rank and border rank of W in
A, ®---® Al are equal to its rank and border rank calculated in As®---® Ay
(in the statement about border rank, we assume that k = C).
(i1) Moreover, if we have an expression W C (si,...,s,), where s; = a? ® a} ®
- ®ad are simple tensors, then:

r > R(W) +dim{a?, ..., a?) — dim A},

Proof. Reduce to Lemmas 2.1.3.1 and 2.1.3.2 using Lemma 2.1.4.1. |
We conclude this section by recalling the following definition.

Definition 2.1.4.3. Let p € A ® Ay ® --- ® Ay be a tensor or let W C
Al ® Ay ® -+ ® Ay be a linear subspace. We say that p or W is A;-concise
if for all linear subspaces V. C Aj, if p € V® Ay ® --- ® Ay (respectively,
WCV®A Q- - ® Ay), then V = A;. Analogously, we define A;-concise tensors
and spaces for 1 = 2,...,d. We say p or W is concise if it is A;-concise for all
ie{l,...,n}.

Remark 2.1.4.4. Notice, that p € A1 ® Ay ® --- ® Ay is Aj-concise if and only if
pr A} = Ay®---® Ay is injective. In particular, from injectivity and Lemma 2.1.4.1
follows that rank of a A;-concise tensor is greater or equal than the dimension of A;.
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2.2 Direct sum tensors and spaces of matrices

For simplicity of notation we restrict the presentation to the case of tensors in
A® B®C or linear subspaces of B® C. We introduce the following notation which
will be adopted throughout Sections 2.2, 2.3 and Chapter 3: Rank and border rank
additivity problems.

Notation 2.2.0.1. Let A", A”, B', B”,C", C" be vector spaces over k of dimensions,
respectively, a’,a”, b’ b”, ¢/, c”. Assume A=A A", B=B B, C=C"¢C"
anda=dmA=a +a’,b=dimB=b' +b”"and c=dimC =c +c".

For the purpose of illustration, we will interpret the two-way tensors in BQC' as
matrices in MP*€, This requires choosing bases of B and C, but (whenever possible)
we will refrain from naming the bases explicitly. We will refer to an element of the
space of matrices MP*¢ ~ B® C as a (b’ +b”,c’ + ") partitioned matriz. Every
matrix w € MP*€ is a block matrix with four blocks of size b’ x ¢/, b’ x ¢”, b” x ¢’
and b” x c” respectively.

Notation 2.2.0.2. As in Section 2.1.4, a tensor p € A® B ® C'is a linear map
p: A" — B®C; we denote by W := p(A*) the image of A* in the space of matrices
B® C. Similarly, if p=p @ p" € (A @ A")® (B'® B") ® (C" ® C") is such that
P eARB C and p’ € A”® B"® C”, we set W := p/(A”") C B'® C’ and
W":=p"(A"™) C B"®C". In such situation, we will say that p = p' ®p"” is a direct
sum tensor.

We have the following direct sum decomposition:

W:W/@W”C (B/®C/)@(B”®C”)

and an induced matrix partition of type (b’ +b” ¢’ 4+ ¢”) on every matrix w € W

such that
w0
w = 0 w"/]’

where w’ € W’ and w” € W”, and the two 0’s denote zero matrices of size b’ x ¢”
and b” x ¢’ respectively.

Proposition 2.2.0.3 (|[BPR20, Prop. 3.3.|). Suppose that p, W, etc. are as in
Notation 2.2.0.2. Then the additivity of the rank holds for p, that is R(p) =
R(p') + R(P"), if and only if the additivity of the rank holds for W, that is
R(W) = R(W") + R(W").

Proof. It is an immediate consequence of Lemma 2.1.4.1. [ |
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2.2.1 Projections and decompositions

The situation we consider here concerns the direct sums and their minimal
decompositions. We fix W/ ¢ B'® C' and W” Cc B” ® C" and we choose a
minimal decomposition of W’ @& W”  that is a linear subspace V' C B ® C such that
dimV = R(IW @ W"), PV = (Vee) and V' O W’ @ W”. Such linear spaces W', W”
and V will be fixed for the rest of Sections 2.2 and 3.1.

In addition to Notations 2.1.1.1, 2.2.0.1 and 2.2.0.2 we need the following.

Notation 2.2.1.1. Under Notation 2.2.0.1, let o denote the projection
o C— CW,

whose kernel is the space C’. With slight abuse of notation, we shall denote by 7
also the following projections

7 :BRC —-BC", ormer :AQRB®RC - AR B® (C”,

with kernels, respectively, B ® C' and A ® B ® C'. The target of the projection is
regarded as a subspace of C, BQC, or A® B®C, so that it is possible to compose
such projections, for instance:

e TR . B®0—>B/®O”, and 7TC/7TB//ZA®B®O—>A®B,®C”.

We also let £ C B’ (resp. E” C B") be the minimal vector subspace such that
e (V) (resp. men (V) is contained in (E' & B”) ® C” (resp. (B’ @ E") @ C").

By swapping the roles of B and C, we define F’ C ¢’ and F” C C” analogously.
By the lowercase letters €',e” ', f” we denote the dimensions of the subspaces
E/’ E//’ _F"/7 F//'

If the differences R(W')—dim W’ and R(W")—dim W" (which we will informally
call the gaps) are large, then the spaces E', E” F' F” could be large too, in
particular they can coincide with B’, B”, C’, C” respectively. In fact, these spaces
measure “how far” a minimal decomposition V of a direct sum W = W' @ W” is
from being a direct sum of decompositions of W’ and W”.

In particular, we will show in Proposition 3.1.1.5 and Corollary 3.1.3.9, that if
E” = {0} or if both E” and F" are sufficiently small, then R(W) = R(W")+R(W").
Then, as a consequence of Corollary 2.2.1.4, if one of the gaps is at most two (say,
R(W") = dim W” + 2), then the additivity of the rank holds, see Theorem 3.1.4.1.

Lemma 2.2.1.2 (|[BPR20, Lem. 3.5]). In Notation 2.2.1.1 as above, with W =
W'eW" C B® C, the following inequalities hold.

R(W') +&" < R(W) — dim W", RW") + ¢ < R(W) — dim W,
R(W') + £ < R(W) — dim W", RW") + f' < R(W) — dim W".
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Cl CII
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Figure 2.1: A minimal decomposition of W’ & W”, that is a linear subspace
V C B® C such that dimV = R(W' @ W"), PV = (Vgee) and V O W' @ W”. We
denote by E” C B” the minimal vector subspace such that 7o (V) C B ® C' is
contained in (B’ @ E”) ® C'. In the presented case (b’,b",c,c") = (3,3,3,3) (we
use Notation 2.2.0.1).

Proof. We prove only the first inequality R(W') +e€” < R(W) —dim W”, the other
follow in the same way by swapping B and C or ' and ”. By Proposition 2.1.4.2(i)
and (i) we may assume W' is concise: R(W’) or R(W) are not affected by choosing
the minimal subspace of B’ by (i), also the minimal decomposition V' cannot involve
anyone from outside of the minimal subspace by (ii).

Since V' is spanned by rank one matrices and the projection w¢o» preserves the
set of matrices of rank at most one, also the vector space won (V') is spanned by
rank one matrices, say

7en(V) = (b @ci1,...,b R c,)
with r = dim 7wew (V). Moreover, o (V') contains W’. We claim that
B ®E" = (b,....b).

Indeed, the inclusion B’ C (by,...,b,) follows from the conciseness of W’ as W' C
V' N B’ ® C’. Moreover, the inclusions E” C (by,...,b,) and B'® E"” D (by,...,b,)
follow from the definition of E”, cf. Notation 2.2.1.1.

Thus, Proposition 2.1.4.2(ii) implies that

r = dim 7TC//(V) 2 R(W,) + dim <b1, N ,br> —b/ = R(W/) + e”. (2213)

blj’_re//

Since V' contains W and wen (W) = {0}, we have
r=dim7re/(V) <dimV —dimW"” = R(W) — dim W".

The claim follows from the above inequality together with (2.2.1.3). [
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Rephrasing the inequalities of Lemma 2.2.1.2, we obtain the following.

Corollary 2.2.1.4 (|[BPR20, Cor. 3.6.]). If R(W) < R(W') + R(W"), then

e < RW') — dim W, ' < R(W') — dim W,
e < R(W") — dim W”, £ < R(W”") — dim W".

This immediately recovers a known case of additivity, when the gap is equal to 0
[Lan12, Prop. 10.3.3.3], that is if R(W’) = dim W’ then R(W) = R(W’) + R(W")
(because € > 0). Moreover, it implies that if one of the gaps is equal to 1 (say
R(W') = dim W'+ 1), then either the additivity holds or both E’ and F” are trivial
vector spaces. In fact, the latter case is only possible if the former case holds too.

Lemma 2.2.1.5 ([BPR20, Lem. 3.7]). With Notation 2.2.1.1, suppose E' = {0}
and F' = {0}. Then the additivity of the rank holds R(W) = R(W') + R(W"). In
particular, if ROW’) < dim W' + 1, then the additivity holds.

Proof. Since E' = {0} and F’" = {0}, by the definition of £’ and F’ we must have
the following inclusions:

WB//(V) Cc B®C and WC//(V) cBeC.

Therefore V € B'@C'®B"®C" and V is obtained from the union of decompositions
of W’ and W”.
The last statement follows from Corollary 2.2.1.4 [ |

Later in Proposition 3.1.1.5 we will show a stronger version of the above lemma,
namely it is sufficient to assume that only one of £’ or F” is zero. In Corollary 3.1.3.9
we prove a further generalization based on the results in the following subsection.

2.2.2 “Hook”-shaped spaces

It is known since [JT86], that the additivity of the tensor rank holds for
tensors with one of the factors of dimension 2 (Theorem 1.2.5.6). Namely, using
Notation 2.2.0.1 and 2.2.0.2, if 8’ < 2 then R(p’ + p”) = R(p') + R(p”). The same
claim is recalled in [LM17, Sect. 4] after Theorem 4.1. The brief comment says that
if rank of p’ can be calculated by the substitution method, then the additivity of
the rank holds. Landsberg and Michalek implicitly suggest that if a’ < 2, then the
rank of p’ can be calculated by the substitution method, [LM17, Items (1)—(6) after
Prop. 3.1]. This is indeed the case (at least over an algebraically closed base field
k), although rather demanding to verify, at least in the version of the algorithm
presented in the cited article. In particular, to show that the substitution method
can calculate the rank of p’ € k? ® B’ ® C’, one needs to use the normal forms
of such tensors [Lan12, Sect. 10.3] and understand all the cases, and it is hard to
agree that this method is so much simplier than the original approach of [JT86].
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Instead, probably, the intention of the authors of [LM17] was slightly different,
with a more direct application of [LM17, Prop. 3.1| (or Proposition 2.2.2.3 below).
This has been carefully detailed and described in [Rupl7, Prop. 3.2.12].Here we
present a stronger statement about small “hook™shaped spaces (Corollary 3.1.3.9).
We stress that the argument for [Rupl7, Prop. 3.2.12] and [BPR20, Prop. 3.17]
requires the assumption of an algebraically closed base field k, while the our proof
of Corollary 3.1.3.9, as well as the original approach of [JT86] works over any base
field.

Definition 2.2.2.1. For non-negative integers e, f, we say that a linear subspace
W Cc B&C'is (e, f)-hook shaped, if W C k¢ ® C' + B®k’ for some choices of linear
subspaces k¢ C B and kf C C.

The name “hook shaped” space comes from the fact that under an appropriate
choice of basis, the only nonzero coordinates form a shape of a hook " situated in
the upper left corner of the matrix, see Example 2.2.2.2. The integers (e, f) specify
how wide the edges of the hook are. A similar name also appears in the context of
Young diagrams, see for instance [BR87, Def. 2.3].

Example 2.2.2.2. A (1,2)-hook shaped subspace of k* @ k* has only the following
possibly nonzero entries in some coordinates:

* X X X
o S

S O O %
S O O ¥

The following observation is presented in [LM17, Prop. 3.1] and in |[AFT11,
Lem. B.1|. Here, we have phrased it in a coordinate free way.

Proposition 2.2.2.3 ([BPR20, Prop. 3.10]). Let p € AQ B® C, R(p) =r > 0,
and pick o € A* such that p(a) € B ® C is nonzero. Consider two hyperplanes in
A: the linear hyperplane o = (o = 0) and the affine hyperplane (o = 1). For any
a € (a=1), denote

Poi=p—a®pla) €Eat®BxC.

Then:
(i) there exists a choice of a € (« = 1) such that R(p,) <r — 1,
(11) if in addition R(p(c)) = 1, then for any choice of a € (o = 1) we have
R(p,) >r — 1.

See [LM17, Prop. 3.1] for the proof (note the statement there is over the complex
numbers only, but the proof is base field independent) or, alternatively, using
Lemma 2.1.4.1 translate it into the following statement on linear spaces of tensors:



2.3. Border rank additivity tools 27

Proposition 2.2.2.4 ([BPR20, Prop. 3.11|). Suppose W C B ® C is a linear
subspace, R(W) =r. Assume w € W is a nonzero element. Then:

—~

(i) there exists a choice of a complementary subspace W C W such that
W@ (wy =W and R(W) <r—1, and
(11) if in addition R(w) = 1, then for any choice of the complementary subspace

W @ (w) =W we have RW) >r — 1.

Proposition 2.2.2.4 and the following Lemma 2.2.2.5 were crucial in the original
proof that the additivity of the rank holds for vector spaces, one of which is (1, 2)-
hook shaped (provided that the base field is algebraically closed). It is presented
in [BPR20, Subsect. 3.2].

After introducing repletion and digestion with respect to a distinguished matrix
(§3.1.2 and § 3.1.3), we present a stronger version of Proposition 2.2.2.4(i), i.e.
Corollary 3.1.3.5. This approach also simplifies the original proof of additivity of the
rank holds for vector spaces, one of which is (1,2)-hook shaped and let us to prove
its generalization to arbitrary fields, i.e. Corollary 3.1.3.9 (and Theorem 1.2.5.7(iv)
from Chapter 1: Introduction).

The proof of the following lemma is a dimension count, see also |[Rupl?7,
Prop. 3.2.11].

Lemma 2.2.2.5 ([BPR20|, Lemma 3.16). Suppose k is algebraically closed (of any
characteristic) and 0 # p € A® BRk? is concise and dim A > dim B. Then, there
exrists a rank one matriz in p(A*) C B @ k*.

Proof. Since dim A > dim B, the projectivization of the image P(p(A*)) C
P(B ® k?) intersects the Segre variety P(B) x P(k?). Indeed, the corresponding
dimensions are: dim(A) — 1, dim(B) - 2 — 1, dim(B). Thus, dim(P(p(A*))) +
dim(Seg(P(B) x P(k?))) — dim(P(B ® k%)) > 0 and by [Har77, Thm 1.7.2] the
intersection is nonempty. Note, that here we use that the base field k is algebraically
closed. |

Our proof of Lemma 2.2.2.5 does not work for non algebraically closed fields,
since we rely on [Har77, Thm 1.7.2]. In this thesis, we use Lemma 2.2.2.5 and
the generalization of Proposition 2.2.2.4 (Corollary 3.1.3.5), to prove that rank
additivity holds for a certain small dimensional spaces, see Corollary 3.1.4.13 (and
Theorem 1.2.5.7(v)).

2.3 Border rank additivity tools

In Section 3.2 we focus on the border rank additivity. To prove it holds in the
cases described there, we need tools, definitions and notations which we introduce
in this subsection.

We commence with the observation that if the border rank additivity holds for
tensors more degenerate than a given pair, then it has to hold for the original pair
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too. For the precise statement we will need a proper definition what degenerate
tensor is.

Definition 2.3.0.1. Assume p,q € A ® B ® C are two tensors. We say that p is
more degenerate than ¢ if p € GL(A) x GL(B) x GL(C) - q.

Example 2.3.0.2. Any concise tensor in C' @ C? @ C? is more degenerate than
any concise tensor in C* ® C* @ C2.

Example 2.3.0.3. Consider concise tensors in C* x C? x C2. According to [Lanl12,
Table 10.5.1], there are two orbits of the action of GL3y X G Ly X G Lo of such tensors,
both orbits of border rank 3. One orbit is “generic”, the other is more degenerate.

The latter is represented by:
Pp=a1®b Rci+a, @b ®co+ az R by ® cy.

Lemma 2.3.0.4 (|[BPR20, Lem. 5.6]). Suppose p' € A’ @ B'® C' is an arbitrary
tensor and p”,q" € A’ @ B" @ C" are such that R(p") = R(q") and p" is more
degenerate than ¢". If the additivity of the border rank holds for p' @ p” then it also
holds for p' & q".

Proof. Since p” is more degenerate than ¢” also p’ @ p” is more degenerate than
P ®q". Thus,

Ry’ ®q") > R @p") = R(p) + R(") = R(p) + R(q").

2.3.1 Strassen’s equations of secant varieties

Often as a criterion to determine whether a tensor is or is not of a given border
rank, we exploit defining equations of the corresponding secant varieties. We review
here one type of equations, that is most important for the small cases we consider
in the next chapter (see Section 3.2).

First assume b = c and consider the space of square matrices B ® C. Let
fo: (B®C)** — B® C be the map of matrices defined as follows:

folz,y,2) =zadj(y)z — zadj(y)x, (2.3.1.1)

where adj(y) denotes the adjoint matrix of y.
As in Section 2.1.4 write .
pP= Z a; ® Wy,
i=1

where wy, ..., w, € W :=p(A*) C B® C are b x ¢ matrices and {aj,...,a,} is a
basis of A.
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Proposition 2.3.1.2. Assume thatp e AQ B® C.
(i) [Str88] Suppose a =b =c = 3. Then R(p) < 3 if and only if f3(x,y,2) =0
for every x,y,z € W.
(11) [LM0O8] Suppose a = b = ¢ and R(p) < a. Then fa(x,y,z) = 0, for every
x,y,z € W.

See also [Fril3, Thm 3.2].

We also recall Ottaviani’s derivation of Strassen’s equations (JOtt07], see also
|[Lan12, Sect. 3.8.1|) for secant varieties of three factor Segre embeddings. Given a
tensor p : B* = A ® C, consider the contraction operator

phi AR B* = NPA®C,

obtained as composition of the map Idy ®p: A ® B* — A®? ® C with the natural
projection A*? @ C — A2A® C.

Proposition 2.3.1.3 (|Ott07, Thm 4.1]). Assume 3 < a <b,c. If R(p) <r, then
rk(ph) < r(a—1).

If a = 3, we can slice p as follows (cf. Section 2.1.4): p = 377 | ¢;®@w; € ARBXC,
with w; € B ® C. Then the matrix representation of p’; in block matrices is the
following (b 4+ b + b, c + ¢ + ¢) partitioned matrix

0 w3z  —Ws2
M3(w1,w2,w3) = | —Ws3 Q w1 . (2314)
wy —wWy 0

Proposition 2.3.1.5 ([Lanl2, Prop. 7.6.4.4]). If a = b = ¢ = 3, the degree nine
equation
det(p) =0

defines the variety 0,(PA x PB x PC) C P(A® B® C).

Ifa=4andp= E?:1a1-®wi € A® B® C, with w; € B® C, then the matrix
representation of p/; in block matrices is the following (4-b, 6-c) partitioned matrix

0 wg  —Wy Wy 0 0
—w 0 w 0 —w 0
M4(w1,w2,w3,w4) = U)23 —;1)1 01 6 0 4 1;4 (2316)
0 0 0 —w w —ws

2.4 Ranks and Apolarity Lemmas

In algebraic geometry we would like to translate geometric questions into
algebraic problems. In the case of certain notions of rank, the main tool is the
Apolarity Lemma in its many variants. It allows us to convert a question about a
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rank, into a question about an existence of some ideals. Firstly, it can be applied
for establishing upper bounds for rank by constructing certain ideals. Secondly, it
can provide lower bounds, by proving that ideals satisfying given properties, do not
exist. Some of the many examples of applying Apolarity Lemmas in both directions
are |Gal20, Thm 1.5], [BB15, Sect. 4], [GOV19] as well as Theorems 4.1.0.2,
4.1.0.3. For the applications of Border Apolarity Lemmas see [CHL19],[HMV20],
and [Man20].

In this section we focus on the ranks of polynomials (symmetric tensors). We
review definitions of various types of ranks of tensors and the corresponding variants
of Apolarity Lemma. In the previous sections of this chapter, we frequently used
slice technique 2.1.4.1 to deal with tensor rank and border rank. One can wonder if
slice technique works also for other notions of ranks of tensors. That is not the case.
Multigraded Cactus Apolarity Lemma 2.4.2.4 let us prove that the analogue of the
slice technique 2.1.4.1 does not apply to the cactus rank (Proposition 2.4.2.5). In
Chapter 4, we provide the counterexample for the slice technique in the setting of
border cactus rank (Proposition 4.3.1.7).

Subsections 2.4.1 and 2.4.2 introduce geometric objects which correspond to
ranks of subspaces, namely Grassmann secant and Grassmann cactus varieties.
The problem of decomposing many forms simultaneously as linear combinations of
powers of the same set of linear forms originates from the work of Terracini [Ter15].
It was later studied by Bronowski [Bro33| and it is strictly connected to the notion
of Grassmann secant variety.

We introduce the divided power rings denoted by kg,|xo,...,z,] (following
Tarrobino-Kanev [IK99, Appendix Al), which allows to generalize Theorems 1.3.1.1,
1.3.1.3 and to state lemmas needed to prove it. We state definitions for any
algebraically closed field k since this generality is needed in Theorems 1.3.1.4 and
1.3.1.5.

Fix a positive integer n and let 7" := k[ag, ..., ] = @oq T be a polynomial
ring with the graded dual ring 7" := EBogj T; and let x; € T7 be dual to «;. For a
multi-index u, we denote by a" = aj*ay? - - - o the standard monomial basis of

Tr, where j = |[u| = uy +ug + - - - +u,. Another notation is zl .= x[f“]x[“?] gl
for the basis of 7} dual to the basis {a" : |u| = j}. For every 4, j and ¢ € T, f € T},
Y € T, the contraction map o : 77" X T; — T}, is defined as follows

0 if j<i

(paf)(@) = {f(wp) otherwise

We extend these maps to a contraction map 1 : T* x T — T by linearity. On the
bases we have

u ] eV if gy, <oy for k=0,1,...,n
ataxrV = } )
0 in the other case
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The multiplication of monomials is given by the equality 2™zl = %x[“”},

where v! := vglvy!---v,!. Extending by linearity, we obtain a structure of a k-
algebra on T

Notice, that the usage of divided powers is necessary, since there is no
assumption that k has characteristic zero. If chark = 0, divided powers have a
simple form. Namely, 2Vl = "’“"7‘,’

Another frequently used notation in this thesis is the following S* :=
k[ag ..., ap) € T* (we omit the variable ag from T7*). Then the graded dual ring

S :=kagp[1, ..., 2,) is naturally a subring of 7.
Definition 2.4.0.1. Let k£ be a positive integer, T* := klag, q,...,qx be
a polynomial ring, and T := kgplxo, x1,...,7,] be its graded dual. Given a

finite dimensional linear subspace V' C T and a basis (o, y1,.-.,yx) of T; (the
homogeneous part of 7" of degree 1), we define V|,,—; to be the dehomogenization
of V' with respect to the basis. The polynomial f|,,—; is characterized analogously.

We denote by Ann(V') the ideal Ann(V) = {6 € T* | 6,V = 0}. The
corresponding quotient ring 77/ Ann(V') will be defined as Apolar(V') and called
the apolar algebra of V. If V' = (f) we write Ann(f) instead of Ann((f)) and
Apolar(f) instead of Apolar({f)).

Now we state the definitions of Hilbert function which will be used in the
dissertation repeatedly.

Definition 2.4.0.2. Given a Z-graded T*-module M its Hilbert function is defined
as
H(M,d) := dimy My,

for all d € Z. For a finite local k-algebra (A, m) the (local) Hilbert function of A is
the Hilbert function of the associated graded ring gr,, A (|[Eis95, Sect.5.1]), i.e.

H(A,d) = dim m?/m?™!,

for all d € Z>y.

In the case of k = C, we will consider also Z x Z and Z x Z x Z-graded
rings. For Z x 7Z x Z-graded rings, the polynomial ring Sym(A @ B @ C)* =
Clog, gy ...y, B1, B2, - -+, By Y1, V2, - - -, Ye) and its graded dual Sym(A®B@C) =
Caplz1, T2, ..., Tas Y1, Y2, - -, Ybs 21, 22, - - -, Zc| Will be used. The grading is defined
in a way that a; has a degree (1,0,0), 5; has a degree (0,1,0) and ; has a
degree (0,0,1) for all i. We define the Hilbert function of a Z x 7Z x Z-graded
Sym(A @& B & C)*-module N as

H(N, (dy,ds,ds)) := dimc N, dy.ds)

for all (dy,dy,ds) € Z X Z X Z.

In the case of Z x Z-graded rings, we use analogous definitions of Sym(A &
B),Sym(A @ B)*, degrees of «;, 5; and Hilbert function H(N, (d;,ds)) of a Z x Z-
graded Sym(A @ B)*-module N.
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We introduce the following notation of the functions hgu, N () ns)s Ms,(n1na,ns)
and (s,n + 1)-standard Hilbert function. The first three will be used in
order to state Border Apolarity Lemma (Proposition 2.4.1.5) and for tensors
(Proposition 2.4.1.7), while the fourth one is necessary for Weak Border Cactus
Apolarity Lemma (Proposition 2.4.2.3).

Definition 2.4.0.3. For positive integers s,n,ni,ng, ns, let hy, 1 Z — Z be given

by
hon(a) := min{ (“ e 1) Y

n—1

Functions Ny (n, momg): £ X Z X Z — Z and hg (n; nyms): L X Z X Z — 7 are defined
analogously. In the case of hg (n, ngmy): Z X Z X Z — 7 we assign

-1 1 1
hs,(n1,n2,n3)(a1, az, a3) = min{ (a1 T ) (aQ +ng > (a3 + ng ) 7 s}.

TLl—]_ 712—]_ n3—1

A function h: Z — Z satistying the following conditions will be called an (s,n+1)-
standard Hilbert function:
(i) h(d) < h(d+1) for all d,
(ii) if d > 0 and h(d) = h(d+ 1), then h(e) = s for all e > d,
(ili) 0 < h(d) < hspi1(d) for all d.

2.4.1 Rank and border rank

For any algebraically closed field and X C PV, we can give the definition
of the X-border rank for a linear subspace of CN*!l. It is a generalization of
Definitions 1.3.0.3 and 2.1.2.1.

Definition 2.4.1.1. For a k-dimensional linear subspace V of CVN*! the X-rank
of V' is

Rx (V) := min{r € Z-( such that PV is contained in projective

span (s1, Sa, ..., S,), where s; € X }.

The (r, k)-th Grassmann secant variety of X is

ork(X) = {[V] € Gr(k,CN+1) | Rx(V) <r}.
The X-border rank of V' is
Ry (V) :=min{r € Z-o | [V] € o,x(X)}.

We drop the subscript X if the variety we work with is clear from the context.
From now on, in Sections 2.4, 2.5 we mainly focus on polynomials and symmetric
rank, i.e. vy(PPT})-rank.
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If £ = 1, namely if V' = (F) for an element F' € T, we obtain the classical
notions of rank and border rank of F and the secant variety o, (vq(PT1)) (cf.
Definitions 1.2.2.1, 1.3.0.3, 1.3.0.8).

In order to state Border Apolarity Lemma, we have to introduce multigraded
Hilbert schemes. We will also use the following notation.

Notation 2.4.1.2. Let Sym(A @& B @& C)* denotes a multigraded ring
Clan, gy ooy iy 81, B2y ooy Bby V15 V25 -5 Ve| With Z X Z X Z-grading such that a; has
a degree (1,0,0), 5; has a degree (0,1,0) and 7; has a degree (0,0,1) for all i. We
define Sym(A @ B)* analogously.

In our case we restrict to Hilb PrnttHi lb 82)@3 and Hllbsynj‘ 233@0)*7 ie.
the multigraded Hilbert scheme assomated to the polynomial rings 7% (with the
standard Z-grading), Sym(A @& B)* and Sym(A & B & C)*, correspondingly. The
functions Ay i1, (ab),ltr (abe) are as in Definition 2.4.0.3. The aforementioned
multigraded Hilbert schemes parameterize homogeneous ideals with fixed Hilbert
functions A, 541, hr(ap) and Ay a by correspondingly. For more about the topic see
[HS04].

We also need to define Slip, py, C Hilbf}i’"“, but first let us recall the definition
of the saturation of ideal.

Definition 2.4.1.3. Let I, J be ideals of a ring R. We define the ideal quotient
(I:J):={feR|f-JCI}CR.

We call the following ideal ;- (I : J%) C R the J-saturation of I or the saturation
of I with respect to J. The ideal is J-saturated if is equal to its J-saturation. If J
is an irrelevant ideal (for example (a1, g, ..., aa)(B1, B2, -+, Ob) (71,72, -+ -5 Ye) C
Sym(A@® B® C)* or (ag, a1, ...,0,) € T*), we omit J and just say saturation of
I and saturated ideal.

Definition 2.4.1.4. Let Slip,py, be the closure in Hil‘b;ﬁ:”+1 of points
Corresponding to saturated ideals of r points. We define Slip, p 4. pp«pc as a closure

in Hilbg “a Z;B@C of points corresponding to M-saturated radical ideals, where
M = (0[1,0627.. aa)(ﬁlaﬁ%'--7ﬁb)(717727"'770) gsym(AEBB@O>

Now we can state the Border Apolarity Lemma.

Proposition 2.4.1.5 (Border Apolarity Lemma). Let V C T, be a k-dimensional
subspace. Then R(V') < r if and only if there exists an ideal [I] € Slip, py, such
that

I C Ann(V).

Proposition 2.4.1.5 follows from the proof of [BB20, Thm 1.3] if we set H =
Hilb)" (P"), i.e. the smoothable component of the Hilbert scheme of r points on
P". We rewrite it here.
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Proof. We know that

R(V) <r <= [V]€ani(va(P")) <= Fijesip,or, la CV
where V+ is the subspace of T of forms annihilating V. The latter equivalence
follows from [BB20, Prop. 6.1]. We need to prove that

Inestip, or, La © V5 = Jinesiip, pp, I S Ann(V)

One implication is clear. We show the implication from the left to the right. Let
¢ €I, foreeZ, thenT; -¢ €Iy CVEC Anan(V). Thus, (T .- ¢)2V = 0 which
implies T, 1(¢p1V') = 0. We obtain ¢V = 0. [ |

There is also a version of the Border Apolarity Lemma, which may be applied
to investigate a border rank of not necessarily symmetric tensors. We state it for
tensors p € A® B ® C, while the analogous proposition is true also for p € A® B.
We will use it only in these two cases. For a more general statement and the proof
see [BB19, Thm 3.15].

In order to state Multigraded Border Apolarity Lemma, we have to introduce
the following notation.

Notation 2.4.1.6. Let {1, 29,...,2a}, {¥1,¥2,---,Ub}, {21,22,...,2c} be bases
of C-vector spaces A, B,C correspondingly. We can look at a tensor p € A ®
B ® C as a homogeneous polynomial of multi-degree (1,1,1) in Sym(A & B &
C) = Caplz1, 22, .-, Tay Y1, Y2, - - -, Ybs 21, 22, - - - , Zc), Where {x;}i.{y;};,{zk }r are of
degrees (1,0,0), (0,1,0), (0,0,1) correspondingly.

Proposition 2.4.1.7 (Multigraded Border Apolarity Lemma, [BB19, Thm 3.15]).
Let us use Notations 2.4.1.2, 2.4.1.6. The border rank R(p) < r if and only if there
exists an ideal [I] € Slip, payppxpc such that

I € Ann(p),

where Ann(p) = {0 € Sym(A® Ba C)* | §up = 0}.

2.4.2 Cactus rank and border cactus rank

Given a subscheme R C PV we denote by (R) the projective linear span in PV
of R, i.e. the smallest projective linear subspace of PV containing R.

Definition 2.4.2.1. For X C PV and a k-dimensional linear subspace V of C¥*1,
the X-cactus rank of V' is

crx (V) :==min{r € Z-( | PV C (R) for a zero-dimensional
subscheme R C X of length r}.
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To state the following definitions we need the assumption of algebraically closed
base field k. The (r, k)-th Grassmann cactus variety of the d-th Veronese variety of
X is

K (X) = {[W] € Gr(k,Ty) | ctx(W) <r}.
The X-border cactus rank of V is

cary(V) :=min{r € Z-o | [V] € k.1(X)}.

We will drop the subscript X if the variety we work with is clear from the context.
For a point (0,0,...,0) # p € CN*Llet W C CV*! be a linear span of p. We define
the X-cactus rank and X-border cactus rank of p as a corresponding ranks of W.
X-cactus rank and X-border cactus rank of (0,0,...,0) € CVT! are set to be equal
zero. We denote k,.(X) := k,1(X).

We mainly focus on symmetric tensors, so we state next Propositions 2.4.2.2
and 2.4.2.3 for X = y,(PT) C PT,.

Proposition 2.4.2.2 (Cactus Apolarity Lemma). Let V' C T, be a nonzero
subspace and I(R) be the saturated ideal of a subscheme R C PTy. Then

I(R) C Ann(V) <= PV C (v4(R)).

Therefore, cr(V) < r if and only if there exists a zero-dimensional subscheme
R C P17y of length r such that

I(R) C Ann(V).

For a proof, see [Teil4, Thm 4.7]. Similar results are already stated in [BR13|,
[BB14] and [IK99).

In order to state a version of apolarity for border cactus rank, we need to
consider all (r,n + 1)-standard Hilbert functions (see Definition 2.4.0.3), instead of
hyn41 as in Border Apolarity Lemma 2.4.1.5.

Proposition 2.4.2.3 (Weak Border Cactus Apolarity Lemma, [BB20, Thm 1.1]).
Let V. C Ty be a nonzero subspace. If ct(V') < r, then there exists a homogeneous
ideal I C Ann(V') C T* such that the Hilbert function of T*/I is an (r,n + 1)-
standard Hilbert function.

There is also a version of the Cactus Apolarity Lemma, which may be applied
to investigate a cactus rank of not necessarily symmetric tensors. We state it for
tensors p € A® B ® C, while the analogous proposition is true also for p € A® B.
Multigraded Cactus Apolarity Lemma can be expressed also for toric varieties.
However, there is a little connection with our dissertation, so we do not state it in
this setting. For the statement in full generality and a proof see [Gal20, Thm 1.1,
Rem. 4.8].
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Proposition 2.4.2.4 (Multigraded Cactus Apolarity Lemma). Using Notations

2.4.1.2, 2.4.1.6 let M := (aq, v, ...,0a)(B1, B2y, Bb) (71,72, - s Ye) C Sym(A &
B® C) and I(R) C Sym(A @ B ® C)* be the M-saturated ideal of a subscheme
R CP(A) x P(B) x P(C). Then

I(R) € Ann(p) <= [p] € (Seg(R)),

Therefore, cr(V) < r for V.C A® B ® C if and only if there exists an M-
saturated ideal I C Sym(A @ B @ C)* such that for sufficiently large i, j, k Hilbert
function H(Sym(A& B& C)*/I,(i,j,k)) =r and

I C Ann(V).
Here, by Ann(V') we denote {60 € Sym(A@® B & C)* | VpeyOap = 0}.

Gesmundo, Oneto and Ventura in [GOV19, Ex. 2.23| show that the simultaneous
cactus rank of a family of forms cannot be read as the cactus rank of tensor living
in a bigger space. The example they provide is

P =11 ®Yiys + 72 @ yiys € C* ® Sym*(C?).

Then 4 < cr(p), while cr(p((C*)*)) < 3.

With a help of Multigraded Cactus Apolarity Lemma 2.4.2.4 we give another
counterexample to the analogue of the slice technique (Lemma 2.1.4.1) for the
cactus rank (see Proposition 2.4.2.5), i.e.

xl®<y1®22+y2®21)+$2®(y1®23+y3®z1)E(C2®C3®<C3.

Because of the symmetries inside the brackets, the natural step further is to check,
if

T1 @ Y1ys + T2 @ y1y3 € C* @ Sym?*(C?)
is a counterexample too. Indeed, in Proposition 2.4.2.7 we prove it is. Notice, that

the tensor we provide is simpler and is contained in a smaller dimensional space,
than the one given by Gesmundo, Oneto and Ventura.

Proposition 2.4.2.5. Letp=21® (1 @ 20+ 12 R 21) + 12 R (11 ® 23 + Y3 ® 21) €
C*’@ C*® C3. Then 4 < cr(p), while cr(p(A*)) < 3, where A is the first factor of
CleC*eC3.

Proof. To prove 4 < cr(p) we will apply Multigraded Cactus Apolarity
Lemma 2.4.2.4. Assume the contrary holds, cr(p) < 3 and there exists a zero-
dimensional subscheme R C P(C?) x P(C?) x P(C?) of length 3 such that

I:=1(R) C Ann(p). (2.4.2.6)
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Hilbert function of Ann(p) at all of the multi-degrees
D :={(0,1,0),(0,0,1),(1,0,1),(1,1,0) }

equals 3. Thus, Hilbert functions of I at the same multi-degrees D has to be at least
3. Even more, it has to be equal 3, because the saturated ideal of a subscheme of
length 3 has a Hilbert function bounded by 3. Let us take the ideal J generated by
all generators of Ann(p) of degrees D. Its saturation J5* equals (52, 83,72, 73), thus
J*  Ann(p) and I € Ann(p) as well, since J*** C I. We obtained a contradiction
with (2.4.2.6).

To prove cr(p(A*)) < 3, we also use Multigraded Cactus Apolarity
Lemma 2.4.2.4. Let M = (B4, 52, £3)(71, 72, 73)- It is enough to construct the ideal
L C Ann(p(A*)) such that it is M-saturated and its Hilbert function equals 3 in
every multi-degree except (0,0). To construct L, we analyze the ideal Ann(p(A*)).
It has generators in multi-degrees (0,2), (1,1),(2,0) only and the following Hilbert
function in multi-degree (i, j)

~NJlo1 2 3
1

0 |1 300
1 13200
2 10000
3 10000

Let us define the ideal

N := (5373, B2v3, BsV2, Bay2, B3y — Bivs, Poyi — 5172)-

It is generated by all generators of Ann(p(A*)) of multi-degree (1,1) except (171-
One can check that after taking M-saturation, we obtain the desired ideal

L:= (’Y;??’Yﬂ& 53’73752737’722a Bsv2, B2y, B3y — B3, B2y — Bive, 59%, Ba/33, 622)
[ |

In a similar way, we prove the next proposition.

Proposition 2.4.2.7. Let p = 71 @ Y12 + 2 @ y1ys € C? ® Sym?(C?). Then
4 < cr(p), while cr(p(A*)) < 3, where A is the first factor of C? @ Sym?*(C?).

Proof. To prove both inequalities we will apply Multigraded Cactus Apolarity
Lemma 2.4.2.4. Assume the contrary to the first inequality holds, i.e. cr(p) < 3.
It follows from Multigraded Cactus Apolarity Lemma that there exists a zero-
dimensional subscheme R C P(C?) ® P(Sym?(C?)) of length 3 such that

I:=1(R) C Ann(p). (2.4.2.8)
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The Hilbert function of Ann(p) at all of the multi-degrees

D= {(O? 1): (17 1)}

equals 3. Thus, the Hilbert function of I at the same multi-degrees D has to be at
least 3. Even more, it has to be equal 3, because the saturated ideal of a subscheme
of length 3 has a Hilbert function bounded by 3. Let us take the ideal J generated by
all generators of Ann(p) of multi-degrees D. Its saturation J** equals (S, 03), thus
J* ¢ Ann(p) and I € Ann(p) as well, since J*** C I. We obtained a contradiction
with (2.1.2.8).

To prove cr(p(A*)) < 3, we also use Multigraded Cactus Apolarity Lemma. It is
enough to construct the ideal L C Ann(p(A*)) such that it is (51, (2, f3)-saturated
and its Hilbert function equals 3 in every degree except 0. To construct L, we
analyze the ideal Ann(p(A*)). It has generators in degree 2 only and the Hilbert
function 1,3,2,0,0,0, .. ..

Let us define the ideal

N = (83, B2f3s, B3)-
It is generated by all generators of Ann(p(A*)) except 8. It is (31, B2, B3)-saturated.
One can check that we obtained the desired ideal

L:=N.
[ |

Remark 2.4.2.9. A reader familiar with Segre-Veronese varieties can notice that
there exist a shorter proof of Propositions 2.4.2.5 and 2.4.2.7. Indeed, let

o PVE X PVy PV — P(Sym®™ (V) @ Sym® (V) @ ... @ Sym™ (V"))

be a Segre-Veronese embedding given by
(Tea], [ea], - - - [en]) = [ @ edr @ ... ® eln].
One can prove that for the natural inclusions
i Sym?*(C?) = C* @ C?, i(eren) =1 ® ey + e R e,
i CPRSym?(CYH - CPC* @ C3, i =ide @1
and p € C? ® Sym?(C?), we have the following inequalities
CTSeg(PLxP2xP?) (i(p)) < Crgy, o (P xP?) (P)

and
CTSeg (P2 xP2) (Z(P(A*))) < CTyy (P2) (p(A*))
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Thus, to prove both Propositions 2.4.2.5 and 2.4.2.7 at once, it is enough to show
that

cry, 2y (Y192, Y173)) < 3

and
4 < CTgegptxp2xp2) (21 @ (11 @ 20+ 42 @ 21) + T2 @ (11 ® 23 + Y3 ® 21)).

The tensor from 2.4.2.7 is the smallest possible counterexample among these
contained in a space of the form C" x X, where X is a smooth variety. One can
prove that if X is smooth and the cactus rank of a pencil is 2, then the cactus rank
of a tensor corresponding to the pencil is 2 as well. Indeed, let X be smooth variety,
p € C" x X and R C X be a scheme of length 2 such that W := p((C")*) C (R).
Any such R is isomorphic either to 2 distinct reduced points or a double point.
Thus, W has a border rank at most 2. By slice technique for a border rank (Lemma
2.1.4.1), follows that R(W) = R(p) < 2. Hence, there exists a scheme R’ C C" x X
of length 2 such that p € (R’). We obtained cr(P) < 2.

If X is not smooth, we cannot argue in the same way, because there is no
implication cr(WW) < 2 = R(W) < 2 (see |Gal20, Beginning of Sec. 7.3|).
However, we believe that it is the smallest possible counterexample also among
these contained in a space of the form C™ x X, where X is an arbitrary variety.

2.5 A bound for the border rank of a particular
subspace of polynomials of a fixed degree

In this section we present some algebraic results which will be needed in
Chapter 4 and we prove the bound for the border rank of particular subspace of
polynomials of a fixed degree. For a precise statement see Lemma 2.5.0.15. We will
use the notation introduced at the beginning of the Section 2.4 and the following
definition.

Definition 2.5.0.1. Let d; > 1,dy > 0 be integers. Given f = Fyegs+ ...+ Fp €
S<a, where F; € S;, define fhomidz ¢ Ty, +d, s

deg f

fhom,dg L F‘$gd2+d1 —1)
= E i .
1=0

For a linear subspace W C S<g,, define a linear subspace W™ of T, ., as
Whom,dQ — {fhom,dg | f c W}

Notice the difference between f™? and the classical homogenization, which we
use on a dual side (2.5.0.2). In our definition we use divided powers and the resulting
polynomials are of a fixed degree dy + ds.
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Let a polynomial ¢ = Z?i%¢ ®; € S*, where ®; € S;. We denote by "™ C T*
its homogenization with respect to «ayp, i.e.

deg

P =" B (2.5.0.2)
=0

We will also use the notion of the homogenization of an ideal, we recall it after
[CLO15, Sect. 8.4]. For an ideal I C S* its homogenization with respect to ayq is
denoted by "™ C T*, where

[hom — <90hom ‘ © c [)

The following lemma says that the homogenization in 7™ of an ideal in S* is
saturated. This will enable us to use Cactus Apolarity Lemma 2.4.2.2 in the proofs
of Theorems 1.3.1.4 and 1.3.1.5.

Lemma 2.5.0.3 ([GMR20, Lem. 3.1.]). Let I C S* be an ideal. Then the
homogenization I"™ C T* is saturated with respect to the irrelevant ideal

(Oé(), N ,Oén>.

Proof. Tt is enough to show that (I"™ : ag) = "™ (here (I"™ : ay) denotes
the ideal quotient, see Definition 2.4.1.3). Take § € (I"™ : ay). We shall show
that 6 € I"™. Since (I"™ : qap) is a homogeneous ideal, we may assume that 6

is homogeneous. By the definition of ideal quotient, for some integer s, there are
(1,...,¢(s €T and &,...,& € T* such that

fag = &G + .+ £
Hence 6, _, € I, s0 (6], _,)""" € I"*™. Thus,

degG—deg(9|a0:1)

= ay (Op) ™ € 17,

as claimed. We used [CLO15, Prop. 8.2.7 (iii) and (iv)]. [ |

If I € S*is a homogeneous ideal, then there is a simple way to calculate the
Hilbert function of 7%*/I"™ from the Hilbert function of S*/I, namely

H(T* /1" e) =Y H(S"/I,i) for e € Z.

=0

In particular, if the Hilbert polynomial of S*/I is zero, then for large enough e we
have H(T*/I"™ ¢) = dimy S*/I. Lemma 2.5.0.4 and Corollary 2.5.0.5 generalize
this claim to inhomogeneous ideals.

In the following lemma we use the definitions of monomial orders <, leading
terms LT, leading monomials LM_, and Grébner bases as in [CLO15, Ch. 2.
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Lemma 2.5.0.4 (JGMR20, Lem. 3.2.]). Let I C S* be an ideal. Let < be any
monomial order on S* which respects the degree. Then for every non-negative
integer e

H(T*/I"™ e) = #{p € S* | i is a monomial, degu < e and p ¢ LT_(I)}.
Proof. Let e € Z>( and consider sets
Ace:={p € S* | pis a monomial, degpu < e}

and
B, :={p € T | i is a monomial, degp = e}.

These sets are in bijection given by

Ace 3 p— of Y8y € B,
and
Be 3 p ptlag=1 € A<e.

Let <; be the monomial order on 7™ defined by

ao a bo b, al a, b1 b,
O{O...Oz"<h040...0zn"<:>al...Oé"<(l{1...0./n"0r

n n
al an __ b1 bn
Q.o =0 O

and ag < by.

We have H(T*/I"™ ¢) = #{u € B. | p ¢ LT, (I"*™)} (see |[Eis95, Thm 15.3]).
Therefore, it is enough to show that for p € A<, the following equivalence holds
i€ LT_(I) if and only if af 98"y € LT, (I'™).

Assume that 4 € A<, NLT(I) and let 6 € I be such that LM_(0) = p. Then
o dsrghom ¢ [hom and LM, (af 8" 0mom) = of 4P LM, (077™) = of ‘8¢ 4.
The latter equality follows from the following observation: LM, (6"°™) = LM_(6)
for 0 € S* .

Now suppose that of 9®*y € B, N LT., (I"™). Let G := {(1,...,C} be
a Grobner basis for I with respect to <. Then Ghom = {¢hom ... (hom} is a
Grobner basis for I"™ with respect to <, (see [CLO15, Thm 8.4.4]). Therefore, for
some j € {1,..,k} the monomial LM, (¢}") = LM((;) divides af 4" . Thus,
LML (¢;) divides u, because (; € S*. [

The following corollary of Lemma 2.5.0.4 will be used extensively. It shows
that the Hilbert polynomial of the subscheme defined by Ann(W)"*™ is equal to
dimy S*/ Ann(W). Moreover, it provides an upper bound on the minimal degree
from which the Hilbert function agrees with the Hilbert polynomial.

Corollary 2.5.0.5 (|[GMR20, Cor. 3.3.]). Let W C S<4, be a linear subspace. Then
fore>d;y
H(T*/ Ann(W)hom ) = dimy, S*/ Ann(W).
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Proof. All monomials of degree at least d; +1 are in Ann(W). Therefore, for e > d;
it follows from Lemma 2.5.0.4 that

H(T*/ Ann(W)hom ¢) = H(T*/ Ann(W)"™ d;)

is equal to the number of monomials in S*, which do not belong to LT (Ann(W)).
This number is the dimension of the quotient algebra S*/ Ann(W) as a k-vector
space ([Eis95, Thm 15.3]). [ |

The following result is similar to Lemma 2.5.0.4. It compares the Hilbert
functions of two related quotient algebras, one of S* and one of T™. We will use it
in the proof of Part (iii) of Theorem 4.1.0.3.

Lemma 2.5.0.6 (|[GMR20, Lem. 3.4.]). Let J C T* be a homogeneous ideal and
0 = ad + p be an element of Jg with p of degree smaller than d with respect to oy.
Consider the contraction J¢ = J N S*. Then for any integer e we have

H(T*)J,e) < H(S*)Je)+ H(S*/J e — 1)+ ...+ H(S*/J e —d + 1).

Proof. Let < be a graded lexicographic order on 7% with o, < a,_1 < ... <
and consider its restriction <’ to S*. It follows from |[Eis95, Thm 15.3|) that
H(T*/J,e) is the number of monomials of degree e, not in LT_(J). Observe, that
every monomial divisible by ad is in LT (J). Therefore

d—1

H(T*/Je) = Z#{,u € S* ;| uis a monomial and oy & LT(J)}.

1=0

Fix 0 <i < d—1 and let u be a monomial of degree e —i from S*. If u € LT, (J°),
then there is a homogeneous ¢ € J¢ such that LT./(¢) = p. Therefore, ay¢ € J
and LT (a{¢) = ajp. Thus, fori € {0,...,d — 1}

#{pu € S* ;| pis a monomial and afu ¢ LT-(J)} < H(S*/J% e —1i).
|

In [BBKT15, Prop. 1.6] it was proven that the annihilator of a homogeneous
degree d polynomial that is not a power of a linear form has a set of
minimal generators of degrees at most d. The following lemma generalizes it to
inhomogeneous polynomials.

Lemma 2.5.0.7 (|GMR20, Lem. 3.5.]). Let f = Fy, + Fyy—1 + ... + Fy be a
polynomial of degree d; > 2 in S where F; € S;. Assume that Fy, is not a power of
a linear form. Then Ann(f)"™ C T* has a set of minimal generators of degrees at
most d.
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Proof. We have Ann(f) 2 Sj ., so we may choose a set of its generators of the
form

Amn(f) = ({a" |u€ Z; st [u| =di +1}) + (1, - - -, G) With deg(¢;) < di.

Using Buchberger’s algorithm for this set of generators and grevlex monomial
order, we obtain a Grobner basis of Ann(f) of the form

{a" [ueZlyst ful=dy +1}U{C,. .., G} U{E, ..., &) (2.5.0.8)

We claim that deg¢&; < d;. To see this, notice that in Buchberger’s algorithm we
remove from the S-polynomials multiples of monomials {a" | u € Z2%, s.t. |u| =
dy + 1}.

Then Ann(f)"™ is generated by homogenizations of generators (2.5.0.8)
|CLO15, Thm 8.4.4]. It is enough to show that we are able to replace the monomial
generators of degree d; + 1 written above by some generators of degree not greater
than d;. Let u € Z%, with |u| = d; + 1. Then in S*, we can write a" =Y ", §;y;
for some &; € Ann(Fy,)q, and v; € S; [BBKT15, Prop. 1.6]. We have §; € Ann(f)
for degree reasons. Therefore, a® € ((Ann(f)"™)<4, ) as an element of T*. [

For a homogeneous polynomial Fy, € Sy, of positive degree, Ann(Fdlx([)dQ])

(a2™) + Ann(Fy)"™. In particular, Ann(Fdlx([)dZ])ng = (Ann(Fy)"™)<q,.
Lemma 2.5.0.9 generalizes it to an arbitrary polynomial. Part (i) was proven in
[BR13, Lem. 2|. However, from the notation of the authors it is not clear that they
use divided powers, but they are essential for the lemma to work (see Example
2.5.0.12). For this reason we present their proof with an explicit use of divided
powers.

Recall the notation of f"™42 from Definition 2.5.0.1.

Lemma 2.5.0.9 (|[GMR20, Lem. 3.6.|). Let f = Fy, + Fy,—1+ ...+ Fy be a degree
dy > 1 polynomial in S and r = dimy S*/ Ann(f). Let dy be a non-negative integer.
We have
(i) Ann(f)Pom C Ann(fromst)
(i) (Amn(F)m) <y, = Amm(flom) .,
(iii) If dy = dy — 1, then H(T*/ Ann(f"™49%) dy) equals r or r — 1 . Moreover,
in the latter case Ann(f™%) = (ad' + p) + Ann(f)"™, where p € Ty has
degree smaller than dy with respect to ay.

Proof. The proof of the lemma is based on the following calculation. Let ' =
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adOy + af O + ... + Oy, where ©; € SF. We can rewrite ['Jf"™% as follows
min(d; —e,d)
Fthom,dg Z Z [d1+d2 (€+])]F€+J)
min(d; —e,d)
_ Z Z [d1+d2 (e+7)] )(@ JFe—i—])

m1n(d1 ,d1 +d2—d) min(di —e,d)

D S T T

(2.5.0.10)

e=0 7=0
min(d17d1+d2—d) min(dl—e,d)
. : : [d1+d27d76} z :
e=0 7=0

(i) Let 0 =0+ ---+ 0, € Ann(f), where ©; is homogeneous of degree i. We
show that 0"™ = a0y 4+ al 'O, + ... + Oy is in the annihilator of fromdz,
We put I' = #"™ in Equation (2.5.0.10).

For every e = 0,...,min(dy, d; + dy — d) the sum Z?:i%(dl_e’d) O, F,; is zero
since 0.f = 0. Hence I'f"*™42 = (), and the claim follows.

(i1) We have Ann(f)hom C Ann(fhomd2) by Part (i). Assume that d < dy and let

= a0y + 'O, + ... + 64, where ©; € S7, be such that T'5fromdz = (.
We claim that (F\ao:l)Jf = 0.
By Equation (2.5.0.10) we have

di min(di —e,d)
. z : [d1+d2—d e] z :
O — xo @ JFe—}—g
e=0

Since the exponents at xq are pairwise dlfferent,

min(d; —e,d)
Z ©;uFc;; = 0 for every d; > e > 0.
=0
This implies that (I'|a,=1)2f = 0.
(ili) We start with the following

Observation. Assume that £ > 0, then for I' = ao @1+k + ao @2+k +
..+ 64,4+ We have

rofromdz — 0 = T € Ann(f)"™.

Indeed, Equation (2.5.0.10) with dy = d; — 1,d = d; + k becomes

di—k—1 di—e

0= F_thom’d2 _ Z xgdl—k—e—l} Z @j—lFeJrj'

e=0 7=0
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Since the exponents at x( are pairwise different,

di—e
D O F. ;=0 forevery dj —k—1>e>0. (2.5.0.11)

=0

Ford; > e > d; —k—1 we have Zj:oe ©;1Fc;; = 0since ©; = 0for j < k+1.
Together with Equation (2.5.0.11), it implies that I'|,,—; annihilates f and
thus, T' € Ann(f)"™ as claimed.

We proceed to the proof of Part (iii). We claim that Ann(f"™%) has at
most one minimal homogeneous generator of degree d; modulo generators
of (Ann(f)"™),,. Indeed, by the above observation with & = 0, any such
generator is (up to a scalar) of the form a2' + p where of' does not divide
any monomial in p. Given two such generators, say agl + p and agl + o we
have ad' 4+ p = (ad 4 o) + (p — p'). Tt follows from the above observation
for k = 0 that p — p’ is in (Ann(f)"™),, so the second new generator is not
needed. Therefore, either

H(T*/Ann(fht?m,dz)7 dl) — H(T*/Ann(f)hom, dl) — 7, or
H(T*/ Ann(f"™%) dy) = H(T*/ Ann(f)"™ dy) — 1 =1 — 1.

Now we assume H(T*/Ann(fh™4) d;) = r — 1. Then there exists a
homogeneous generator of Ann(f"™%) of the form al' + p, where o'
does not divide any monomial in p. It is enough to show that for any
k>0,if T =al 'O + ol 7?09k + ... + O4, 41 annihilates fom% then
I' € Ann(f)"™. This is the observation from the beginning of the proof of
Part (iii).

[

The following example shows that without the use of divided powers
in homogenization f +~ fF°™92 (see Definition 2.5.0.1), the statement of
Lemma 2.5.0.9 (i) is false.

Example 2.5.0.12. Let [ = a3 + x5 € Clz1, 5] and G = 23 + 235 € Clzg, 71, 23]
be its standard homogenization. Then

and

Ann(f)hom - (aga a0, OJ‘I) - 60[80[2),

Ann(G) = (o, a3, apan, arag, o — 3agas).

The element o — 6a2ay € Ann(f)"™ does not annihilate G.

The following lemma is a generalization of Lemma 2.5.0.9. Here, we use a
subspace W C S<4, instead of a polynomial f € S<4,.
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Lemma 2.5.0.13 ([GMR20, Lem. 3.8.]). Let W C S<4, be a linear subspace with
dy > 1 and fix a non-negative integer dy. We have:

(i) Ann(W)hem C Ann(Whemdz),

(i1) (Ann(W)"™) g, = Ann(Whemdz)

R

Proof. (i) Let f € W. Then Ann(W) C Ann(f). Therefore,

deg f
Ann(W)r™ C Ann(f)"™ C Ann <Z Emng‘f'dl—Z})

1=0

by Lemma 2.5.0.9 (i). Varying f, this shows that

Ann(W)hom C ﬂ Ann(H) = Ann(Whomdz),

HGWhom’d2

(ii) Let © € Ann(W"™42)_, be homogeneous and let f € W. Then

deg f
© € Ann <Z Fix[odﬁdld) :
<d2

1=0

Since dy < dy + dy — deg f, it follows from Lemma 2.5.0.9(ii) that O|,,=1 €
Ann(f). We stress that applying Lemma 2.5.0.9(ii), we use (deg f,d; + ds —
deg f) instead of (di,ds). Since f was arbitrary, we obtain

Olag=1 € (] Ann(f) = Ann(W).
few

Therefore, © € Ann(W)"om,
|

As an application of the lemmas stated up to now, we can prove the following
Lemma 2.5.0.15, which provides a sufficient condition for bounding the border rank
of Whemdz Ty dimy S*/ Ann(W). To state the lemma we introduce the following
Definition 2.5.0.14.

Definition 2.5.0.14. For X = P" or A" let Hilb,(X) denote the Hilbert scheme
of r points on X and Hilb™(X) denote the closure of the set of smooth schemes.
Let I C S* be an ideal such that the dimension of S*/I as a vector space over
C is a finite number r. We say that a quotient algebra S*/I is smoothable if

the point corresponding to Spec(S*/I) is contained in the smoothable component
Hilbsm (A™).

Lemma 2.5.0.15 (|[GMR20, Lem. 3.9.]). Let dy > 1,dy > 0 be integers and
W C Sy, a linear subspace. Let I := Ann(W) C S* and r := dimy S*/ Ann(W). If
S*/ Ann(W) is smoothable, then the border rank of W™ s at most r.
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Proof. Let multigraded Hilbert scheme Hilbgﬁ:"+1 and Slip, py, be defined as in
Subsection 2.4.1. Observe, that Slip, p7, surjects onto Hilb;™(P") under the natural
map

Hilbl™ — Hilb, (P")

given on closed points by [I] +— [ProjT*/I]. Thus, there is an ideal [J] €
Slip,.py, With J** = Ann(W)"™ (we used Lemma 2.5.0.3). Since Ann(WW)"™ C
Ann(Whemd2) by Lemma 2.5.0.13(i), we have J C  Ann(W"™d2). Hence
[Whomd2] € g, gimenomasy (Va(PT1)) by the Border Apolarity Lemma 2.4.1.5. |

2.6 Characterization of the set of cubics with
Hilbert function (1,6,6,1)

In this section we state Lemma 2.6.0.2, which provides a useful characterization
of cubics f such that the Hilbert function of Apolar(f) is (1,6,6,1) (see
Definitions 2.4.0.1 and 2.4.0.2). This is inspired by [BJMR17, Ex. 8]. Then we
establish Lemma 2.6.0.5 about topological properties of the set of such cubics. The
mentioned lemma will be needed in the proofs of Theorems 1.3.1.1 and 4.0.0.2,
which one can find in subsection 4.2.1.

Until the end of this chapter k := C. In this setting, the graded dual ring of a
polynomial ring is isomorphic to a polynomial ring. We denote S* := Clay, .. ., ay),
and S := Clzy,...,x,] is its graded dual. Given f € S, we will write F} for its
homogeneous part of degree j. For U C T, let us denote Sym* U := {(y192 - .. ya) |
y; € U} C Ty. In this section we assume that n > 6.

Lemma 2.6.0.1 (|[GMR20, Lem. 5.1.]). Let W C S be a linear subspace. Then
H(Apolar(W), k) = codimg: Ej,
where Ey, = {0 € Si| there exists O>p41 € Sy, such that (O + 0>p11)2W = 0}.
Proof. Let m be the maximal ideal of Apolar(W).
H(Apolar(W), k) = dime m* /m"
= codimg:, Ann(W) N S5, — codimg:,  Ann(W) N .S%,,,
= codimgy 5341y — codimpannnsy, Ann(W) N S3,
Ann(W) N S%,
Ann(W) N S%,

= dlm(c SZ — dlm(c Ek

= dlm(c SZ - dlm(c

Lemma 2.6.0.2 (|[GMR20, Lem. 5.2.|). For [f] € PS<s the following are
equivalent:
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(a) Apolar(f) has Hilbert function (1,6,6,1),
(b) there exists [U] € Gr(6,5,) such that F3 € Sym*U, Fy, € U - S, and
H(Apolar(Fs),1) = 6.

Proof. By Tarrobino’s symmetric decomposition (see [CIJN15, Thm 2.3 and the
following remarks]), the algebra Apolar(f) has Hilbert function (1, c+e, ¢, 1), where
(1,¢,¢,1) is the Hilbert function of Apolar(Fs). We know from Lemma 2.6.0.1 that
c+ e = codimg: Ey, where Ey = {6 € Sf| there exists >, € S%, such that
(01 4 0>2)1f = 0}. We use the following computation -

(93 —|— 92 —|— 91)_|(F3 + F2 —|— Fl —|— Fo) :(914F3) —|— (91_an + 92JF3)

2.6.0.3
—|— (91JF1 —|— QQ_JFQ —|— 93JF3). ( )

Assume that Apolar(f) has Hilbert function (1,6,6,1), we will show that
condition (b) is satisfied. Let U be S} JF3, which is 6 dimensional, since the Hilbert
function of Apolar(F3) is (1,6,6,1), by the above discussion. It is enough to show
that F, € U - S;. Suppose that this does not hold. Up to a linear change of
variables U = (x1,9,...,x¢). Let V = (x7,25,...,2,). By the classification
of quadratic forms over C, we may assume that F, = 22 + H + K where
H € Sym?*({x7,25,...,7,_1)) and K € S;-U. Then a,,uF, ¢ U and hence a,, ¢ F,
by Equation (2.6.0.3). Thus, dim¢ E; < n—7. This contradicts Lemma 2.6.0.1 and
the assumption that H(Apolar(f),1) = 6.

For the other direction, suppose that (b) holds, we will show that Apolar(f)
has Hilbert function (1,6,6,1). It is enough to demonstrate that codimg: £ = 6.
By assumption dim¢ Ann(F3); = n — 6, so it suffices to show that £} = Ann(F3);.
Assume that 0 = 03 + 6, + 6, € S5, € Ann(f), then it follows from Equation
(2.6.0.3) that 6, € Ann(Fy),. Thus, By C Ann(F3);. Let us take §; € Ann(Fy);.
From the assumption F, =), u;h; where u; € U, h; € Sy. Therefore,

01_|F2 == ZUZ<01_J]M) € U.

(2

Since (—)JF3 : S5 — U is surjective, there exists 6 € S5 such that O 1 F5 = —0; 1 F5.
By Equation (2.6.0.3) it is enough to observe that there exists 63 € S5 such that
(93JF3 - —(01JF1 ‘I‘ QQ_IFQ)

|

To state the next lemma, we need to introduce the notion of the Gorenstein
scheme.

Definition 2.6.0.4. A zero-dimensional scheme of finite type over C is Gorenstein
if it is equal to Spec(A), where A is a product of local algebras (A4;,m;), and each
socle (0 : m;) is a one-dimensional vector space. Let Hilb&°"(A"), denote the open
subset of the Hilbert scheme of r points on A" consisting of Gorenstein subschemes,
and let Hilb&o™*™(A™) denote its smoothable component.
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Lemma 2.6.0.5 (|[GMR20, Lem. 5.3.]). The following subset of PS<3 is irreducible,
of dimension 13n + 5, and locally closed

A = {[f] € PS<s | Apolar(f) has Hilbert function (1,6,6,1)}.
Moreover, the set
B :={[f] € A|[Spec Apolar(f)] ¢ Hilbyy"" (A"}
s dense in A.

Proof. Consider
A= {([U].[f]) € Gr(6,51) x PS<3 | [f] € P(Sym® U & (S, - U) @ S<1)}-

and
A% = {([U],[f]) € A| H(Apolar(Fy),1) = 6}

We have a pullback diagram
A —— Fl(]., ™+ 42, S§3>

| !

Gr<6’ Sl) e Gr(?n + 42, Sgg)

where FI(1,7n + 42,S<3) is the flag variety parametrizing flags of subspaces
M C N C Scz with dim¢ M = 1, dim¢ N = Tn + 42 and the lower horizontal
map sends [U] to [Sym® U @ (S, - U) @ S<i].

The varieties 20 and Gr(6,.57) are projective. Moreover, the left vertical map is
surjective and its fibers are irreducible varieties isomorphic to P™*4!, Since P +4!
is irreducible, it follows from [Shal3, Thm 1.25-26] that 2 is irreducible and of
dimension 6(n — 6) 4+ 7n + 41 = 13n + 5.

We will show that A° is open in 2. Consider the subset

B = {([U],[f]) € Gr(6,S51) x PS<3 | H(Apolar(F3),1) > 6}.

Observe, that 21° = AN B. Tt is enough to show that B is open in Gr(6,5;) x PS<;.
Let
¢ = {[f] S PSS:; | H(ApOl&I‘(Fg), ].) > 6}

It suffices to show that € is open in PS<3, which holds since its complement is given
by catalecticant minors. We have established that 2(° = 20N B3 is open in 2L.

Let my : Gr(6,51) x PS<3 — PS<3 be the projection map. By Lemma 2.6.0.2
follows A = my(A%). Since mofgo: A* — A has a finite fiber over every point, it
follows from |Vak17, Thm 11.4.1] that A is irreducible and of dimension 13n + 5.

We know that A = mo(A°) = () N € which is locally closed since () is
closed and € is open. Therefore, we have a morphism p : A — HilbS" (A™) defined
on closed points by [f] — [Spec S*/ Ann(f)], see [GMR20, Thm 7.1].
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By [CJN15], the scheme Hilb${"(A™) has two irreducible components
HilbS ™ (A™) and Higer. We obtain B = p=(Hager \ HilbTT""™(A™)), so it is
open in A. Since B is non-empty and A is irreducible, it follows that B is dense in

A. |

2.7 Characterization of the set of subspaces with
Hilbert function (1,4, 3)

In this section we state Lemma 2.7.0.1, which provides a useful characterization
of subspaces W of a polynomial ring such that the Hilbert function of Apolar(WW)
is (1,4, 3). Then we establish Lemma 2.7.0.2 about topological properties of the set
of such subspaces. The mentioned lemma will be needed in the proof of Theorems
1.3.1.3 and 4.0.0.3, which is located in in Subsection 4.3.1.

As in the previous section, here S* := Clay, ..., a,], and S := Clxy, ..., z,] is
its graded dual. We assume that n > 4. Given an integer ¢, and a linear subspace
W C S, we denote by W, the image of the projection of W onto the i-th graded
part.

Lemma 2.7.0.1 (|[GMR20, Lem. 6.2.]). For [W] € Gr(3, S<a) the following are
equivalent:
(a) Apolar(W) has Hilbert function (1,4,3),
(b) Apolar(Ws) has Hilbert function (1,4, 3).
(c) dimc Wy = 3, [W] € Gr(3,Sym*U @ S<;) for some [U] € Gr(4,S;) and
H(Apolar(Ws),1) =4,

Proof. Conditions (b) and (c) are equivalent. We shall show that Conditions (a) and
(b) are equivalent. Observe, that H(Apolar(W),2) = 3 if and only if dim¢ W5 = 3
since H(Apolar(W),2) = H(Apolar(Ws), 2).

Therefore, we are left to show that H(Apolar(W),1) = 4 if and only
if H(Apolar(W3),1) = 4. By Lemma 2.6.0.1, we obtain H(Apolar(W),1) =
codimg: (Ey), where

Ey = {0, € S7 | there exists 0>, € S, such that 6; + 0> € Ann(WW)}.

We will show that E; = Ann(Ws);.
Let W = <Q3 + Lj + Cj | j S {1,2,3}, Qj S SQ,Lj S Sl and Cj S S()> Assume
that 0, € F; and let 6; + 0>, € Ann(W) for some 0>, € S%,. Then for j € {1,2,3}

0= (01 + 0>2)2(Q; + L + Cj) = (010Q;) + (012L; + 052.Q;),
so 61.Q; =0 for j € {1,2,3}.

Now suppose, that ¢; € Ann(Ws). Since dime Wy = 3, there is 0y € S5 such
that 0.0, = —6,L; for j € {1,2,3}. Then 6; + 6, € Aun(WW) so 6, € E;. [ |
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Lemma 2.7.0.2 ([GMR20, Lem. 6.3.]). The following subset is irreducible, of
dimension Tn + 8, and locally closed

A = {[W] € Gr(3, S<2)| Apolar(W) has Hilbert function (1,4,3)}.
Moreover, the set
B = {[W] € A|[Spec Apolar(W)] & Hilbg" (A"™)}
is dense in A.

Proof. Consider
A= {([U],[W]) € Gr(4, 1) x Gr(3, S<a) | [W] € Gr(3,Sym* U ® S<1)}.
and
A= {([U],[W]) € A | H(Apolar(W>), 1) = 4}.
We have a pullback diagram
A ——— FI(3,n+ 11, 5<9)

| l

Gl"(4, Sl) E— Gr(n + 11, ng)

where F1(3,n 4+ 11, S<s) is the flag variety parametrizing flags of subspaces M C
N C S<5 with dim¢ M = 3, dim¢ N = n + 11 and the lower horizontal map sends
[U] to [Sym2 U® SSI]-

The varieties 21 and Gr(4,S;) are projective. Moreover, the left vertical map
is surjective and its fibers are irreducible and isomorphic to Gr(3,n + 11). Since
Gr(3,n+11) is irreducible, it follows from [Shal3, Thm 1.25-26] that 2 is irreducible
and of dimension 4(n —4) + 3(n + 8) = Tn + 8.

We will show that 2A° is open in 2. Consider the subset

B = {([U],[W]) € Gr(4, 51) x Gr(3, S<2) | H(Apolar(W3),1) > 4}.

Observe, that A° = 2A N B. Therefore, it is enough to show that B is open in
Gr(4, Sl) X Gr(3, SSQ). Let

¢ = {[W] € Gr(3, S<2) | H(Apolar(W3),1) > 4}.
It is enough to show that € is open in Gr(3, S<2). Let
D = {([U],[W]) € Gx(3,5;) x Gr(3,S<2) | W] € Gr(3,Sym*(U) & S<1)},

and py : Gr(3,57) x Gr(3,5<2) — Gr(3,S<2) be the natural projection. Notice,
that the complement of € in Gr(3,S<3) is equal to p2(®) which is closed since ©
is projective. This concludes the proof that ° is open in 2.
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Let m : Gr(4,51) x Gr(3,5<2) — Gr(3,S5<2) be the projection map. By
Lemma 2.7.0.1, we have A = mo(A°) N § where

S = {[W] S GI‘(?), SSQ) | dll’n(c W2 = 3}

Since ma|go: A° — m(A°) has a finite fiber over a general point, it follows from
[Vak17, Thm 11.4.1] that m9(21°) is irreducible and of dimension 7n + 8. The subset
T C Gr(3, S<o) is open and 75(A%)NF is non-empty, so A = mo(A°)NF is irreducible
and of dimension 7n + 8.

We know that A = m(A) N €N F, so A is locally closed since m(2A) is closed
and €, § are open. Therefore, we have a morphism p : A — Hilbg(A™) given on
closed points by [W] +— [Spec S*/ Ann(WV)], see [GMR20, Thm 7.1|. By [CEVV09,
Thm 1.1], the scheme Hilbs(A") has two irreducible components Hilbg "™ (A™)
and Hyu3. We obtain B = p~ (Mg \ Hilbg"(A™)), so it is open in A. Since B is
non-empty and A is irreducible, it follows that B is dense in A. |



Chapter 3

Rank and border rank additivity
problems

23



54 Chapter 3. Rank and border rank additivity problems

In this chapter we address several cases of Problem 1.2.5.3. We recall, that
if one of the vector spaces A', A”, B, B”, C’, C” is at most two dimensional,
then the additivity of the tensor rank (1.2.5.2) holds (Theorem 1.2.5.6). We prove
that it holds as well, if p’ is arbitrary and p” € A” ® (B" @ k! + k* @ C”)
(see Corollary 3.1.3.9). To give the proof and other conditions for the additivity
in more complicated setting, there is a necessity of the analysis of slices of
(p1 + p2)((A" @ A”)*). It is located in Section 3.1. We distinguish seven types of
matrices from a minimal decomposition and show that to prove the additivity of the
tensor rank, one can get rid of two of those types. In other words, there is a smaller
example, a pair (pi,p2) without those two types in its minimal decomposition. If
the additivity property holds for (p1,p2), then it also holds for the original pair.
This is the core observation, which let us prove one of the main results of the
thesis, Theorem 1.2.5.7. In particular, over the base field C, we solve the problem
of additivity for a pair of tensors such that rank of each is at most 7 (Corollary
3.1.4.14). As a corollary, we obtain that a pair of 2 x 2 matrix multiplication tensor
has the rank additivity property, i.e. R(ug22 @ f222) = R(t222) + R(p2,22)-

In Section 3.2 we turn our attention to the additivity of the border rank. Since
the known counterexamples to this version of the additivity are much smaller
than in the case of the additivity of the tensor rank, our methods are more
restricted to very small cases. We prove, that it is not possible to find an example
of a pair of tensors (p/,p”) without border rank additivity property such that
P @p’ € C'® C*® C*. We conclude the section with a brief discussion of
possibility of occurrence of counterexample for border rank additivity property,
when A = B = C = C5.

Although the chapter is mainly based on [BPR20] it also contains unpublished
results. Sections 3.1.2 and 3.1.3 are generalizations of [BPR20, Sect. 4.2, 4.3|. They
give more control over the hook structure of tensors. In result, we are able to prove
Corollary 3.1.3.9, which generalize [BPR20, Prop. 3.17| to an arbitrary base field.
The proof itself is also easier and shorter than the proof of [BPR20, Prop. 3.17].
Another benefit is the opening the door to proof of additivity in cases not covered
by [BPR20] (see Corollary 3.1.4.13, Corollary 3.1.4.14). For the summary of all
the cases in which we proved that rank additivity holds, see Theorem 1.2.5.7 from
Chapter 1: Introduction.

3.1 Rank one matrices and additivity of the tensor
rank

As long as we have a rank one matrix in the linear space W’ or W”, we have a
good starting point for an attempt to prove the additivity of the rank. Throughout
this section we will make a formal statement out of this observation and prove, that
if there is a rank one matrix in the linear spaces, then either the additivity holds
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or there exists a “smaller” example of failure of the additivity. In Section 3.1.4 we
exploit several versions of this claim in order to prove that rank additivity holds in
cases listed in Theorem 1.2.5.7.

Throughout this section we follow Notations 2.1.1.1 (denoting the rank one
elements in a vector space by the subscript -g.), 2.2.0.1 (introducing the
vector spaces A, A’,... C"” and their dimensions a,a’,...,c”), and also 2.2.1.1
(which explains the conventions for projections mar, Tan, ..., Ter and vector spaces
E' E" F', F”, which measure how much the decomposition V' of W sticks out from
the direct sum B’ ® C' @ B” @ C"). In this chapter, the letter V' will denote the
decomposition of a subspace W, as defined at the beginning of Subsection 2.2.1.
We will also frequently use Notation 2.2.0.2 and Proposition 2.2.0.3. Together they
define a direct sum tensor p = p' @ p” and let us translate the problem of additivity
of rank for tensors to the additivity of rank for the corresponding vector spaces
W, W' w”.

3.1.1 Combinatorial splitting of the decomposition

We carefully analyze the structure of the rank one matrices in V. We will
distinguish seven types of such matrices.

Lemma 3.1.1.1 ([BPR20, Lem. 4.1.]). Every element of Vsee C P(B ® C) lies in
the projectivization of one of the following subspaces of B ® C':

(i) BoC', B"®C", (Prime, Bis)
(i) B'® (C'® F"), E" @ (F' & C"), (HL, HR)
(B/ EB E//) ® F/, (E/ EB B//) ® F”, (VL, VR)

(iii) (B'® E") @ (F' & F"). (Mix)

The spaces in (i) are purely contained in the original direct summands, hence,
in some sense, they are the easiest to deal with (we will show how to “get rid” of
them and construct a smaller example justifying a potential lack of additivity).'
The spaces in (ii) stick out of the original summand, but only in one direction,
either horizontal (HL, HR), or vertical (VL, VR)?. The space in (iii) is mixed
and it sticks out in all directions. It is the most difficult to deal with and we
expect, that the typical counterexamples to the additivity of the rank will have
mostly (or only) such mixed matrices in their minimal decomposition. The mutual
configuration and layout of those spaces in the case (b’,b” ¢/, c”) = (3,3,3,3),
(e,e ' ) = (1,2,1,1) is illustrated in Figure 3.1. We use our usual convention,
that bold lower case letters denote dimensions of the spaces denoted by capital
letter.

Proof of Lemma 5.1.1.1. Let b® ¢ € Vg be a matrix of rank one. Write b = '+
and c = 4+ ", where b/ € B',b" € B" ¢ € C" and " € C". We consider the image

!'The word Bis comes from the Polish way of pronouncing the ” symbol.
2Here, the letters “H, V, L, R” stand for “horizontal, vertical, left, right” respectively.
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C/ C//

N A

V1,1 V1,2 |V13
B’ {|V2,1 V22 |VU23
U31 V3.2 |U33][V34] VB
U43 Vg4l Va5 U4
E//
B’ 4 Us3 |U54| Us5 Us6
U6,4] Us,5 7Vs,6
F/ F//

Figure 3.1: We use Notation 2.2.1.1. In the case (b’,b"”,c’,c") = (3,3,3,3),
(e,e" ') = (1,2,1,1), choose a basis of E’' and a completion to a basis
of B and, similarly, bases for (E”, B"),(F',C"),(F",C"). We can represent the
elements of Vs, C B ® C as matrices in one of the following subspaces:
Prime (corresponding to the top-left green rectangle), Bis (bottom-right blue
rectangle), VL (purple with entries vy 3, v23, V33,043, 053), VR (purple with entries
U34,Vs4,Vs54,V64), HL (brown with entries vs;,vs39,v33,v34), HR (brown with
entries vy 3,44, Va5, Va6, Us3, Usd, Us 5, Us6), and Mix (middle orange square with
entries V3,3, V3,4, V4,3, V4,4, Us 3, 125’4).
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of b ® ¢ via the four natural projections introduced in Notation 2.2.1.1:

mp(b®c)=0"®ce B"® (F'eC"), (3.1.1.2a)
mp(b®c) =V ®c € B'® (C'® F"), (3.1.1.2b)
To(b®c)=bxd € (F'®B")®C", and (3.1.1.2¢)
Tern(b®c)=b®d € (BBaE")C". (3.1.1.2d)

Notice, that ' and b” cannot be simultaneously zero, since b # 0. Analogously,
(c, ") #(0,0).

Equations (3.1.1.2a)—(3.1.1.2d) prove, that the non-vanishing of one of
b, b, " induces a restriction on another one. For instance, if ¥’ # 0, then by
(3.1.1.2b) we must have ¢’ € F”. Or, if b"” # 0, then (3.1.1.2a) forces ¢ € F’, and
so on. Altogether we obtain the following cases:
1) v, b, ¢, #0,thenb®ce (E @ E")® (F' & F") (case Mix).
2) iV, 0" #0and ¢ =0, then b®@c=bx € (E' ® B") ® F" (case VR).
3) if v,0" #0and " =0,thenb@c=bx € (B'® E")® F' (case VL).
4) If b’ = 0, then either ¢ = 0 and therefore b®@ c =0"® " € B” @ C” (case

Bis),or d # 0and b@c=0"®ce E" @ (F' & C") (case HR).

(5) If b” = 0, then either ¢ =0 and thus b@ c =b' ® ¢ € B'® C’ (case Prime),
or " #0and b@c=V®@ce E'® (C'® F") (case HL).

This concludes the proof. [ |

TN TN N N

As in Lemma 3.1.1.1 every element of Vs, C P(B ® C) lies in one of seven
subspaces of B ® C. These subspaces may have nonempty intersection. We will
now explain our convention with respect to choosing a basis of V' consisting of
elements of Vgeg.

Here and throughout the thesis, by LI we denote the disjoint union.

Notation 3.1.1.3. We choose a basis B of V' in such a way that:

e 3 consist of rank one matrices only,

e 5 =PrimeU BisUHLUHR U VL U VR UMix, where each of Prime, Bis, HL,
HR, VL, VR, and Mix is a finite set of rank one matrices of the respective
type as in Lemma 3.1.1.1 (for instance, Prime C B'®@C’, HL. C E'®(C'®F"),
etc.).

e 3 has as many elements of Prime and Bis as possible, subject to the first two
conditions,

e 5 has as many elements of HL., HR, VL and VR as possible, subject to all of
the above conditions.

Let prime be the number of elements of Prime (equivalently, prime =
dim (Prime)) and analogously define bis, hl, hr, vl, vr, and mix. The choice
of B need not be unique, but we fix one for the rest of the chapter. Instead, the
numbers prime, bis, and mix are uniquely determined by V' (there may be some
non-uniqueness in dividing between hl, hr, vl vr).
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Thus, to each decomposition we associated a sequence of seven non-negative
integers (prime, ..., mix). We now study the inequalities between these integers
and exploit them to get theorems about the additivity of the rank.

Proposition 3.1.1.4 (|[BPR20, Prop. 4.3.]). In Notations 2.2.1.1 and 3.1.1.3 the
following inequalities hold:
(i) prime -+ hl + vl + min (mix, e'f’) > R(W’),
(ii) bis + hr 4+ vr 4+ min (mix ef") > R(W”)
(iti) prime + hl + vl+ min (hr + mix, f'(¢’ + €”)) > R(W') + ¢,
(iv) prime + hl + vl + min (vr + mix, e'(f + f” ) >R W’ + £,
(v) bis + hr + vr + min (hl + mix, f’(e/ + €”)) > R(W”) + €,
(vi) bis + hr + vr + min (vl + mix, e’ (f' + £’)) > R(W") + .

Proof. To prove Inequality (i) we consider the composition of projections wgnmcn.
The linear space mprmen (V) is spanned by rank one matrices mgnmen(B) (where
B = PrimeUBisU--- U Mix is as in Notation 3.1.1.3), and it contains W’. Thus
dim(wprmen (V) > R(W'). But the only elements of the basis B that survive both
projections (that is, they are not mapped to zero under the composition) are Prime,
HL, VL, and Mix. Thus

prime + hl + vl + mix > dim(wgr7cn (V) > R(W').

On the other hand, mgrmer(Mix) C E' ® F', thus among mprmer(Mix) we can
choose at most €'f’ linearly independent matrices. Thus

prime + hl + vl + €'f’ > dim(mwprmen (V) > R(W').

The two inequalities prove (i).

To show Inequality (iii), we may assume that W’ is concise as in the
proof of Lemma 2.2.1.2. Moreover, as in that same proof (more precisely,
Inequality (2.2.1.3)) we show that dim7wen (V) > R(W') + €”. But o sends all
matrices from Bis and VR to zero, thus

prime + hl + vl + hr + mix > dim e (V) > R(W') +€”.

As in the proof of Part (i), we can also replace hr + mix by f'(e’ + €”), since
mer(HRUMix) C (E' @ E”) ® F', concluding the proof of (iii).

The proofs of the remaining four inequalities are identical to one of the above,
after swapping the roles of B and C or " and ” (or swapping both pairs). [ |

Proposition 3.1.1.5 (|[BPR20, Prop. 4.4.]). If one among E', E", F', F" is zero,
then R(W) = R(W') + R(W").

Proof. Without loss of generality, we can assume that E’ = {0}. Using the
definitions of sets Prime, Bis, VR,...as in Notation 3.1.1.3, we see that HL =
VR = Mix = (), due to the order of choosing the elements of the basis B: For



3.1. Rank one matrices and additivity of the tensor rank 59

instance, a potential candidate to became a member of HL, would be first elected
to Prime, and similarly VR is consumed by Bis and Mix by HR. Thus:

R(W) = dim(Vs,,) = prime + bis + hr + vl.
Proposition 3.1.1.4(i) and (ii) implies
R(W') + R(W") < prime + vl + bis + hr = R(W),
while R(W')+ R(W") > R(W) always holds. This shows the desired additivity. W

Corollary 3.1.1.6 ([BPR20, Cor. 4.5.]). Assume that the additivity fails for W’
and W", that is, d = R(W') + R(W") — R(W' & W") > 0. Then the following
inequalities hold:

(a) mix > d > 1,

(b) hl+ hr + mix > e +€”" +d >3,

(¢) v+ vr+mix > +f"+d > 3.

Proof. To prove (a) consider the inequalities (i) and (ii) from Proposition 3.1.1.4
and their sum:

prime + hl + vl + mix > R(W’),
bis + hr + vr + mix > R(W"),
prime + bis + hl + hr + vl 4+ vr + 2mix > R(W') + R(W"). (3.1.1.7)

The left-hand side of (3.1.1.7) is equal to R(W) + mix, while its right-hand side is
R(W) + d. Thus the desired claim.

Similarly, using inequalities (iii) and (v) of the same proposition we obtain (b),
while (iv) and (vi) imply (c). Note, that € +e” +d > 3 and ' + "+ d > 3 by
Proposition 3.1.1.5. [

3.1.2 Replete pairs

This subsection is a generalization of [BPR20, Sect. 4.2.]. We distinguish a class
of pairs W', W” with particularly nice properties.

Definition 3.1.2.1. We say (W', W") is replete with respect to v € Prime (or Bis),
if v e W (resp. v € W”). Similarly, we say (W', W") is replete if it is replete with
respect to v for all v € Prime U Bis.

Remark 3.1.2.2. Strictly speaking, the notion of replete pair depends also on the
minimal decomposition V. But as always we consider a pair W’ and W” with a
fixed decomposition V' = (Vgeg) D W' & W”, so we refrain from mentioning V' in
the notation.
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The first important observation is, that as long as we look for pairs that fail to
satisfy the additivity, we are free to replenish any pair. More precisely, for any fixed
W', W"” V and v € Prime (or Bis) define the repletion of (W', W") with respect
to v as the pair (R@W’ R W)

?R(U)W/ =W + <'U> : iﬁ‘t(v)W/I - W”, Eﬁ‘t(v)W - ?R('U)W/ ® %(U)W/I.

or resp.

S‘E(U)W/ - W/, §R(’U)W// = W + <U> ’ §R(’U)W - %(U)W/ N ?R(U)W//'
(3.1.2.3)

The result of consecutive repletion with respect to all elements of Prime and Bis
will be denoted by (®W’ ®W"). This latter notion agrees with one introduced in
[BPR20, Subsect. 4.2].

Proposition 3.1.2.4. For any (W', W") and v € Prime (or Bis) we have:

RW") < RCOW") < R(W") + (dim ®OW’ — dim W),
R(W”) S R(?R(v)w//) R(W//) + (dlm %(U)W// _ dlm W”),
REOW) = R(W).

<
<

In particular, if the additivity of the rank fails for (W', W"), then it also fails for
(ROW ROOW™). Moreover,
(i) V is a minimal decomposition of *")W ; in particular, the same distinguished
basis Prime L Bis U - - - LU Mix works for both W and W |
(ii) (ROW' ROW™) s a replete pair with respect to v.
(iii) The gaps RCOW')—dim((ROW"), REOW") —dim(*OW"), and R(FVW)—
dim(*W), are at most (respectively) R(W') —dim(W'), R(W") —dim(W"),
and R(W) — dim(W).

Proof. Since W' C ®®W’  the inequality R(W') < R(®®W’) is clear. Moreover,
R’ is spanned by W if dim ®W’ = dim W, or by W’ with additional matrix v
in the other case. The matrix v is of rank one, so R(*®W') < R(W’)+(dim X)W’ —
dim W’). The inequalities about ” and R(W) < R(®®W) follow similarly.
Further ®®W < V, thus V is a decomposition of ®“W. Therefore also
ROW) < dimV = R(W), showing R(®*W) = R(W) and (i). Item (ii) follows
from (i), while (iii) is a rephrasement of the initial inequalities. |

Moreover, if one of the inequalities of Lemma 2.2.1.2 is an equality, then the
respective W’ or W” is not affected by the repletion.

Lemma 3.1.2.5. If, say, R(OW’)+e" = R(W)—dim W”, then for any v € Prime (or
Bis) we have W" = ®OW". The analogous statements hold for the other equalities
coming from replacing < by = in Lemma 2.2.1.2.
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Proof. By Lemma 2.2.1.2 applied to W = ROW’ @ ®*OW” and by
Proposition 3.1.2.4

2.2.1.2
R(?R(U)W) — e > R(?R(U)W/) + dim(éR(v)W//)

3.1.24
> R(W') + dim W”
assumption:s of 3.1.2.5 R(W) . e,, 31:24 R(%(U)W) . e,/'

Therefore all inequalities are in fact equalities. In particular, dim(*W”) =
dim W”. The claim of the lemma follows from W” C R W", ]

As a corollary we can prove, that if R(W”) < dimW” 4 2, then either rank
additivity holds or W" is equal to its repletion.

Corollary 3.1.2.6. Assume R(W") < dim W"+2. Then either the additivity holds
R(W) = R(W'") + R(W") or:

o R(W")=dimW" + 2, and

e R(W)=RW')+ R(W")—1, and
e " =1"=1, and

° §RW// — W”.

Proof. Assume, that the additivity does not hold. Then by Lemma 2.2.1.5 we must
have R(W") = dim W” + 2. By Proposition 3.1.1.5 follows €” > 0, f” > 0, while by
Corollary 2.2.1.4 we obtain €’ < 2 and f’ < 2. Thus €’ =" = 1.

By Lemma 2.2.1.2 the inequality R(W) > R(W')+1+dim W” holds. The right
hand side is equal to R(W’) + R(W") —1 by the above discussion (the < inequality
follows from the failure of additivity).

The final claim ®W"” = W follows from Lemma 3.1.2.5. [ |

Later, in Corollary 3.1.3.9 we will show that if the difference between rank and
dimension of W” is at most two, then rank additivity holds.

3.1.3 Digestion with respect to a rank one tensor

This subsection is a generalization of [BPR20, Sect. 4.2.]. For pairs which
are replete with respect to v € Prime (or Bis) it makes sense to consider the
complement of (v) in W’ (resp. (v) in W").

Definition 3.1.3.1. Using Notation 3.1.1.3, let v € PrimelUBis and 2@,
PO denote the following linear spaces:

POW = (B\ {v}) "W, POW" =" if v € Prime,
POW =W, POW” = (B\ {v})NW", if v € Bis.
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We call the pair (P@W’ POW") the digested version of (W', W") with respect
to v. Similarly, by (PW’,®W") we will denote the result of consecutive digestion

with respect to all elements of Prime and Bis. This latter notion agrees with one
introduced in [BPR20, Subsect. 4.3].

Lemma 3.1.3.2. If (W', W") is replete with respect to v € Prime (or Bis), then
W' = )@2OW and W" =W, (resp. W =2OW" and W = (v) *©OW" ),

Proof. We will prove only case when v € Prime. The case when v € Bis is similar.
Both (v) and ®®W’ are contained in W’. The intersection (v) N2 W’ is zero,
since the seven sets Prime, Bis, HR, HL, VL., VR, Mix are disjoint and together they
are linearly independent. Furthermore,

codim(®*@W’' ¢ W') <
codim(((Prime \{v}) UBisUHLUHRUVLUVRUMix) C V) =1.

Thus dim W’ < dim ®®W’ + 1, which concludes the proof. [ |

These complements (2 W’ 2@ W") might replace the original pair (W', W")
replete with respect to v € Prime (or Bis): as we will show in Lemma 3.1.3.3, if the
additivity of the rank fails for (W', W"), it also fails for (°@W’ 2©1"). Moreover,
(P@W’ PO does not involve v € Prime (or Bis). The opposite implication is
not true as Lemma 3.1.3.4 states.

Lemma 3.1.3.3. Suppose (W', W") is replete with respect to v € Prime (or Bis),
define 8" :=2OW' and " :=2OW" and set S =S5" @ S". Then
(i) R(S) = R(W) — 1 and the space ((Prime\v),Bis, HL, HR, VL, VR, Mix)
determines a minimal decomposition of S.
(11) If the additivity of the rank R(S) = R(S") + R(S") holds for S, then it also
holds for W, that is R(W) = R(W') + R(W").

Proof. We will prove only case when v € Prime. The case when v € Bis is

similar. By Lemma 3.1.3.2 we have W = S @ (v), thus R(W) < R(S) + 1.

On the other hand, S C ((Prime\v), Bis, HL, HR, VL, VR, Mix), hence R(S) <

R(W) — 1. These two claims show the equality for R(S) in (i) and that

((Prime \v), Bis, HL, HR, VL, VR, Mix) gives a minimal decomposition of S.
Finally, if R(S) = R(S’) + R(S"), then:

RW)=R(S)+1=R(S")+ R(S")+ 1> R(W')+ R(W"),
showing the statement (ii) for W. [ |

Lemma 3.1.3.4. Assume that there exist a counterezample to additivity of tensor
rank over a base field k, for example k = C (see Theorem 1.2.5.}). Then, there
exists an example of a pair (W', W") of linear spaces over k such that:

(i) (W', W") is replete with respect to v € Prime,
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(i1) the additivity of the rank holds for W =W'@ W,
(iii) the additivity of the rank does not hold for S = S @ S”, where S' := *W’,
S .— @(U)W//.

Proof. Assume conversely, that additivity of the rank R(S) = R(S’) + R(S”) holds
for S if and only if it holds for W, that is R(W) = R(W') + R(W").

Then take a pair (W', W") such that R(W' & W) < R(W') + R(W") and a
minimal basis B’ of rank one matrices such that W’ C (B'). We construct W', by
adding an element v € B’ to W'. Let us observe, that R(W’) = R(W’). Indeed,
W', C (B) implies R(W')) < R(W’) The opposite inequality follows from the

fact, that W' C W'y, If ROW'y @ W") = R(W';) + R(W") we have a contradiction,
because we can always choose a basis for WHheW” and partition Prime, Bis, ..., Mix
in a way that v € Prime. Thus, we may assume the right hand side is smaller.

We repeat the process with v; # v, € B and W', in place of W', obtaining
subspace W'y. We do it inductively. We denote by n the smallest number i such that
B' C W';. As discussed before, we must have R(W’/, @W") < R(W",)+R(W") and
we may assume that in the minimal decomposition of W’; @ W all matrices from
B’ belong to Prime. After the process of digestion of all Primes of W', & W” we
obtain () & W for which rank additivity trivially holds. Thus from Lemma 3.1.3.3
(i) we know, that R(W’, @ W") = R(W",) + R(W"), a contradiction. |

As a summary, in our search for examples of failure of the additivity of the rank,
in the previous section we replaced a linear space W = W’ @& W” by its repletion
with respect to v € Prime (or Bis) *WW = ROW’ @ ROW” that is possibly
larger. Here in turn, we replace IV by a smaller linear space S := S’ @ 5",
where S’ = PO FOW) S = POFOW), In fact, dimS’ < dim W’ and
dim S” < dim W”, and also R(S) < R(W). That is, changing W into S neither
makes the corresponding tensors larger nor decreases the defect.

Corollary 3.1.3.5. Let (W', W") be a pair of linear spaces, v € Prime and
(S',8") := (P (ROW) 2@ (R@OW™)). Then the following inequalities holds:

(i) 0 < dim*OW’ — dim W’ < 1,

(i) dim S’ = dim ® W’ — 1,

(117) dim S” = dim W,

(iv) R(S) = R(W) — 1 and the space ((Prime\v),Bis, HL, HR, VL, VR, Mix)

determines a minimal decomposition of S,

(v) ROW') —1 < R(S") < R(W') + (dim *®W’ — dim W),

(vi) S" =W", in particular R(S") = R(W").
Moreover, the defect does not decrease after the process of repletion and digestion by
v. In particular if the rank additivity does not hold for (W', W"), then for (S’,S")
does not hold as well.

Proof. The proof follows directly from Proposition 3.1.2.4, Lemma 3.1.3.2 and
Lemma 3.1.3.3. [
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The following observation states, that after repletion and digestion with respect
to all elements of Prime there is no o’ in A™ such that the slice p(a’) € B’ ® " is
of rank one.

Lemma 3.1.3.6. Suppose p(A*) =W o W" C(B'® B")® (C' & C"), where W’
15 equal to its digested and repleted version with respect to all elements of Prime.
Then, there is no o' € A™ such that v :=p(a’) € B'® C" is a rank 1 matriz.

Proof. Let us assume the opposite, there exists a’ € A™ such that v € B’ ® C’
is a rank 1 matrix. It follows from the assumption about W’ that Prime = 0,
thus v € (HL, VL, HR, VR, Bis, Mix) \ (Bis). It is a contradiction with the way we
partition the basis B to Prime, Bis, ..., Mix see Notation 3.1.1.3. |

We may replenish and digest also in the other directions. It turns out, that we
can precisely say what happens with the hook-structure (Definition 2.2.2.1) when
we choose the repletion vector wisely.

Corollary 3.1.3.7. Assume that p(A™*) = W' C B'® C" is (k,1)-hook shaped,
i.e. there exists G' € B',H" C C" such that W C G' ® C' + B' ® H', where
dim(G") = k,dim(H') = 1. Assume further, that there is v € (C'/H')* such that
v = p(v) is a rank 1 matriz. Then after the process of repletion and digestion of
p(C*) with respect to v we obtain tensor p such that:
(i) p=p @p",
(ii) ' € A @B @C', where A' C A’ is such that [ is A'-concise, C' :== v~ C C"
is the linear hyperplane (v = 0), and R(p) = R(W) — 1,
(15i) p(A™) is still (k,1)-hook shaped,
(iv) If the additivity of the rank does not hold for p, then it also does not hold for
p7
(v) If p' is A'-concise, then dim A’ — 1 < dim A’,
(vi) If p' is A'-concise and the set Prime in the decomposition of p(A*) is empty,
then A/ = A'.

Proof. For p(C*) C A® B we choose a minimal decomposition Vo = (Vegeg) C
A ® B and Primec, Bis¢, , ..., Mixc are as in Notation 3.1.1.3 (with added the
subscript “¢” to stress that B ® C' is changed to A ® B). Since v is a rank one
matrix and is contained in A’ ® B’, we can choose a minimal decomposition such
that v € Primes. The process of repletion with respect to v brings no change,
because v is already contained in p(C*).

The matrix v is contained in A’ ® G’, so it is (0,k)-hook shaped. In the
process of digestion with respect to v we obtain the new tensor p such that
p(C"™) =p"(C"™) = p"(C"™) and p(C™) = p/'(C™) which differs from p’(C"™) only in
the places corresponding to A’ ® G'. We conclude (i) and (iii). Items (ii) and (iv)
follow from Corollary 3.1.3.5.

Let us assume that p’ is A’-concise. Observe, that p/ = 7 + v ® (C"/C") €
A @ B' ® (. Since v is a rank 1 matrix, then either v € A’ ® B’ or there exists
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c’ C’
V14 V15 [0 wi2 0 0 0 -}a
V2,4 V25 W21 W22 W23 W24 W25
B’ {|V31 0 V33 U344 V35| A’ {|W3,1 W32 W33 W34 W35 .
V4,1 0 V4,3 V44 V45 Wy4,1 W42 W43 We4 W45 A
Us,1 Us2 Us53 7Us44 7Uss W51 W52 W53 W54 W55
N N
p'(v) p'(7)

Figure 3.2: Let a tensor p=p' +p" € (A @ A")® (B'® B")® (C' & C"), where
dim(A’, B',C") = (5,5,5) and p(A™) is (3,2)-hook shaped. At the figure, there are
shown sample spaces of slices p'(A™) and p/'(B*). Zero elements are denoted either
by a blank space or explicitly by 0. Notice, that p’ is A" — concise. We replete and
digest p(C*) with respect to p(v), where v € (C'/H')*. In result we obtain tensor
P @p" such that p = +p/(7) ®y € A ® B' ® C". Since p(7) is a rank 1 matrix,
then either v € A'® B’ or there exists a € A\ A’ such that v € (A’,a) ® B'. In the
second case, let a € A™ be dual to a. Then p'(a) € B’ ® C' is a rank one matrix
contained in B’ ® (y=1) C B’ ® C".

a € A"\ A such that v € (A',a) ® B’ (see Figure 3.2). In the first case A’ = A’.
In the second case (A’,a) = A’. We obtained (v). Let 0 # o € A™ be such that
L+ = A'. Then, p'(a) € B’ ® (" is a rank one matrix contained in B’ ® (y = 1). If

Prime, = (), then we have a contradiction with Lemma 3.1.3.6. We proved (vi).
|

It follows from Corollary 3.1.3.7, that if in the pair of linear subspaces (W', W)
without the rank additivity property, one of them, say W’ is (1, k)-hook shaped,
then we can construct W, which is (0, k) hook shaped and the pair (W’, W) does
not poses the rank additivity property either.

Proposition 3.1.3.8. Suppose W' C B'® C', k < ¢/, W' is (1,k)-hook shaped
and W" C B" ® C" is an arbitrary subspace. If the additivity of the rank fails for
W' W, then it also fails for smaller subspaces W', W", where W' C B' @ k.

Proof. We can assume that W’ is concise. It is straightforward to verify, that for
every v* € (C'/F")* C (C")* we have p(y*) = p'(7"*) € A’ ® B’ has rank 1. Then
from Corollary 3.1.3.7, the process of repletion and digestion with respect to p(y'*)
leads to another pair W’, W", where W' c B @k 1. Subspace W'is again (1,k)-
hook shaped. The new pair is also a counterexample to the additivity of the rank,
if the starting pair was.

By a consecutive repeating the process for another ¢’ —k—1 times, we shrink W/’
to (0,k)-hook shaped 1W’. Together with TW” it creates the desired pair (W', W")
from the statement of the proposition. [ |
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Proposition 3.1.3.8 allows us to generalize both [BPR20, Proposition 3.17] and
Theorem 1.2.5.6. The latter one can be thought of as a theorem about (0, 2)-hook
shaped spaces. Observe, that we do not need the base field to be algebraically
closed.

Corollary 3.1.3.9. Let W = W' @& W" where W’ is a (1,2)-hook shaped, then the
additivity of rank R(W) = R(W') + R(W") holds.

Proof. We use Proposition 3.1.3.8 to reduce the problem to the case when W' C
B'® C" is (0,2)-hook shaped. Then translating Theorem 1.2.5.6 to a language
of subspaces (see Lemma 2.1.4.1), we obtain that the pair (W', W”") has rank
additivity property. [ |

For a future reference, we state what we know about the case when the subspace
Mix is not concise in (E' @ E”) @ (F' @ F"). Say E” can be replaced by a smaller
one, E” such that Mix C (E' @ E") @ (F' ® F"). To make the proof clearer, this
time we assume that W is hook shaped.

Lemma 3.1.3.10. Assume Bis = () and k is the smallest natural number such
that W" is (k,dim(F"))-hook shaped. Let E" C E" and F' C F' be the smallest
subspaces such that Mix C (E' @ E") @ (F' @& F"). The additivity of ranks
R(W) = R(W'") + R(W") holds if all of the following conditions are fulfilled:

(i) dim(E") <k —1,

(11) T (VL) is linearly independent and concise in (B'/E') @ F',

(i) 7 g opnmer (HR) is linearly independent.

Proof. Let us assume by contradiction, that additivity of ranks does not hold.
Firstly we show that we can assume that there is no Prime or Bis in the
decomposition of W = W' @ W" := (p + p”)(A*). If there is, we replete and digest
obtaining *®W’ ®*®*W" and show a contradiction for this new pair. Everything we
need to know to make this assumption is given by Corollary 3.1.3.5.

To make it explicit, we have the following facts. By Corollary 3.1.3.5 (iv), if the
space (Prime, Bis, HR, VR, VL, VR, Mix) determines the minimal decomposition
for W’ @ W, then the subspace (HR, VR, VL, VR, Mix) determines the minimal
decomposition for ®®W’ @ *RW". Thus, the new pair {®XW’ *RW"} still fulfills
conditions from the statement. By Corollary 3.1.3.5, if we prove the rank additivity
for {PRW’ PRW") we show it for starting tensors as well, contradicting our
assumption.

From condition (i), there exists an element w € W" such that 7, 5, Toer (W)
is nonzero (cf. Figure 3.3). To present w as a linear combination of vectors from
HL,HR, VL, VR, Mix we need an element h € HR such that 7,z mcrgp(h) is
nonzero. Notice, that mow(h) is nonzero. To get rid of o (h) in the presentation of
w we have to use an element v € (VL). Indeed, from conditions (i) and (iii) follows
that we cannot restrict ourselves to elements from Mix or HR for it. Now, from
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Cl C//
V1,3
B’ V2,3
V31 V3,2 | U3,3| V34 }E

V43 Va4 Va5 Va6 |}

B Us3| Vsa Uss Use |} E/E"
V6,4
—_— —
F/ F//

Figure 3.3: We use the notation from Lemma 3.1.3.10. At the figure, there are
shown sample spaces of slices ®*W’ @ *R*W” C (k3 @ k?) ® (k* ® k?) such that
k = 2, dim(E") = 1. Zero elements are denoted by a blank space. We highlighted
subspaces VL (purple with entries vy 3,v23, V33,043, 053), HR (brown with entries
Vg3, Va4, Va5, Va6, Us 3, Vs, Us 5, Usg), and Mix (middle orange square with entries
V3,3, V3,4, V4,3, U4,4)-

condition (ii) mggp(v) # 0. Thus TEgp/(w) # 0, which is a contradiction with
the assumption that w € W”.
|

3.1.4 Additivity of the tensor rank for small tensors

We conclude our discussion of the additivity of the tensor rank with the
following summarizing results.

Theorem 3.1.4.1 (|[BPR20, Thm 4.14.]). Owver an arbitrary base field k, assume
p € AQB'®C’ is any tensor, while p” € A"Q@B"®C" is concise and R(p") < a”’+2.
Then the additivity of the rank holds:

R(p' @ p") = R(p') + R(p").

The analogous statements with the roles of A replaced by B or C, or the roles of’
and " swapped, hold as well.

Proof. Since p” is concise, the corresponding vector subspace W” = p”(A") has
dimension equal to a”. By Corollary 3.1.3.9 we can restrict ourselves to the case
when €’ > 2 or f” > 2. Say, ¢’ > 2 > R(p") — dim W”, then by Corollary 2.2.1.4
or Corollary 3.1.2.6 the additivity must hold. [ |

Theorem 3.1.4.2 (|[BPR20, Thm 4.15.]). Assume the base field is k = C or
k = R (complex or real numbers) and let p' € A’ @ B' ® C" be any tensor, while
p" € A"@k3®k? for an arbitrary vector space A”. Then the additivity of the rank
holds: R(p" ® p") = R(p') + R(p").
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Proof. By Corollary 3.1.3.9, we can assume p” is concise in A” ® k® @ k3. But then,
by [SMS10, Thm 5 and Thm 6|, the rank of p” is at most a” + 2 and the result
follows from Theorem 3.1.4.1. |

Note, that in the proof above we exploit the results about maximal rank in
k" @ k® @ k3. In [SMS10] authors assume that the base field is C or R. We are not
aware of any similar results over other fields, with the unique exception of a” = 3,
see the following proof for a discussion.

Theorem 3.1.4.3 (|[BPR20, Thm 4.16.]). Assume the base field k is such that
the mazimal rank of a tensor in k3 @ k3 @ k3 is at most 5. (For erample k is
algebraically closed of characteristic # 2 or k = R). Furthermore, let R(p") < 6.
Then independently of p', the additivity of the rank holds: R(p'®p”) = R(p')+R(p").

Proof. Without loss of generality, We can restrict ourselves to the case when p” is
concise in A” ® B” ® C". As in the previous proof, if any of the dimensions dim A”,
dim B”, dim C” is at most 2, then the claim follows from Theorem 1.2.5.6. On the
other hand, if any of the dimensions a”, b”, ¢’ is at least 4, then the result follows
from Theorem 3.1.4.1. The remaining case a” = b” = ¢” = 3 also follows from
Theorem 3.1.4.1 by our assumption on the field k.

The assumption is satisfied for k = R,C see [BH13, Thm 5.1] or [SMSI10,
Thm 5]. In [BH13, top of p. 402] the authors say, that their proof is also valid for
any algebraically closed field of characteristic not equal to 2. They also provide the
interesting history of this question and furthermore, they show that the assumption
about maximal rank in k® x k? x k? fails for k = Z,. [ |

Assuming the base field is k = C, one of the smallest cases not covered by the
above theorems would be the case of p/,p” € C* ® C* @ C3. The generic rank (that
is, the rank of a general tensor) in C* @ C* @ C3? is 6, moreover [AS79, p. 6] claims
the maximal rank is 7 (see also [SMS10, Prop. 2|). To prove Corollary 3.1.4.13, i.e
rank additivity property for the mentioned cases, we need to establish the following
lemma.

Lemma 3.1.4.4. Let us use Notation 3.1.1.3. Assume k is an algebraically closed
base field, W' C kP @ k® is of dimension a’, W" C kP @ k¢ is of dimension a”,
the corresponding tensor isp=p ®p" e ARQB @C' A" ® B"® C" and:

(i) W' is concise,

(11) Prime = (), Bis = 0,

(iii) ' +3 = R(W'),

(iv) ROW') <b'+c,
Then either additivity of ranks holds or all the following conditions are satisfied
RW")Y+ RW")—1=R(W)
R(W')y=hl+vl+2
R(W")=hr+vr+1
mix = 2
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Proof. Let us assume the additivity of ranks does not hold. Corollary 2.2.1.4 and
assumption (iii) imply that both €',f are at most 2. From Corollary 3.1.3.9 and
assumption (ii) follows that € =f' = 2.

Now we show that the defect equals one, i.e. d := R(W')+ R(W") - R(W) = 1.
We have from Lemma 2.2.1.2 that R(W")+¢e'+a’ < R(W), thus R(W'")+R(W")—
1 < R(W) by the condition (iii). The opposite inequality follows from the failure
of the rank additivity.

Since Prime = (), we must have W’ C (mcv(HL), 75/ (VL), mprmen(Mix)) C
EF' @ C'+ B'® F'. That is, W' is (2, 2)-hook shaped.

It follows from Proposition 3.1.3.8 that there are no integers n < b’, m < ¢
such that W’ is (n, 1)-hook shaped or (1, m)-hook shaped. Moreover, we can assume
that

(a) there is no g € (B'/E’)* such that p(f) is a rank one matrix, and
(b) there is no v € (C'/F")* such that p(y) is a rank one matrix.
In particular, (mpger(HL)) is concise in B @ (C"/F').
Next, we show that
b —1< vl (3.1.4.5)

For this purpose we consider the projection mggp: B — B’'/E’. The related map
B®C — (B'/E")®C (which by the standard abuse we also denote mg/gp~), kills all
the rank one tensors of types HL, HR, VR and Mix, possibly leaving a few of type
VL alive. The image mggp (W) C (B'/E") ® F' has rank at most vl and is concise
(otherwise, either there is 8 € (B’'/E’)* such that p(f) is a rank one matrix or p’ is
not concise, a contradiction in both cases). Note, that (B'/E') ® F' ~ C*'~2 @ C2.
Concise linear subspaces G of C*~2 ® C? need to have a rank at least b’ — 2.

In the case, when the rank of G is exactly b’ — 2. The tensor g corresponding
to G, is contained in the space C*? ® (B'/E') @ F' ~ C* 2@ CY?2® C2 It
follows from Lemma 2.2.2.5 that there exists 8’ € (B'/E’)* C B"™ such that g(g’)
has rank 1. Furthermore, both tensors p/(f') € A’ ® C" and p(f') € A® C have
rank 1 as well, contradicting (a). Thus, R(rgep(W)) must be at least b’ — 1 and
consequently, b’ — 1 < vl. Analogously, we can prove

¢ —1<hlL (3.1.4.6)

By Proposition 3.1.1.4(ii) we obtain R(W") < hr+vr+mix = R(W)—(hl+vl).
Thus
hl+ vl < R(W') — 1. (3.1.4.7)

and similarly
hr + vr < R(W") — 1. (3.1.4.8)

At least one of mggp/(VL), Trger(HL) is linearly independent. Otherwise,
arguing as before, we see that mgqps (W) has rank at most vl — 1. Thus, b’ — 1 <
vl — 1 and similarly ¢’ — 1 < hl — 1. Together with an inequality 3.1.4.7 it gives
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b'+c¢ <hl+vl< RW')—1<Db' +c —1, a contradiction. The last inequality
is implied by the condition (iv).

Now we will prove, that R(W’) < hl 4+ vl 4+ 2. Let us assume 7ggp/ (VL) is
linearly independent. (In the case when mpger(HL) is linearly independent we
proceed similarly by exchanging B’ with C” and HL with VL). It follows

W" = 7p(W") C 7/ ((HR, VR, Mix)) (3.1.4.9)

and W" Z mp((HR, VR)) because of (3.1.4.8). We obtain from Lemma 2.1.3.2 and

(3.1.4.9) that R(W")+1 < hr+ vr+mix. Together with hl+hr+vl+vr+mix =

R(W") + R(W") — 1 (because defect d = 1) it gives hl + vl < R(W') — 2.
Assumptions (iii), (iv) and Equations (3.1.4.5), (3.1.4.6) imply that

RW')—2=a"+1<b' +c —2<hl+vl

Hence, the inequalities can be changed into equalities. In particular R(W') =
hl + vl + 2, thus
R(W") = hr + vr + mix — 1. (3.1.4.10)

In result mix > 2. Indeed, from Corollary 3.1.1.6 follows that mix > 1. If we
assume mix = 1, then we look at the mp/men (W) = W”, which is contained in
(rprnmen(HL), mpnmen (VL), mprmen (Mix)). Taking the rank into account we obtain
R(W") < R(W) —vr —hr = R(W) — R(W’). It is against our assumption saying,
that the additivity of ranks does not hold.

We get from (3.1.4.8) and (3.1.4.10) that R(W") < R(W") 4+ mix — 2, thus
mix = 2 which ends our proof. |

Remark 3.1.4.11. In Lemma 3.1.4.4 the assumption Bis = () can be relaxed in the
following way. Let us assume that the pair (W', W”) is such that the additivity
of ranks does not hold, Prime = (), Bis # () and assumptions (i),(iii),(iv) of the
Lemma 3.1.4.4 are fulfilled. We digest and replenish obtaining (®®W’ 2®*W") =
(W' 2RW"). From Corollary 3.1.3.5 follows that (W’,*®W”) is another pair
without the rank additivity property and which fulfills all assumptions of Lemma
3.1.4.4. Thus we obtain:

RW")+ R(®*W") — 1 = R(W)

o R(RW") =hl+ vl+2
e R(®™WV")=hr+vr+1
e mix =2

If both tensors p/, p” fulfill the assumptions of the Lemma 3.1.4.4, then the pair
(p',p") posses the rank additivity property.

Corollary 3.1.4.12. Owver an algebraically closed base field k, assume W' C
kP @k is of dimension a’, W" C kP" @k is of dimension ", the corresponding
tensorisp=p ®p"' e AQB C"®»A"®B"®C" and:

(1) W', W" are concise,
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(i) Prime = Bis = (),
(i) & +3 = R(W'),
(iv) a" +3 = R(W"),
(v) RW') <b'+c,
(vi) ROW") <b" +c".
Then additivity of ranks holds.

Proof. Assume the additivity of ranks does not hold. We obtain from Lemma 3.1.4.4
that R(W') = hl + vl + 2, R(W") = hr + vr + 1. Now we can exchange every ’
with ” and (Prime, HL, VL) with (Bis, HR, VR) and apply the same lemma again.
This time we have (in the notation before the exchange) R(W') = hl + vl + 1,
R(W") = hr + vr + 2. A contradiction. |

We end the subsection with a positive answer for the question about rank
additivity property for 2 X 2 matrix multiplication tensors (over a base field C),
ie. fioog @ paos € C @ CH @ C. On a way to prove it we need to show
the following fact. If both tensors from the pair (p/, p”) have ranks less or equal 7,
or if at least one of linear spaces from every triple {A’, B',C"}, {A”,B",C"} is 3
dimensional and all other spaces are at most 4 dimensional, then the additivity of
rank holds.

Corollary 3.1.4.13. Over the base field C, if (a’,b’,c’) = (4,4,3), and either
(@”,b",c") = (4,4,3) or (a",b",c") = (4,3,4), then rank additivity holds.

Proof. Assume that the rank additivity does not hold. We can reduce the problem
to (W, W") = (®RW' ®®W") by Corollary 3.1.3.5. Further, we assume that both
tensors are concise. Indeed, if at least one of the tensors is not concise then it
follows from either Theorem 3.1.4.2 or Theorem 1.2.5.6 that the additivity of rank
holds.

[AS79, p. 6] claims that the maximal rank of tensors from C* @ C* ® C3 is 7
(see also [SMS10, Prop. 2|). As a corollary from Theorem 3.1.4.1, we may restrict
ourselves to the case R(W’') = R(W") = 7. Applying Corollary 3.1.4.12 we obtain
a contradiction. [ ]

We prove the following corollary in a similar way.

Corollary 3.1.4.14. Over the base field C, if both tensors have ranks less or equal
7, then rank additivity holds.

In particular, over the base field C, a pair of 2 X 2 matriz multiplication tensor
has rank additivity property, i.e. R(p222 ® fla22) = R(f2.22) + R(p22,2).

Proof. Assume the rank additivity does not hold. We can restrict ourselves to the
case (W', W") = (®°RW' *®W") by Corollary 3.1.3.5.

We can assume that both tensors are concise by Lemma 2.1.3.2. As a corollary
from Theorem 3.1.4.1, we obtain that each of the numbers a’,a”,b’,b”,c/,c” is
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less or equal 4. It follows from Corollary 3.1.4.13 and Theorems 1.2.5.6, 3.1.4.2
that (a’,b’,c’) = (4,4,4) and either (a”,b",c") = (4,4,4) or (a",b",c") = (4,4, 3)
or (a”,b",c") = (4,3,4). Applying Theorem 3.1.4.1 again, we obtain R(W') =
R(W") = 17. Tt contradicts Corollary 3.1.4.12.

For the last part of the statement, notice that ps.0 € C* @ C* @ C* and
R(u222) =7 (see Theorem 1.2.4.1 and Example 1.2.4.2). [ |

The following remark follows from Corollary 3.1.4.14 and Theorem 3.1.4.1.

Remark 3.1.4.15. Over the base field C, the minimal case in which the
counterexample for the rank additivity can occur is p’ € C* ® C* ® C*, p’ €
C* ® C* ® C® such that R(p') =8, R(p") =T.

3.2 Additivity of the tensor border rank

Throughout this section we will follow Notations 2.2.0.1 and 2.2.0.2. Moreover,
we restrict to the base field k = C. This section is based on [BPR20, Sect. 5.].

We turn our attention to the additivity of the border rank. That is, we ask for
which tensors p' € A/@ B'®C’ and p” € A”® B” @ C" the following equality holds:

R ©p") = R(p) + R(p").

Since the known counterexamples to the additivity are much smaller than in the
case of the additivity of the tensor rank, our methods are more restricted to very
small cases.

We commence with the following elementary observation.

Lemma 3.2.0.1 (|[BPR20, Lem. 5.1.]). Consider concise tensors p’ € A'®@ B'® C'
and p" € A" @ B" @ C" with R(p') < a’ and R(p") < a” (thus in fact R(p') = a
and R(p") = a”"). Let p = p' @ p”. Then the additivity of the border rank holds
R(p) = R(p') + R(p").

Proof. Since p’ and p” are concise, the linear maps p': (A')* — B’ ® C’" and
P’ (A")* — B” ® C" are injective. Then also the map p: A* — B ® C is injective
and

R(p) = dimp(A*) = dimp/((A")7) + dim p"((A")") = R(p') + R(p").
The opposite inequality always holds. [ |

Corollary 3.2.0.2 ([BPR20, Cor. 5.2.]). Suppose both triples of integers (a’,b’, c’)
and (&",b”,c") fall into one of the following cases: (a,b,1), (a,1,c), (a,b,2) with
a>b>2 (a2,c) witha > c > 2, (a,b,c) with a > be. Then for any concise
tensors p € AA @ B'®@ C" and p” € A” @ B" @ C" the additivity of the border rank
holds.
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Note, that the list of triples in the corollary is a bit exaggerated, as some
of these triples have no concise tensors. However, this phrasing is convenient for
further applications and search for unsolved pairs of triples.

Proof. After removing the triples that do not admit any concise tensor the list
reduces to: (a,a, 1), (a,1,a), (a,b,2) (for 2 < b < a < 2b), (a,2,¢) for2<c<a<
2¢), (be, b, c). We claim, that in all these cases R(p') = a’ and R(p”) = a”. In fact:

e The claim is clear for (a,1,a), (a,a,1), and (bc, b, c).

e For (a,a,2) and (a,2,a) the claim follows from the classification of such
tensors, see the argument in the first paragraph of [BHMT18, Sect. 5.3].

e For (a,b,2) (with 2 < b < a < 2b), and (a,2,¢) (with 2 < ¢ < a < 2¢), the
claim follows from the previous case: any such concise tensor 7" has border
rank at least a. But 7' is at the same time a (non-concise) tensor in a larger
tensor space C* ® C* ® C? or C* ® C? ® C® Thus, by Lemma 2.1.3.1 the
border rank of T' is at most the generic (border) rank in this larger space,
which is equal to a by the previous item.

Therefore we conclude using Lemma 3.2.0.1. [

Theorem 1.2.6.1 claims, that the additivity of the border rank holds for
a,b,c < 4. Most of the cases follow from Corollary 3.2.0.2, with the exception
of (3+1,242,2+2) and (3+1,3+41,3+1), which are covered in Subsections 3.2.1
and 3.2.2.

3.2.1 Case (3 —+ 17 2+ b//7 2+ C//)
Assume a’ =3, b’ =c' =2 and a" = 1.

Proposition 3.2.1.1 ([BPR20, Prop. 5.10.]). For any p' € C* ® C*> @ C* and
p’ € C' @ CP @ C® the additivity of the border rank holds.

Proof. We may assume p” is concise, so that R(p”) = b” = ¢”. Also if p’ is not
concise, then Corollary 3.2.0.2 shows the claim. So suppose p’ is concise and thus
R(p') = 3.

We can write p' = a1 @] +as @wh+az@wh and p’ = ay @w, where wf ..., w}
are 2 X 2 matrices and w} is an invertible b” x b” matrix.

As for p/, by Example 2.3.0.3 and Lemma 2.3.0.4 we can choose the more
degenerate tensor, which has the following normal form:

oMol , o1l , Joo
Yi=o o7 o o’ T |1 0|

Write p = Z?Zl a; ® w;, where w; are the following (2 + b”,2 + b") partitioned

matrices /
w; O . 10 0
wi—[o 0],2—1,2,3, w4—{g wg’}'



74 Chapter 3. Rank and border rank additivity problems

We use the same notation as in Section 2.3.1. We claim, that the matrix
representing the contraction operator p’y, denoted by My(ws,wsy, w3, wy) as in
(2.3.1.6), has rank 7 + 3b”. We conclude that R(p) > 3+ b” = R(p/) + R(p")
by Proposition 2.3.1.3 showing the additivity.

In order to prove the claim, we observe that

0 W3  —Wy Wy 0 0
—w 0 w 0 —-w 0
M4(w1,w2,w3,w4) = w23 —ZUl 01 6 0 ! 1;4 (3212)
0 0 0 —w w —ws

can be transformed via permutations of rows and columns into the following
(6+3b" +2+b”, 6+ 3b” + 2 + 2+ 2 + 3b”)-partitioned matrix

Mz(wy,wy,ws) 0 0 0 0 0
0 N 0 0 0 0
0 0 —w, wh, —wj 0]
0 0 0 0 0 0
where N is the following 3b” x 3b” matrix
w" Q Q
N=|0 —-wf 0
0 0w
One can compute, that the rank of
[0 0 0 0 0 —1]
0O 01 00 O
0wy —uw
/ / AN __/ ’ . 0 0 0 01 0
M3(w17w27w3)_ U/}3 _Q/ uél “l=1 0 0 0O O
vz T 2 001 -100 0
|0 0 0 00 0]

equals 5. Moreover, since rk(/N) = 3b” and rk((—w], wj, —w})) = 2, we conclude

the proof of the claim. |

3.2.2 Case (3+1,3+b",3+c")

Recall our usual setting: p € A @ B’ C', p" € A”®@ B"® C", a’ := dim A,
etc. (Notation 2.2.0.2). In this subsection we are going to prove the following case
of additivity of the border rank.

Proposition 3.2.2.1 (|[BPR20, Prop. 5.11.|). The additivity of the border rank
holds for p' ®p" ifa’ =b' =c' =3, and p’ is concise and a" = 1.
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Proof. By replacing B” and C” with smaller spaces, we may assume p” is also
concise and in particular b” = ¢”. If R(p’) = 3, then Lemma 3.2.0.1 implies the
claim. On the other hand, by Terracini’s Lemma, R(p’) < 5. Thus, it is sufficient
to treat the cases R(p') =4 and R(p’) = 5.

Let {ay, as, a3} be a basis of A" and let {as} be a basis of A” ~ C. Write

P = a1 @ W) + az ® wh + az @ wy, (3.2.2.2)
where wi, wh, wy € W= p/((A")*) C B’ ® C" are 3 x 3 matrices. Similarly, let
P=a1 QWi+ a2 ®wy + a3 ® w3 + ag X Wy,

where wy, wq, w3, wy € W = p(A*) C B® C are (3 + b”,3 + b") partitioned
matrices:

w; 0f . _ 100
w; = {Q 0} ,1=1,2,3, and wy = [Q wZ] ) (3.2.2.3)

We now analyse the two cases R(p') = 4 and R(p') = 5 separately.

The additivity holds if the border rank of p’' is equal to four. Assume by
contradiction, that R(p) < b"+3 = R(p')+ R(p")—1. By Proposition 2.3.1.2(ii), we
obtain the following equations: fyri3(2’,y' +v", 2") = 2’ adj(y' + y")2" — 2" adj(y' +
y"a' =0, for every o',y 2 € W = p((A)*) and 0 £ ¢ € W' = p((A”)*). We
can see, that adj(y’ + ") is the following (3 + b”,3 + b”) partitioned matrix

o [det(y”) adj(y) 0
adj(y' +y") = { / 0 M det(y/) adj(y")]

Therefore we have

/ . AN det(y”)x’adj(y’)z’ Q
xadj(y—i—y)Z—[ 0 0l

Since p” is concise, det(y”) # 0, and thus from the vanishing of fyr.3(2’, v +9", 2)
we also obtain, that f3(2/, v/, 2) = 2" adj(y')2'—2" adj(y/)x’ = 0. Therefore R(p') < 3
by Proposition 2.3.1.2(i), a contradiction.

The additivity holds if the border rank of p’ is equal to five. Consider
the projection 7: A B C — A’ ® B® C given by

a; —a;, 1=1,2,3
ay — ay + as + as.

Consider p := 7(p) € A’ ® B® C and write p = a3 @ W1 + as @ Wy + a3 @ w3, where,
for i =1,2,3, w; is the (3 + b”,3 + b”) partitioned matrix

w‘_wg()
0w
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We claim, that rk(p’,) = 9 + 2b”. Indeed, by swapping both rows and columns of
M3 (w1, we,w3) (see Equation 2.3.1.4) we obtain the following (9 + 3b”,9 + 3b”)
partitioned matrix
Py 0
0 M3(wz7w£1/7will)

Since R(p') = 5, the matrix p'/}, has rank 9, by Proposition 2.3.1.5. Moreover,
M;(wy, w},w]) has rank 2b”. Therefore, Proposition 2.3.1.3 implies R(p) > 5+b".
We conclude by observing, that R(p) > R(p). [ |

This concludes the proof of Theorem 1.2.6.1, as all possible splittings a = a’+a”,
b=Db'+Db", c=c + " with a,b,c < 4 are covered either by Corollary 3.2.0.2 or
one of Propositions 3.2.1.1 or 3.2.2.1.

3.2.3 Analysis of the border rank additivity of tensors living
in bigger spaces

One could analyse the additivity for a,b,c < 5 (so for the bound one more
than in Theorem 1.2.6.1) by checking all 10 possible cases listed in Table 3.1. In
the following Example 3.2.3.1 we solve Case 3 from the table.

Example 3.2.3.1. If p € C2@ C* ® C3 and p” € C*> @ C2® C? are both concise,
then the additivity of the border rank holds for p' ® p”. Indeed, by Example 2.5.0.2
there exists ¢" € C' @ C? @ C? more degenerate than p”, but of the same border
rank. By Lemma 2.3.0./ it is enough to prove the additivity for p' & ¢". This is
provided by Proposition 3.2.2.1.

We conclude the chapter by presenting how Multigraded Border Apolarity
Lemma 2.4.1.7 can be applied to prove border rank additivity in a subcase of
Case 1. Tensor p € C?> ® C? ® C? of border rank 3, has one of the following two
normal forms ([BL13, Prop. 6.2.]):

a; X (bl X cp + b2 X C3) +ay ® b1 X Co (3232)

and
a1 K (bl X c + bg X 02) + a2 ® (bl X co + bQ X Cg). (3233)

When, up to a permutation of the factors and change of bases, p’ € C?®@C?®C?
and p” € C* ® C* @ C? have normal forms (3.2.3.2) and (3.2.3.3) correspondingly,
then p’ @ p” posses the additivity of border rank property.

Lemma 3.2.3.4. Let p’ =a; ® b1 ®cr+a® bl ® o+ a3 ® bg & Co and p" =
a4 @(b3@c3+bsRcy) +a5R(b3Rcy+bsRcs). Then forp = p'@p” € C3H2C?*HBoC*2,
R(p) = 6.
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Proof. We have R(p) < R(p') + R(p”) = 6. Let us assume that R(p’ @ p”) < 5.
From Multigraded Border Apolarity Lemma 2.4.1.7 there exists an ideal I C
T* :=Sym(C° @ C°®» C"* = Clay, ag, ..., as, b1, B2, - - -, B5, 71, V2, V3, V4] such that
I C Ann(p) and

~ 4\ [ +4\ (k+3
Viik codim(lz-,j,kgT;jj,k):min(CZ )(‘71 )( ;: ),5). (3.2.3.5)

If (4,j,k) = (0,1,1), then codim(Zp1; C T({Ll) = 5 = codim(Ann(p)o11 <
T}im). Let us explain the last equality more precisely. Firstly, notice
that codim(Ann(p)o11 C Té‘:m) = dim(7*1p)100. Secondly, observe that
dim (T Jp) 100 = dim Tl*,O,O =5, because of conciseness of p.

Thus, Ip;1 = Aﬂn(p)0,1,1 = {6173, Bra, Bis, B2y, Bavs, Bava, Bas, Bavi, B3e,

Bas, Bavs — Bava, Bava — Bays, Bavis Bave, Bavs)}- N
Using Macaulay2 we calculate, that the Hilbert function of 7% /(ly; 1) in degree
(0,1,2) equals 4, contradicting (3.2.3.5). |

Multigraded Border Apolarity Lemma 2.4.1.7 can be applied to other pairs of
tensors {p’,p"} from Case 1. More generally, this tool can be used to investigate
cases from the Table 3.1 in which R(p')+R(p")—1 = a’+a", i.e. Cases 1,2,4,6,7 and
partially Cases 3,9, 10. However, a more sophisticated method is needed. Already
in Case 1, if both tensors p/, p” have a normal form (3.2.3.2), we could not prove
the additivity of a border rank, arguing similarly to the proof of Lemma 3.2.3.4. It
is a subject of our follow-up research with Maciej Gatazka and Tomasz Mandziuk.
There is a chance, that the minimal counterexample occur among cases from the
Table 3.1.

Other, similar problems remain open. We describe one instance suggested by
Landsberg.

Problem 3.2.3.6. Let p' € A ®@ B'® C" be any tensor and p’ € CR C® C be a
nonzero tensor. Is R(p' ® p”") = R(p") + 17

Another worth mentioning questions waiting for the answer are the following.
When the cactus (border) rank is additive? One can ask about it also in the
setting of symmetric tensors and the symmetric tensor rank, or equivalently, for
homogeneous polynomials and their Waring rank. No counterexamples to this

version of the problem are yet known, while some partial positive results are
described in [CCC15], [CCCT18], [CCO17], [CMM18], and [Teil5].
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# | (@,p,d) | (", b",c) | R(p) | R(p") | Remarks

2,3, 2 3 3 Partially solved in Lemma
3.2.3.4; Possibly the application
of the Multigraded B. A. Lem. is
a first step to prove this case
2. 3,3, 2 2,2,3 3 3 Possibly the application of the
Multigraded B. A. Lem. is a first
step to prove this case

—_
w
\.[\')

[N}

3. 3,3,3 2,2,2 4,5 2 Solved in Example 3.2.3.1

4 4,2, 2 1,2,2 4 2 Possibly the application of the
Multigraded B. A. Lem. is a first
step to prove this case

5. 4,2, 2 1, 3,3 4 3

6. 4,3, 2 1,2,2 4 2 Possibly the application of the

Multigraded B. A. Lem. is a first
step to prove this case
7. 4, 3,3 1, 1,1 5 1 Possibly the application of the
Multigraded B. A. Lem. is a first
step to prove this case

8. 4,3, 3 1,2,2 5
9. 4,4, 3 1, 1,1 5, 6 1
10. 4.4, 4 1,1,1 0,6, 7 1 An important case containing

Ho292 D 111

Table 3.1: The list of pairs of concise tensors and their border ranks that should
be checked to determine the additivity of the border rank for a,b,c < 5. This
list contains all pairs of concise tensors not covered by Corollary 3.2.0.2, or
Proposition 3.2.1.1, or Proposition 3.2.2.1, together with their possible border
ranks, excluding the cases covered by Lemma 3.2.0.1. The maximal possible values
of border ranks above have been obtained from [AOP09, Sect. 4].
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80 (Grassmann) cactus variety

In this chapter, we solve the problem of identification of points of the
(Grassmann) secant variety inside the (Grassmann) cactus variety in minimal
cases where these varieties differ. For the notions of Grassmann secant and cactus
varieties, see Definitions 2.4.1.1 and 2.4.2.1.

In Section 4.1, we analyze polynomials and subspaces divisible by a large power
of a linear form and prove, that they are in a specific cactus variety (Theorems
4.1.0.2 and 4.1.0.3). Remarkably, in Section 4.2 it turns out, that in the case of
o14(va(P(C™1))) for d > 5 and n > 6 limits of a certain subset of such forms
fill up the closure of the set-theoretic difference between the cactus variety and
the secant variety (Theorem 4.0.0.2). For d > 6, this allows us to design an
algorithm for deciding whether a point in the cactus variety ry4(vg(P(C"))) is
in the secant variety o4(vgP(C"™!)) (Theorem 4.0.0.4). In Section 4.3 we prove
results analogous to those of Section 4.2 for the case of the Grassmann secant
variety og3(vg(P(C™*1))) for n > 4. This chapter is based on the work with Tomasz
Mandziuk and Maciej Gatazka [GMR20).

We use the notation coming from Definitions 2.4.0.1, 2.4.0.2 and the following
one.

Definition 4.0.0.1. Let 7" be defined as in Definition 2.4.0.1, ie. T =
kap|xo, 21, . .., x,]. Given positive integers d > m and f € T,,, we define

ff=(d-m)Fp+(d—m+1D)F,  +... +dF,

where f = F,, + F,,,_1 +--- + Fy and F; € Tj.
Similarly, for a linear subspace W C T,

WY = ("] fe W}
Now we can state the generalized versions of Theorems 1.3.1.1 and 1.3.1.3.

Theorem 4.0.0.2 (|[GMR20, Thm 1.4.]). Let n > 6 and d > 5 be integers
and consider the polynomial ring T = Clxo,...,x,]. Then r14(vg(PT1)) has two
irreducible components, one of which is 014(vg(PTy)), and we denote the other one
by ma(va(PTY)). Let o PTy x PTy — PTy be given by ([yo], [P]) — [yd > P) and let
q: (Th \ {0}) x (T3 \ {0}) — PT} x PT3 be the natural map. Let

C :={(yo, P) € T\ x T | there exists a completion of yo to a basis (Yo, Y1, -, Yn)
of Ty such that Apolar((P|,,=1)"") has Hilbert function (1,6,6,1)}.

Then ma(va(PTy)) is the closure of ¥(q(C)).

Let Gr(k, V') be the Grassmannian of k-dimensional subspaces of a linear space
V.
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Theorem 4.0.0.3 (|[GMR20, Thm 1.5.]). Let n > 4 and d > 5 be integers
and consider the polynomial ring T = Clxy,...,x,]. Then rg3(va(PT1)) has two
irreducible components, one of which is os3(ve(PT1)), and we denote the other
one by ng3(va(PT1)). Let ¢: PT) x Gr(3,1) — Gr(3,1y) be given by ([yo], [U]) —
[yd=2U] and let q: (T} \ {0}) — PTy be the natural map. Let

C :={(vo, [U]) € T1 x Gr(3,T») | there exists a completion of yy to a basis
(Yos Y1, - - - Yn) of Ty such that Apolar((U|,,=1)"?) has Hilbert function (1,4,3)}.

Then ng3(va(PT})) is the closure of 1((q X Idgesm))(C)).

We prove Theorems 4.0.0.2 and 4.0.0.3 in Sections 4.2 and 4.3, respectively.
Theorem 1.3.1.1 follows from Theorem 4.0.0.2, since for n = 6 the closure of ¢(C)
is P17 x PT3. For more details, see the last paragraph of the Proof of Theorems
1.3.1.1 and 4.0.0.2 in Section 4.2.1. For 6 < n the closure C is a proper subset
of PT} x PT5. Similarly, Theorem 1.3.1.3 follows from Theorem 4.0.0.3, since for
n = 6 the closure of ¢ x Idgy(s.1,)(C) is P11 x Gr(3,75). For more details, see the
last paragraph of the Proof of Theorems 1.3.1.3 and 4.0.0.3 in Section 4.3.1. For
6 < n the closure ¢ x I'dgys3m,)(C) is a proper subset of PT; x Gr(3,75).

The following theorem contains an algorithm to compute whether a point in
the cactus variety r14(vq(IP")) is in the secant variety o14(vg(P")) for d > 6,n > 6.
The case of n = 6 is implemented in Macaulay2, see Subsection 4.4.

Theorem 4.0.0.4 ([GMR20, Thm 1.6.|). Let T := Clzo,...,x,] be a polynomial
ring with n > 6. Given an integer d > 6 and [G] € k14(va(PTy)) C PTy the following
algorithm checks if [G] € o14(va(PTY)).

Step 1 Compute the ideal a := \/((AnnG)<4—3) C T := Clay, - . ., ).

Step 2 If ay is not n-dimensional, then [G] € o14(va(PTy)) and the algorithm
terminates. Otherwise compute {K € T\ | a;.K = 0}. Let yy be a generator
of this one dimensional C-vector space.

Step 8 Let e be the mazimal integer such that y§ divides G. If e # d—3, then |G| €
014(vg(PTY)) and the algorithm terminates. Otherwise let G := yi 3P, pick
a basis (Yo, Y1, - - -, Yn) of Th and compute f = P|,—1 € R:=Clyy,...,yn].

Step 4 Let I := Ann(fY) C R*. If the Hilbert function of R*/I is not equal to
(1,6,6,1), then [G] € o14(va(PTY1)), and the algorithm terminates.

Step 5 Compute r := dimc Homp- (I, R*/I). Then [G] € 014(va(PTY)) if and only
if r > 14n — 8.

Let us look at an example of application of Theorem 4.0.0.4. As it was mentioned
in Chapter 1, Theorem 1.3.1.1 implies that G = 3(23 + 25 + 25 + 23 + 22 + 2}) €
k14(v6(Clxo, 21, ..., 76])). Now we are able to check, if the polynomial G belongs
also to o14(v6(Clzg, 21, ..., Tg]))-

Corollary 4.0.0.5. Let G := z3(2% + a3 + 23 + 23 + 23 + 2?) € Clxg, 21, ..., 7],
then G € o14(vs(Clzo, 21, ..., zg]))-
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Proof. Using notation from Theorem 4.0.0.4, in our case d := 6. One can check,
that (AnnG)<s = ({iashcici<e {0 — aghicics). Now a = /((AmnG)<;) =
(a1, o, . .., ), thus dim(a;) = 6.

In Step 2, zg is the distinguished generator, i.e. (zo) = {K € T1|a; 2K = 0} and
the maximal power e such that z{ divides G equals 3.

Therefore, f = 2% + a3 + 23 + 23 + 23 + 28 € R := Cla1, 29, ..., 76]. Notice, that
I := Ann(F;) = Ann(f) = (Ann G)<s, thus I; = 0.

Finally, we check using Macaulay?2 [GS], that dim¢ Homg- (I, R*/I) = 112 > 76,
so the algorithm ends and we obtain G € o14(v(Clzo, 21, ..., Tg])). [ ]

We prove Theorem 4.0.0.4 in Section 4.2. In Theorem 4.3.1.5 we present an
analogous algorithm to compute whether a point in the cactus variety rg3s(vq(P"))
is in the secant variety og3(vq(P")) for d > 5, n > 4.

4.1 Results regarding the cactus rank and the
border cactus rank of 1//omd

In this section we apply the results of Section 2.5 to prove Theorems 4.1.0.2
and 4.1.0.3. These imply Theorems 1.3.1.4 and 1.3.1.5.

The following notation will be used. Fix a positive integer n and let S* :=
klag, ..., a,) CT* :=K|ag, ..., a,] be polynomial rings with graded dual rings S :=
kiplz1, ..., 2,] C T := kgp|xo, ..., z,). Recall definitions of an (s,n + 1)-standard
Hilbert function and W"™42 (see Definitions 2.4.0.3 and 2.5.0.1 correspondingly).

We frequently use the following lemma.

Lemma 4.1.0.1 ([GMR20, Lem. 4.1.]). Let J, K C T* be homogeneous ideals such
that J; = K for a positive integer s. If K 1is generated in degrees at most s, then
Jy D Ky fort > s.

Proof. We have J; 2 (Js); = (K;); = K. [ ]

Theorems 4.1.0.2 and 4.1.0.3 provide upper bounds for the cactus rank of
polynomials and subspace of polynomials, which are divisible by a power of a
linear form. Item (iii) says, that under certain circumstances, the ideal I from
Weak Border Cactus Apolarity Lemma 2.4.2.3 is unique up to a saturation.

Theorem 4.1.0.2 (Subspace case, [GMR20, Thm 4.2.]). Let W C S<g4, be a linear
subspace and r := dimy S*/ Ann(W'). We have the following:

(i) The cactus rank cr(Whomdz) of YWhomdz 45 gt most r.

(ii) If dy > dy, then there is no homogeneous ideal J C Ann(Whemd2) gych that
T*/J has an (r —1,n+1)-standard Hilbert function. In particular, the border
cactus rank cr(Whomdz) of Whemdz eqyqls 7.

(iii) If dy > dy+1, and J C Ann(W"o™42) js o homogeneous ideal such that T*/J
has an (r,n + 1)-standard Hilbert function, then J** = Ann(W)hom,
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Proof. (i) We have Ann(W)"m C Ann(Whemd2) by Lemma 2.5.0.13(i). Since

(i)

(i)

the Hilbert polynomial of 7%/ Ann(W)"™ is r by Corollary 2.5.0.5 and the
ideal Ann(W)"™ is saturated by Lemma 2.5.0.3, the claim follows from the
Cactus Apolarity Lemma 2.4.2.2.

It follows from Corollary 2.5.0.5 that H(T*/ Ann(W)"™ d,) = r. Therefore,
by Lemma 2.5.0.13(ii)

H(T*/ Ann(W"em2) d,) = r.

Thus, there exists no ideal J C Ann(W"e™d2) such that T*/J has an
(r—1,n-+1)-standard Hilbert function. By the Weak Border Cactus Apolarity
Lemma 2.4.2.3 we get cr(Whomd2) > r which together with Part (i) implies
that cr(Whemd2) = p,

Assume that J C Ann(Whe™d2) is such that 7% /J has an (r,n + 1)-standard
Hilbert function. By Lemma 2.5.0.13(ii) and Corollary 2.5.0.5

H(T*/) Ann(W"om42) dy) = H(T*/ Ann(W)"™ dy) = r.

In particular, Jg, = (Ann(W)hom), . Since Ann(W)"™ is generated in degrees
less than or equal to d; + 1 < dy, it follows from Lemma 4.1.0.1, that
Jy 2 (Ann(W)hom), for every d > ds.
Ideals J and Ann(W)"™ have the same Hilbert polynomial. Hence we
obtain J*% = (Ann(W)hom)sat = Ann(W)"m. The last equality is true by
Lemma 2.5.0.3.

[

Now we can state Theorem 1.3.1.4 in the following form. The differences
between this theorem and trivial implication of Theorem 4.1.0.2 for one dimensional
W = (f) are in points (ii) and (iii) when we additionally treat cases dy = d; — 1
and dy > dy — 1 correspondingly.

Theorem 4.1.0.3 (Polynomial case, [GMR20, Thm 4.3.|). Let f = Fy, + Fy, 1 +
oo+ Fy €S =kgyr1, ..., wy) be a degree dy > 1 polynomial, r := dimy S*/ Ann(f).
For a non-negative integer do, we have the following:

(i) The cactus rank cr(fhomdz) of fhomdz s qt most r.

(1) If dy > dy, then there is no homogeneous ideal J C Ann(f"™) such that

T*/J has an (r — 1,n + 1)-standard Hilbert function. Moreover, the same is
true for dy = dy — 1 if we assume further that Fy, is not a power of a linear
form.

In particular, in both cases the border cactus rank cr(fromd2) of fhomdz equals
r

(111) Assume that Fy, is not a power of a linear form. If do > dy and J C

Ann( fhomdz) js q homogeneous ideal such that T*/J has an (r,n+1)-standard
Hilbert function, then J** = Ann(f)"™. Moreover, the same is true for
dy = dy — 1 if we assume further that r > 2d;.
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Proof. (i) It follows directly from Theorem 4.1.0.2(i).

(1)

(iii)

If dy > dy, then the claim follows from Theorem 4.1.0.2(ii).

Assume that dos = d; — 1 and F, is not a power of a linear form. If
H(T*/ Ann(f"m™d2) d;) = r, then there is no ideal J C Ann(f"™%) such
that 7%/J has an (r — 1,n + 1)-standard Hilbert function. Suppose that

H(T*/ Ann(froma2) dy) # r. (4.1.0.4)

It follows from Lemma 2.5.0.7 that Ann(f)"*™ is generated in degrees
at most d;. Then (4.1.0.4) and Lemma 2.5.0.9(iii) together imply that
H(T*/ Ann(f"m) d;) = r — 1 and Ann(f""™92) has no minimal generator
of degree greater than d,. Let J C Ann(f"*™42) be a homogeneous ideal such
that 7%/J has an (r — 1,n + 1)-standard Hilbert function. Then we have
Jg, = Ann(fhomdz), since H(T*/ Ann(fhomd2) d\) =r —1 = H(T*/J,dy).
Therefore, J; O Ann(fomd2), for every d > dy, by Lemma 4.1.0.1. This
gives a contradiction since H(T*/ Ann(f*m™42) t) = 0 for t > 0.
It follows from the Weak Border Cactus Apolarity Lemma 2.4.2.3 that
cr(fremd2) > r and from (i) we have an equality.
Suppose that J C Ann(f"™%) is such that T*/J has an (r,n + 1)-standard
Hilbert function. We will consider the following five cases:

(I) dy > dy;

( ) d2 = d1 — 1 and H(T*/Ann(fhom dQ), d1
III) dg = d1 — 1 H(T*/Ann(fhom d2) ) =

V) dy = dy — 1, H(T*/ Ann(from2) d;)

Jay = (Amn(f)om),,;
(V) d2 = d; — 1, H(T*/ Ann(fhomd2) d,) = r — 1, H(T*/J,d;) = r and
Ja, # (Ann(f>hom)d1'

We explain that these are the only possible cases. Suppose that do = d; — 1
and

(

)=
T—l and H(T*/J,dy) =r — 1;
( =

r—1, HT*/J.d;) = r and

H(T*/ Ann(fP™%2),dy) # .

Then
H(T*/ Ann(fhom) d)) =r — 1

by Lemma 2.5.0.9(iii). It suffices to show that if H(T*/ Ann(f"omd2) d;) =
r—1, then H(T*/J,dy) € {r —1,r}. This holds since T*/J has an (r,n+ 1)-
standard Hilbert function and J C Ann(fhomd2).
We prove, that J** = Ann(f)"™ in each case.

(I) By Lemma 2.5.0.13(ii) and Corollary 2.5.0.5

H(T*/ Ann(f"*™%), dy) = H(T*/ Ann(f)"", dp) =

In particular Jg, = (Ann(f)"™)4,. It follows from Lemma 2.5.0.7 that
Ann(f)hm is generated in degrees smaller or equal d; < dy. Together
with Lemma 4.1.0.1 it implies that J; O (Ann(f)"™), for d > ds.
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Ideals J and Ann(f)"™ have the same Hilbert polynomial. Hence, we
obtain J* = (Ann(f)"™)% = Ann(f)"™. The last equality is true by
Lemma 2.5.0.3.

(IT) We have Jg, = Ann(f"m™d),; = (Ann(f)"™),. The ideal Ann(f)hom
is generated in degrees at most d; by Lemma 2.5.0.7. Thus, from
Lemma 4.1.0.1, there is a containment J; 2 (Ann(f)"™), for d > d;.
Hilbert polynomial of ideals J and Ann(f)"™ are the same, therefore
Joot = (Ann(f)"m)sat = Ann(f)"™. The last equality is true by
Lemma 2.5.0.3.

(ITIT) We have J;, = Ann(f"™4), and the ideal Ann(f"*™4) is generated in
degrees at most d; by Lemmas 2.5.0.9(iii) and 2.5.0.7. Thus, for d > d,
there is a containment J; O Ann(f"™9), by Lemma 4.1.0.1. This is a
contradiction, as Hilbert polynomial of 7% /J is not zero.

(IV) Proof is as in case (II).

(V) The ideal J has a generator of the form agl +p where p € T has degree
smaller than d; with respect to ap (again by Lemma 2.5.0.9(iii)). Since
CodimAm(fhom,012)d1 Jg, = 1 we have

Codim(Ann(fhom,dz)c)dl (Jc)dl S 1

Here, K¢ denotes K N S* for any ideal K C T™. We shall consider
I = Ann(Fy,) C S*. There is a containment I;, C (Ann(f*™42)¢),; and
H(S*/I,d;) = 1. Therefore,

H(S*/J¢ dy) < H(S*/ Ann(f"™%)¢ d)) +1 < H(S*/I,d)) +1 = 2.

Since d; > 2, from the Macaulay’s bound (|[BH98|, Theorem 4.2.10)
follows that for d > d; there is inequality H(S*/J¢ d) < 2. Hence

H(T*)J,d) < H(S*/J°,d) + ...+ H(S*)J d — (dy — 1)) < 2dy < r

for d > 2d; — 1. We used here Lemma 2.5.0.6. This gives a contradiction
since the Hilbert polynomial of 7%/.J is equal to 7.
[

As an example of application of Theorem 4.1.0.3, we can calculate the cactus
rank and the border cactus rank of the polynomial z3zyx3 + zog.

Corollary 4.1.0.5. Let G := ziwyx3 + mow) € Clzg, 71, 2], then
cr(G) = cr(G) = 6.

Proof. We have G = Zx%xQZ—? + 4!@2—%, so G = fhomdz for f = 222wy + 24x,,
dy = 2. Notice, that ds = d; — 1 and the leading form Fj, is not a power of a linear
form. Thus, from Theorem 4.1.0.3 (i) and (ii), the cactus rank and border cactus
rank equal dimc S*/ Ann(f). One can check, that Ann(f) = (a2, a?), therefore we

obtain dimc¢ Clay, as]/ Ann(f) = 6. |
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The following examples show that the assumptions of Theorem 4.1.0.3 are in
general as sharp as possible.

Example 4.1.0.6. Let S = kgy[v1, 23], f := x[l] + z129 and assume dy =
di —2 = 0. Then r = 4 and Ann(f"™%) = (ag,a? — aya9,a3). Consider the
ideal J := (o, g, oF — ). Then kg, i, o]/ J has Hilbert function hg 5 and
J C Ann(fhom0). Therefore, the assumption dy > dy — 1 in Theorem 4.1.0.3 (ii)
cannot be weakened in general.

Example 4.1.0.7. As in Example /.1.0.6, let S = kgp|x1, 2] and f := x[f} + 123,
Then r = 4 = 2dy. If dy = 1, then Ann(f"™!) = (a2,a2 — ayas,a?). The ideal
J = (a3, a? — aja) is saturated and K[, an, 0]/ J has Hilbert function hys.
However, J does not contain o € Ann(f)"™. Therefore, the assumption r > 2d,
in Theorem 4.1.0.3 (iii) cannot be skipped.

Example 4.1.0.8. Let S := kgy[x1, X2, 23] and f := x1x0x5. Thenr = 8 > 6 = 2d,.
If dy = dy —2 = 1, then Ann(f"™) = (ad,a?, a2, a2). Consider the ideal
J = (af,dday,a?, adag, i, adas). Then K|ag, a1, g, 3]/ J has Hilbert function
hsa and J* = (a2, o, a2) # Ann(f)"™. Therefore, the assumption dy > dy — 1

in Theorem 4.1.0.3 (iii) cannot be weakened in general.

4.2 14-th cactus variety of d-th Veronese
embedding of P”

In this section we assume that d > 5 and n > 6 are integers. We show that
the cactus variety r14(v4(P")) has 2 components one of which is the secant variety
014(vq(P™)) and we describe the other one (see Theorem 4.0.0.2). Furthermore, for
n > 6 and d > 6 we present an algorithm (Theorem 4.0.0.4) for deciding whether
(G] € k1a(va(P™)) is in o14(va(P™)).

Since the methods of this section rely on the results of [Jell8| in which the
author works over the field of complex numbers, in this section we will assume
that the base field k is C. In that case, the graded dual ring Cgyplzo, z1,. .., 2y)
of a polynomial ring 7" = Clag, v, ..., ] is isomorphic to a polynomial ring
Clxo, 1, .. ., xy). Thus, from now on we use notation T := Clxg, 21, ..., x,].

Let Hilb¢°"(X), where X := A" or P", denote the open subset of the
Hilbert scheme of r points on X consisting of Gorenstein subschemes, and
let HilbGm*™(X) denote its smoothable component. For r < 13, we have
HilbGor (A™) = HilbGor=m(A") by [CIN15, Thm Al. In particular, HilbGe" (P") is
irreducible for such r. Therefore, in that case, k,(vg(P")) = o,.(v4(P™)). Indeed, we
have

r(va(P) = | J{(va(R | € HilbCor(Pn)} (4.2.0.1)
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by [BB14, Prop. 2.2|. Therefore, irreducibility of Hilb&°" (P") implies &, (vq(P")) =
o-(vq(P™)). Note, that a description of the cactus variety, similar to the one given
by Equation (4.2.0.1), works over an arbitrary field (see |[BJ17, Cor. 6.20]).

4.2.1 Characterization of the irreducible components

We will consider the polynomial ring 7% := Clag, v, . .., o), and its graded
dual T := Clxg,x1,..., 2], where n > 6. Given f € T, by F; is denoted its
homogeneous part of degree j. Recall Definitions 2.4.0.1 and 2.4.0.2.

Our goal is to characterize the closure of the set-theoretic difference between
the cactus variety r14(vq(PT1)) and the secant variety o14(vq(PT})) for d > 5 and
n > 6. For d > 5 and n = 6 this closure consists of points [G] € PT,; with G
divisible by (d — 3)-th power of a linear form. However, for n > 6 the situation is
more complicated.

For d > 3 we will define a subset 114(vq(P™)) of the cactus variety r14(vg(P™)).
Later, in Theorem 4.0.0.2 it will be shown, that for d > 5

K1a(va(P")) = o1a(va(P")) Unia(va(P"))

is the decomposition into irreducible components.
Consider the following rational map ¢, which assigns to a scheme R its
projective linear span (vq(R))

@ HilbSP (P) ——--- » Gr(14,Ty).

Let U C Hilb$" (P™) be a dense open subset on which ¢ is regular.
Consider the projectivized universal bundle PS over Gr(14,Ty), given as a set
by
PS = {([P], [p]) € Gr(14,T4) x P(T4) | p € P},

together with the inclusion i : PS < Gr(14,T;) x P(T,). We pull the commutative
diagram

GI‘ 14 Td) X P(Td)

EU—

GI 14 Td

back along ¢ to U, getting the commutative diagram

UXPTC[)

\/
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Let Y be the closure of ¢*(PS) inside Hilb$" (P") x P(Ty). The scheme Y has two
irreducible components, Y; and Y5, corresponding to two irreducible components of
HilbSom (P™), the schemes HilbS™"™ (P™) and Hig61, respectively. For the description
of irreducible components of Hilb%" (P") see [CIN15].

Then

o14(va(P™)) = pry(Y7), and we define
ma(va(P")) = pry(Y2),

In Proposition 4.2.1.2 we bound from above the dimension of the irreducible
subset 714(v4(P™)) by 14n + 5. Later, we prove Theorem 4.0.0.2, which identifies a
(14n+5)-dimensional subset of k14(vg(P™))\o14(va(P™)). It will allow us to conclude
that the closure of this subset is 714(vq(P")).

Lemma 4.2.1.1 ([GMR20, Lem. 5.4|). For n > 6 the component Higs1 has
dimension 14n — 8. Let [R] € Higer € HilbT"(P™). If [R] is a non-smoothable
subscheme, then the dimension of the tangent space dimc TR]Hilbgfr(IP’”) equals
14n —8. If [R] is a smoothable subscheme, then dimg TipHilbTy" (P") is larger than
14n — 8.

Proof. For m > 6 we use the notation H, for the non-smoothable component of
HilbSe" (P™). By [BJIM19, Prop. A.4] we have dim My, = 14n + dim HSq,, — 84.
Thus dim Hlse, = 14n — 8, since dim HSgs;, = 76, see [Jell8, Thm 1.1].

Let ' C P° be a subscheme abstractly isomorphic with R. It follows from
[CNO09, Lem. 2.3| that

dimg TigHilb" (P") = 14n + TipyHilbSy" (P°) — 84.

From [BJ17, Thm 1.1] R’ is non-smoothable, hence dim T}z Hilb{{" (PS) = 76 by
[Jell8, Claim 3.

By [CIN15], the scheme Hilb$"(A™) has two irreducible components
Hilb$ "™ (A™) and Haiger. In the case when [R] € Higer C HilbSI(P") is a
smoothable subscheme, [R] is a singular point, since it lies on the intersection
of two components of Hilb"(P"). Thus the dimension of the tangent space
dim¢ T[R]Hilbi‘”"(ﬁ””) has to be larger than dim H g6 = 14n — 8. [ |

Proposition 4.2.1.2 (|[GMR20, Prop. 5.5]). Dimension of ma(va(P™)) is less or
equal 14n + 5.

Proof. We have the following commutative diagram

HilbGor (P?) == HilbS "™ (P") U Higer --> Gr(14,Ty)
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where o and 7 denote o14(vg(P")) and n14(va(P")) respectively, and x : Y1 UY, —
HilbSe" (P™) is the projection. Then dim i (vg(P?)) < dim(Ys) = m + 13, where

m = dim Hi661 and 13 is the dimension of the general fiber of the map x|y, :
Yo — Higer. It follows from Lemma 4.2.1.1, that m = 14n — 8 and therefore
dim 4 (vg(P")) < 14n + 5. |

In the rest of the section we use the notation f¥¢introduced in Definition 4.0.0.1.

Proposition 4.2.1.3 (|GMR20, Prop. 5.6]). Let T' be defined as at the beginning of
this subsection and let (yo,y1,-..,Yn) be a C-basis of Ty. Assume that G = yg_?’P
for some natural number d > 5 and P € Ts. Define f := Pl,—1 = F3s+F+Fi+F) €
R:=Clyy,...,yn]- If [ satisfies the following conditions:

(a) Apolar(f'?) has Hilbert function (1,6,6,1),

(b) [Spec Apolar(f™)] ¢ Hilb7y""™ (A™),
then [G] € ma(va(P")) \ o14(va(P")).

Proof. By Condition (a) we have dimc(R*/Ann(fY%)) = 14. Therefore, from

Theorem 4.1.0.3 (i)
3

cr(G) = cr (Z Y=l pydy < 14,

=0
From the Border Apolarity Lemma 2.4.1.5, if [G] € o14(v4(P™)), then there exists
J € Ann(G) with [J] € Slip 4 pp, C Hilbliem*t Thus [Proj(T* /J5)] € HilbiT(P™).
The Hilbert function of R*/ Ann(Fy?) is (1,6,6,1) by [CJN15, Thm 2.3 and the

following remarks|. In particular, F? is not a power of a linear form. It follows
from Theorem 4.1.0.3 (iii) that J** = Ann(f"¢)"™, so

[Spec(R*/ Ann(f7%))] € HilbS™*™ (A™).
This contradicts Condition (b). [

Finally we present the proof of the characterization of points of the second
irreducible component of the cactus variety.

Proof of Theorems 1.5.1.1 and 4.0.0.2. First we prove Theorem 4.0.0.2. We start
with showing, that the closure of the set of points from the statement is contained
in n14(vq(P")). We define

D :={(yo, P) € Ty x T3 | there exists a completion of y, to a basis (yo, y1,---,Yn)
of Ty such that Apolar((P|,,—1)"") has Hilbert function
(1,6,6,1) and [Spec Apolar((P],,—1)"%)] & HilbS*™(A™)}.

We claim, that the set C is irreducible and D is dense in C, and that dimD =
dimC = 14n + 7. In order to prove the claim, let us consider the morphism
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¢ : GL(Ty) x T3 — T3, which is given by a change of basis. Then we have a
product morphism

7:GL(Ty) x T3 — Ty X T3, defined by (a, P) — (a(xo), ¢(a, P)).

Recall the sets A, and B from Lemma 2.6.0.5. Let A’ := {f' € S<3\{0} | [f] € A}
and B’ := {fY% € S<3\{0} | [f] € B}. We identify S<3 with T3. There are equalities
T(GL(Ty) x A’") = C and 7(GL(Ty) x B") = D. It follows from Lemma 2.6.0.5, that C
is irreducible, D is dense in C, and dim D = dimC = 14n+ 7. The equality dimC =
(n+1)+ (13n+6) comes from the fact that dim(GL(T}) x A') = (n+1)*+13n+6
and the fiber over a general point of 7|qL(r)xa is isomorphic to the n x (n + 1)
matrix of full rank and has a dimension n(n + 1). Therefore, it is enough to show
that if (yo, P) € D and G = y§ P, then [G] € nu(vg(P")). This follows from
Proposition 4.2.1.3.

Now we prove, that in fact ¢¥(q(C)) = mua(va(P™)). It follows from
Proposition 4.2.1.2, that for every d > 5 we have

dim(n14(v4(P"))) < 14n 45 < dim(¢(C)) = dim(q(C)) = dim¢(¢(C)).

The last equality follows from [Vak17, Thm 11.4.1], since the fibers of ¢ are finite.

Hence ¢(¢(C)) = ma(va(P")).
Now we prove Theorem 1.3.1.1. Assume that n = 6. Then the closure of ¢(C)

in P77 x PT3 has the maximal dimension 14 - 6 +5 = 89. Thus ¢(C) = PT; x PT3.
It follows that 114(v4(P%)) = ¢ (q(C)) = »(PTy x PT3). [ ]

Proposition 4.2.1.4 (|[GMR20, Prop. 5.7.]). Let d > 4 be an integer, yo € 11,
Q € Ty. Define G := yi2Q € Ty. If [G] € k. (va(P™)) for a positive integer r, then
[G] € op(va(P™)).

Proof. Complete yo to a basis (yo,y1,.-.,yn) of Ti. Let S := Clyi,...,yn] and

g = Qs+ Q1+ Qo € S be such that G = Quyl™ + Q™" + Quyl". By
Theorem 4.1.0.3(ii) we have dim¢ S*/ Ann(q) = s for some s < r. Therefore,

[Proj T*/ Ann(q)"*™] € Hilb,(P"™).

By [CEVVO09, Prop. 4.9] this subscheme is smoothable. Hence, it follows from
Lemma 2.5.0.15, that [G] € o, (va(P™)). [ |

The following lemma provides a description of the set-theoretic difference of

the cactus variety and the secant variety. We need it to give a clear proof of
Theorem 4.0.0.4.

Lemma 4.2.1.5 (|[GMR20, Lem. 5.8.]). Let d > 6,n > 6. The point [G] €
r14(va(P™)) does not belong to o14(va(P™)) if and only if there exists a linear form
yo € Ty, and P € T such that G = y3 3P and for any completion of yo to a basis
(Yo, - - -, Yn) of Ty we have:
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(a) Apolar((P|,,=1)"%) has Hilbert function (1,6,6,1),
(b) [Spec Apolar((Pl,,—1)")] ¢ Hilby;™" (A™).

Proof. If yo € Ty and P € T3 are such that G = y§_3P, and there exists a
completion of yo to a basis (yo, ..., yn) of 71, for which Conditions (a),(b) hold, we
get

[G] ¢ ora(va(P"))

by Proposition 4.2.1.3.

Assume that [G] ¢ 014(vq(P")). Then by Theorem 4.0.0.2 there exists a linear
form yy € T3 such that yg_3|G. Using Proposition 4.2.1.4 we conclude that G is
not divisible by yg_Q. Hence G = yg_3P for some P € Tj3. Extend y, to a basis
(Yo, Y1, - -+, Yn). Let f:= Pl,—1. Suppose f = F5 + I, + F| + Fy.

Now we prove that Conditions (a), (b) hold. Recall, that fY¢ = Fy¢ + FY?¢ +
FYe+ FY? e Cly, ..., yn] where EY4 := (d — i)!F;. We have

3

G = Z ?/([)d_ﬂ Fz"d-

1=0

By Lemma 2.5.0.9 (i)
Ann(fYhom C Ann(G).

If dimc(Apolar(f¥9)) < 13, then cr(G) < 13 by the Cactus Apolarity
Lemma 2.4.2.2, since Ann(f"?)"™ is saturated by Lemma 2.5.0.3. Therefore,
|G] € ki3(va(P™)) = o13(va(P™)) C o14(va(P™)), a contradiction.

One obtains from Theorem 4.1.0.3(ii) that dimc(Apolar(f¥4)) < 14. We
proved, that dimc(Apolar(f¥9)) = 14. Since we assume that [G] € o14(va(P")),
it follows from Lemma 2.5.0.15, that Spec Apolar(f¥%) is not smoothable. This
implies Condition (b) holds. By [CJN15, Thm 2.3] and [CJN15, Prop. 6.11] the
algebra Apolar(f¥?) has Hilbert function (1,6,6,1). Thus, we proved Condition
(a) holds. |

Steps 2-5 of the algorithm from Theorem 4.0.0.4 verify if G satisfies necessary
conditions to be of the form given by Lemma 4.2.1.5.

Proof of Theorem 4.0.0.4. Assume that [G] ¢ o14(va(P")). Then there exist a basis
(Yo, -+, Yn) of Ty and P € Ty as in Lemma 4.2.1.5. Let f := P|,,—; and recall, that

Vi=FYi+ FYl+ Y+ Fy% € Clyy, . .., yn) where FY? := (d — i)!F,. Therefore,
G =yl Eyd 4yl pyd 4l pya gl pYd Tt follows from Lemma 2.5.0.9(ii)
that Ann(G)<q_3 = (Ann(f¥9)"™) 4 5. Moreover, by Lemma 2.5.0.7,

((Ann(f'd)hom)gd_g) — Ann(fY4)hom (4.2.1.6)

(The assumptions of the lemma are satisfied since Apolar(Fy?) and Apolar(f'¢)
have the same Hilbert function by [CJN15, Thm 2.3 and the following remarks].)
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Therefore, a = /(Ann(G)<q—3) = /Ann(fY9)rom = (By,...,5,), where
Bi,...,Bn € T are dual to yq,...,y, € T7. This shows that if the C-linear space
(v/(Ann(G)<q4-3)), is not n-dimensional then [G] € o14(v4(P")). Therefore, in that
case, algorithm stops correctly at Step 2.

Assume that the algorithm did not stop at Step 2. Then if G is of the form as in
Lemma 4.2.1.5, then y, divides G exactly (d—3)-times. Otherwise [G] € o14(v4(P™))
and the algorithm stops correctly at Step 3.

Assume that the algorithm did not stop at Step 3. Then the algorithm does not
stop at Step 4 if and only if Condition (a) of Lemma 4.2.1.5 is fulfilled. Therefore,
if the Hilbert function of R*/ Ann(f'?) is not equal to (1,6,6,1), the algorithm
stops correctly at Step 4.

Assume that the algorithm did not stop at Step 4. Then P satisfies Condition
(a) from Lemma 4.2.1.5. Hence [G] is in 014(v4(P™)) if and only if P does not satisfy
Condition (b). Using Lemma 4.2.1.1, this is equivalent to

dimec Homp-« (1, R*/I) > 14n — 8.

The left term is the dimension of the tangent space to the Hilbert scheme
HilbGem(A™) at the point [Spec R*/I] (see |[Har09, Prop. 2.3] or [MS05, Thm
18.29]). [ |

Remark 4.2.1.7. The algorithm is stated for d > 6 even though it is based on
Theorem 4.0.0.2 which works for d > 5. The reason for this is a necessity of the
bound d > 6 to obtain Equation (4.2.1.6) and for Lemma 4.2.1.5 to work. We do
not know a counterexample for the algorithm in case d = 5.

Equations defining the cactus variety r14(v(IP")) for n > 6 are unknown and
there is no example of an explicit equation of the secant variety o14(v(P")) which
does not vanish on the cactus variety. We present some known results about 14-th
secant and cactus varieties of Veronese embeddings of P,

Remark 4.2.1.8. Let V' be a 7-dimensional complex vector space. The catalecticant
minors define a subscheme of P(Sym® V) one of whose irreducible components is
the secant variety o14(v6(PV)) (see [IK99, Thm 4.10A]). Moreover, these equations
are known to vanish on the cactus variety r14(v6(PV)) (see |[BB14, Prop. 3.6],
or |Gall7]). Example 4.2.1.9 shows that the catalecticant minors do not define
rk14(v6(PV)) set-theoretically. However, if we consider the d-th Veronese for d > 28,
then the catalecticant minors are enough to define k14(vq(PV')) set-theoretically, see
[BB14, Thm 1.5]. The article [LO13] gives an extensive list of results on equations
of secant varieties but in the case of o14(v5(PV)) it does not improve the result in
1K99).

Example 4.2.1.9. Let F = af + 2iz323 + xixizg € T := Clao,...,x6]. Then
Hilbert function of T*/ Ann(F') is (1,7,12,14,12,7,1) but there is only one minimal
homogeneous generator of Ann(F) in degree 4. Therefore, there is no homogeneous
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ideal J in T* such that T*/J has an (14,7)-standard Hilbert function and J is
contained in Aun(F). Thus, cr(F) > 14 by the Weak Border Cactus Apolarity
Lemma 2./.2.3, even though the Hilbert function of T*/ Ann(F') is bounded by 14.

4.3 (8,3)-th Grassmann cactus variety of Veronese
embeddings of P”

In this section we show that the Grassmann cactus variety xs3(v4(P")) has 2
components for d > 5 and n > 4 one of which is the Grassmann secant variety
os3(va(P")) and the other one is described in Theorem 4.0.0.3. Furthermore, we
present an algorithm (Theorem 4.3.1.5) for deciding whether [V] € kg 3(vqa(P")) is
in og3(v4(P")). As in the previous section, we will assume that k = C because of
technical reasons.

The following remark explains briefly why we focus on studying g 3(va(P")) for
n > 4.

Remark 4.3.0.1. By [CEVV09|, we know that o,x(va(P")) = k. x(va(P")) for
r < 7, and any k,n,d, and that ogi(v4(P")) = ksi(va(P?)) for n < 3, and
any k,d. In addition, we claim that og2(v4(P")) = ks2(va(P")) for any n. We
sketch the proof. All local algebras of length at most 8 and socle dimension at
most 2 are smoothable, see [CEVV09, Thm 1.1]. Hence the claim follows from the
fact, that x,x(vq(P")) is the closure of the following set {R < P™ | length R <
r and HY(R,Og) is a product of local algebras of socle dimension at most k} (a
generalization of [BB14, Prop. 2.2|). The detailed proof of this fact is outside the
main interests of this thesis, hence we skip it.

4.3.1 Characterization of irreducible components

We will consider the polynomial ring T* := Clag, g, - . ., @], and its graded
dual T := Clxzg, x1, . .., x|, where n > 4. Recall Definitions 2.4.0.1, 2.4.0.2, 2.5.0.1.
We say that p € T divides V' C T or V is divisible by p and write p|V if there exist
U C T and a positive number d such that p?U = {plq |q € U} = V.

Our goal is to characterize for d > 5 and n > 4 the closure of the set-
theoretic difference between the cactus variety kg 3(vq(PT1)) and the secant variety
0s3(va(PTy)). For n = 4 and d > 5 this closure consists of points [V] € Gr(3,7})
with V' divisible by (d — 2)-th power of a linear form. However for n > 4 the
situation is more complicated.

We start with showing, that points of Gr(3,7Ty) corresponding to subspaces
divisible by (d — 1)-th power of a linear form are in the Grassmann secant variety
O'&g(Vd(]PTl)).
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Proposition 4.3.1.1 ([GMR20, Prop. 6.4.]). Let d > 2 and n > 4 be integers,
yo € T1 and [U] € Cr(3,T1). Define V := yi U € Gr(3,Ty). Then cr(V) < 4, so
[V] € /{4,3(Vd(]P)T1)) = 0'473(1/(1(]P)T1)) - 0873(1/d(PT1)).

Proof. Up to a linear change of variables, V' is of one of the following forms
(1) V = (a8 2y, 28wy, 28 23) or
(i) V = (ad, 28 oy, 20 as).
Then V = Whomdz for dy = d — 1, where W is correspondingly
(i) W = (21,29, x3) or
(11) W = <1,SE1,132>.
In either case, dimgc S*/Ann(W) < 4, so cr(V) = cr(Whomdz) < 4 by
Theorem 4.1.0.2(i). [ |

For d > 2 we will define a subset g 3(v4(P™)) of the Grassmann cactus variety
ks 3(va(P™")). Later, in Theorem 4.0.0.3, it will be shown, that for d > 5

kg a(va(P")) = g 3(va(P")) Ungs(va(P"))

is the decomposition into irreducible components.
Consider the following rational map ¢, which assigns to a scheme R its
projective linear span (vq(R))

@ : Hilbg(P™) ----- > Gr(8,T,).

Let U C Hilbg(P™) be a dense open subset on which ¢ is regular. Consider the
projectivized incidence bundle PS over the Grassmannian Gr(8,7}), given as a set
by

PS = {([V1], Va]) € Gr(8,Tu) x Gx(3,Tq) | V2 € Vi},

together with the inclusion ¢ : PS — Gr(8, T;) x Gr(3, 7). We pull the commutative
diagram

GI‘ 8 Td) X GI‘(?) Td)

\/

Gl”8Td

back along ¢ to U, getting the commutative diagram

> U x Gr(3,T})
\ /

Let Y be the closure of ¢*(PS) inside Hilbg(P") x Gr(3,T},). The scheme Y has two
irreducible components, Y; and Y5, corresponding to two irreducible components
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of Hilbg(P"), the schemes Hilbg™ (P™) and Hi43, respectively, see [CEVV(09, Thm
1.1]. Then for d > 2

os3(va(P")) = pry(Y1), and we define
1s,3(va(P")) = pry(¥a).
In the following proposition we bound from above the dimension of the
irreducible subset 7g 3(v4(P"™)) by 8n + 8. Later, in Theorem 4.0.0.3, a (8n + 8)-

dimensional subset of kg 3(va(P")) \ 0s.3(va(P™)) is identified. We will conclude that
the closure of this subset is 7g 5(v4(P")).

Proposition 4.3.1.2 ([GMR20, Prop. 6.5.]). Dimension of ng3(va(P™)) is less or
equal 8n + 8.

Proof. We have the following commutative diagram

Gr(3,T)) DoUn +—— YUYy ~—--mmmnmms s PS
Ix l
Hilbg(P") === Hilbs™(P") U Hyss —-> Gr(8,Ty),

where o and 7 denote og 3(v4(P")) and 7g 3(va(P")) respectively, and x : Y1 UYy —
Hilbg(P™") is the projection. Then dimng3(v4(P")) < dim(Y2) = m + 15, where

m = dimHi43 and 15 is the dimension of the general fiber of the map x|y, :
Yo — Hiss. It follows from [CEVV09, Thm 1.1], that m = 8n — 7 and therefore
dimng 3(va(P")) < 8n + 8. |

In the rest of the section we use the notation W% from Definition 4.0.0.1. Note,
that it depends on d, which is the degree of polynomials in V.

In the following proposition we identify many points from the Grassmann cactus
variety which are outside of the Grassmann secant variety. In fact, the closure of
the set of these points is the second irreducible component of the Grassmann cactus
variety. This will be established in Theorem 4.0.0.3.

Proposition 4.3.1.3 (|[GMR20, Prop. 6.6.]). Let T be defined as at the beginning of
this subsection and let (yo,y1,.-.,Yn) be a C-basis of Ty. Assume that V = yg_QU
for some natural number d > 5 and [U] € Gr(3,T3). Define [W] := [Ul,=1] €
Gr(3, R<y) where R := Clyy,...,yn|. If W satisfies the following conditions:

(a) Apolar(WY%) has Hilbert function (1,4,3),

(b) [Spec Apolar(W'9)] ¢ Hilbg™(A™),
then V] € 1y (va(P™) \ o5 (va(P").

Proof. By Condition (a) we have dimc(R*/Ann(WY%)) = 8. Therefore, from
Theorem 4.1.0.3 (i)
cr(V) = er(WY9)homd=2) <.
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From the Border Apolarity Lemma 2.4.1.5, if [V] € og3(va(P™)), then there exists
J C Ann(V) with [J] € Slipg py, © Hilb!™" . Thus [Proj(T*/J%)] € Hilby™(P).
It follows from Theorem 4.1.0.2 (iii) that J* = Ann(WY4)hm 5o

[Spec(R*/ Ann(W'))] € Hilbg™(A™).
This contradicts Condition (b). [ |

Finally we present the proof of the characterization of points of the second
irreducible component of the Grassmann cactus variety.

Proof of Theorems 1.5.1.53 and 4.0.0.3. First we prove Theorem 4.0.0.3. Let us
start with showing, that the closure of the set of points from the statement is
contained in ng 3(v4(P™)). We define

D = {(yo, [U]) € T\ x Gr(3,T3)| there exists a completion of y, to a basis

(Y0, Y1, - - -, yn) of Ty such that Apolar((Ul,,=1)"%)
has Hilbert function (1,4,3) and

[Spec Apolar((Ul,-1)")] ¢ Hilbg"™ (A")}.

We claim, that the set C is irreducible, D is dense in C, and that dimD = dimC =
8n + 9. Consider the morphism ¢ : GL(T}) x Gr(3,73) — Gr(3,73), given by a
change of basis. We have a product morphism

7:GL(Ty) x Gr(3,Ty) — T x Gr(3,T3), defined by (a, [U]) — (a(zo), ¢(a, [U])).

Recall the sets A, B from Lemma 2.7.0.2. Let A" := {[W"9] € Gr(3, S<,) | [W] € A}
and B = {{W"] € Gr(3,5<) | [W] € B}. We identify S<y with Tp. There
are equalities 7(GL(T}) x A') = C and 7(GL(T\) x B') = D. It follows from
Lemma 2.7.0.2, that C is irreducible, D is dense in C, and that dimD = dimC =
8n + 9. The equality dimC = (n + 1) + (7n + 8) comes from the fact that
dim(GL(Ty) x A') = (n+1)* + 7Tn + 8 and the fiber of 7|gr(r)xa Over a general
point is isomorphic to the n x (n + 1) matrix of full rank and has a dimension
n(n+1). Therefore, it is enough to show that if (yo, [U]) € D and V = yi2U, then
[V] € ng.3(va(P™)). This follows from Proposition 4.3.1.3.

Now, we prove that in fact, 1¥(¢ X Idaus,m)(C)) = ns3(va(P")). It follows from
Proposition 4.3.1.2, that for every d > 5 one has

dim(ns 3(va(P"))) < 8n + 8 < dim(g x Idars,n) (C)) = dim(g x Idars,m) (C))
= dim w(q X IdGr(37T2)(C)).

The last equality follows from [Vak17, Thm 11.4.1], since the fibers of ¢ are finite.
Hence ¢(q x Idc(3,1,)(C)) = ns3(va(P")).
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Now we prove Theorem 1.3.1.3. Assume that n = 4. Then the closure of
q x Idgrsm)(C) in PT x Gr(3,75) has the maximal dimension 8 - 4 +8 =
40. Thus ¢ X Ida31,)(C) = PT7 x Gr(3,T3). It follows that nss(vy(P*)) =
w(q X IdGr(3,T2)(C)) = @b(PTl X Gr(3,Tg). |

In order to perform the last step of the algorithm in Theorem 4.3.1.5 we need to
know the dimension of the tangent space to H43 in a generic point. The following
Lemma 4.3.1.4 will also be used later to prove Proposition 4.3.1.7, that is the
analogue of the slice technique (Lemma 2.1.4.1) for border cactus rank does not
hold.

Lemma 4.3.1.4 ([GMR20, Lem. 6.7.]). Let n > 4 and [R] € Hus C
Hilbs(P™). If [R] is a non-smoothable subscheme, then the dimension of the tangent
space dimg TipHilbs(P") equals 8n — 7. If [R] is a smoothable subscheme, then
dimg TipHilbs(P") is larger than 8n — 7.

Proof. Let R' C P* be a subscheme abstractly isomorphic to R. We have from
[CNO09, Lem. 2.3] that

dimg T Hilbs(P") = 8n + TipyHilbs(P*) — 32,

From [BJ17, Thm 1.1] R’ is non-smoothable, hence dim T{p Hilbs(P*) = 25 by
|[CEVV09, Thm 1.3 and the comment above].

By [CEVV09, Thm 1.1|, the schemeHilbg(P") has two irreducible components
Hilbg™ (P™) and Hys3. In the case when [R] € Hyys C Hilbg(P") is a smoothable
subscheme, [R] is a singular point, since it lies on the intersection of two components
of Hilbg(P™). Thus the dimension of the tangent space dimc TigHilbs(IP") has to
be larger than dim H43 = 8n — 7. [ |

Using the description of the irreducible component n from Theorem 4.0.0.3, we
are able to determine algorithmically if a given point from the Grassmmann cactus
variety is in the Grassmann secant variety.

Theorem 4.3.1.5 ([GMR20, Thm 6.8.]). Let n be at least 4 and T := Clzo, . .., x,]
be a polynomial ring. Given an integer d > 5 and [V] € kg 3(vqa(PTy)) C Gr(3,T,)
the following algorithm checks if [V] € os3(va(PTY)).

Step 1 Compute the ideal a := \/((AnnV)<y_2) C T* = Clag, .. ., o).

Step 2 If a; is not n-dimensional, then [V] € og3(ve(PT1)) and the algorithm
terminates. Otherwise compute {K € Ty | a1 K = 0}. Let yy be a generator
of this one dimensional C-vector space.

Step 3 Let e be the mazimal integer such that y§ divides V. If e # d — 2,
then [V] € o0s3(va(PT1)) and the algorithm terminates. Otherwise let
V = y§2U, pick a basis (Yo, Y1, - -, yn) of Ty and compute W := Ul,=; C
R:=Clyi, ..., Ynl-
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Step 4 Let I = Ann(WY?) C R*. If the Hilbert function of R*/I is not (1,4,3),
then [V] € os3(va(PTY)), and the algorithm terminates.

Step 5 Compute r := dimc Homp« (I, R*/I). Then [V] € os3(vq(PT1)) if and only
ifr>8n—717.

The following lemma provides a description of the set-theoretic difference of the
Grassmann cactus variety and the Grassmann secant variety. We need it to give a
clear proof of Theorem 4.3.1.5.

Lemma 4.3.1.6 (|[GMR20, Lem. 6.9.]). Let d > 5,n > 4. The point [V] €
ks 3(va(P™)) does not belong to og3(va(P™)) if and only if there exists a linear form
yo € Ty, and U € Gr(3,T3) such that V = yg_QU and for any completion of yy to a
basis (Yo, - .., yn) of Tt (with dual basis equal to (Bo, ..., [n)) we have:

(a) Apolar((Ul,,=1)"?) has Hilbert function (1,4,3),

(b) [Spec Apolar((Ul,,=1)"?)] ¢ Hilby™(A™).

Proof. If yo € Ty and U € Gr(3,T5) are such that V' = yg_zU, and there exists a
completion of yo to a basis (v, . .., ys) of T1, for which Conditions (a),(b) hold, we
get

V] & os3(va(P"))

by Proposition 4.3.1.3.

Assume that [V] ¢ g 3(v4(P™)). Then by Theorem 4.0.0.3 there exists a linear
form y, € 17 such that yg_2|V. Using Proposition 4.3.1.1 we conclude that V' is not
divisible by yd~'. Hence it shows that V = y$2U for some U € Gr(3,T5). Extend
Yo to a basis (Yo, Y1, .-, Yn). Let W= Ul =1.

Now we prove Conditions (a), (b) hold. There is equality

V= (Wvd)hom,de.

By Lemma 2.5.0.13 (i)
Ann(WYhHhem € Ann(V).

If dime (Apolar(W'4)) < 7, then cr(V) < 7 by the Cactus Apolarity Lemma 2.4.2.2,
since Ann(WY4)hom is saturated by Lemma 2.5.0.3. Therefore, [V] € r73(va(P")) =
o73(va(P")) C o5 3(va(P")), a contradiction.

We obtain from Theorem 4.1.0.2(ii) that dimg(Apolar(WW74)) < 8. We proved,
that dimc(Apolar(WW'?)) = 8. Because of the assumption, that [V] ¢ o 3(ve(P")),
it follows from Lemma 2.5.0.15, that Spec(Apolar(W 7)) is not smoothable. This
implies Condition (b) holds. From [CEVV09, Thm 4.20], the algebra Apolar(WW'?)
has Hilbert function (1,4, 3). We proved Condition (a) holds. [

Steps 2-5 of the algorithm verify if V' satisfies necessary conditions to be of the
form given by Lemma 4.3.1.6.
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Proof of Theorem 4.5.1.5. Assume that [V] ¢ g 3(v4(P™)). Then there exist a basis
(Yo, -+, yn) of T1 and U C Clyo, ..., yn] as in Lemma 4.3.1.6. Let W := Ul,,=1 C
Cly1, Y2, .-, Yn)- Recall, that

WY = {(d —2)\Fy + (d — 1)!Fy + d!Fy, where Fy + F, + Fy € W,
and Fl € C[y17y27 cee 7yn]l}

Then, in the notation from Definition 2.5.0.1, we get
V = (Wvd)hom,d—Z‘

By Lemma 2.5.0.13(ii), we have Ann(V)<g o = (Ann(WY9)"m)_,; 5. Moreover,
since WY C Clyi,...,Unl<2, and d > 5, we obtain ((Ann(WY9)hom); ,) =
Ann(WY4)rem Therefore, there is a sequence of equalities

0 = \/(Ann(V)<qa) = /Ann(WY)om = (B, ).

where (34,..., 5, € T} are dual to yy,...,y, € T1. This shows that if the C-linear
space (y/(Ann(V)<q_2)), is not n-dimensional, then [V] € o5 3(14(P")). Therefore,
in that case, the algorithm stops correctly at Step 2.

Assume that the algorithm did not stop at Step 2. Then, if V' is of the form as in
Lemma 4.3.1.6, then y, divides V exactly (d—2)-times. Otherwise [V] € o3 3(v4(P™))
and the algorithm stops correctly at Step 3.

Assume that the algorithm did not stop at Step 3. Then the Hilbert function of
R*/I computed in Step 4 is (1,4, 3) if and only if Condition (a) of Lemma 4.3.1.6
is fulfilled. Therefore, if it is not (1,4, 3), the algorithm stops correctly at Step 4.

Assume that the algorithm did not stop at Step 4. Then V satisfies Condition
(a) from Lemma 4.3.1.6. Hence, [V] is in og3(v4(P")) if and only if V' does not
satisfy Condition (b). Using Lemma 4.3.1.4, this is equivalent to

dim¢ Homp« (I, R*/I) > 8n — 7.

The left term is the dimension of the tangent space to the Hilbert scheme Hilbg(A™)
at the point [Spec R*/I] (see [Har09, Prop. 2.3.] or [MS05, Thm 18.29)). |

As it was announced earlier, the analogue of the slice technique (2.1.4.1) for the
border cactus rank does not hold. We give an example of the tensor p such that its
border cactus rank differ from the border cactus rank of a space spanned by slices
p((C3)*). Recall the Segre-Veronese variety from Remark 2.4.2.9.

Proposition 4.3.1.7. Let{ W = (yays +ry1y4,y3y4,y1y2> C S = C[yl,gg,yg,y4]
and p = zo @ (Yoyays + Yoy1ys) + 11 @ Yoysys + To @ Ysy1ys € Syml(@j) ® T,
where T = Clyo, y1, ..., ya]. Then 9 < crgy, | paypsy(p), while cr,, @y (p((C*)*)) =
€t o (77) = 8.
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Proof.
Hilbert function of Apolar(WW) equals (1,4,3). It follows from Theorem 4.1.0.2
that
gy5(P4)(Whom73) = 8.
Before we prove that 9 < crgy,  p2ps)(p), let us demonstrate first that 9 <
R, oy (W"™3) If this is not the case, then by Border Apolarity Lemma 2.4.1.5

there exists an ideal [J] € Slipg py, such that J C Ann(W"™3). Furthermore, from
Theorem 4.1.0.2 (iii) we obtain, that

J5 = Ann(W)hem, (4.3.1.8)
The following equality holds
dimc Homg- (Ann(W), S*/ Ann(W)) = 25. (4.3.1.9)

The left term is the dimension of the tangent space to the Hilbert scheme Hilbg(A?)
at the point [Spec Apolar(W)] (see [Har09, Prop. 2.3.] or [MS05, Thm 18.29]).
By Lemma 4.3.1.4 and (4.3.1.9), the point [Spec S*/Ann(WW)] is contained in
Higz \ Hilbg™ (A1) C Hilbg(A*). Together with (4.3.1.8) it gives [Proj(T™/J**)] &
Hilbg™(P*), which contradicts the assumption saying, that [J] € Slipgpp,. Thus,
the border rank of W"*™3 is greater than its border cactus rank

8 = cr,, oy (W"™%) < R, (pay (WH™2). (4.3.1.10)

The variety x,(SVi5(P? x P1)) equals [J{(SVis(R)) | R € HilbGor (P2 x P4)}
(see [BB14, Proposition 2.2|). The paper [CJN15, Thm A| shows that for r <
14 and any n, the scheme HilbG°"(A") is irreducible. Thus, HilbS"(A") =
HilbGersm(A™) for any r < 14 and therefore Hilbdo" (P? x P*) = HilbGorsm(P? x P4)
and

K (SV15(P? x PY) = 0,.(SVy5(P? x PY)). (4.3.1.11)

Assume that the tensor p € Sym'(C?) ® T5 has border cactus rank
Clovs 5 p2xpsy (P) at most 8. Tt follows from (4.3.1.11) that
Ry, s@2xp) (P) = CLsvy w2 xpe) (P) < 8.

By Lemma 2.1.4.1, we know that Rgy,  eypi)(p) = R, @o(W"™%). Thus,

R, oy (W"™3) < 8 and we obtain a contradiction with (4.3.1.10). ]

The tensor from Proposition 4.3.1.7 is a minimal example of p € CVN ® Ty
such that cr,, ey (p((CV)*)) # Cray, ,@N-1xpn)(P). To show this fact, we introduce
following lemmas.

Lemma 4.3.1.12. Ifp € CN ® T, and cr,,pny(p((CV)*)) < 7 then

L3y, 4(PN-1xPn) (p) < €L, () (p(<(CN>*)) (4.3.1.13)
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Proof. If cr, ey (p((CN)*)) < 7 then

cr,, @ (P(CY)%) = R, e (p((CY)")).

This follows from the fact that for » < 7 and any k, the scheme Hilb,(P*) is
irreducible [CEVV09].
In the case of tensor border rank, the slice technique (Lemma 2.1.4.1) says that

El}d(Pn)(p<((CN>*)) = ESVLd(IPNfle")(p)'
Since the border cactus rank is less or equal the tensor border rank, we obtain
L5y, 4(PN-1 xpn)(P) < de(Pn)(P((CN)*))- L

To prove the opposite inequality to (4.3.1.13) we need the following lemma
about cactus rank of space of slices.

Lemma 4.3.1.14. Let A, V be vector spaces over C. If X CP(V) andp € AQV,
then

crx (p(A7)) < crpaxx(p)-
Proof. Let mg : P(A) x X — X be the projection, and R C P(A) x X. It is enough
to show that if [p] € (R) then P(p(A*)) C (m(R)).
Let W C V be such that P(W) = (m(R)). Notice, that (R) C P(A® W). Since
[p] € (R), it follows that p € A ® W. Thus Vaea+ p(a) € W. In other words, we
obtained P(p(A*)) C (ma(R)). ]

Lemma 4.3.1.15. Let A, V' be vector spaces over C and A be finite dimensional.
IfXCPWV)andpe ARV, then
cry (p(A")) < crpanx(p)-

Proof. Let p, € A® V be a curve of tensors such that lim; ,op; = p and
Ipanx (D) = crpaxx (pr). We have

P(A%) C limpy (A7) (43.1.16)
Indeed, let w € p(A*) and a € A* be such that p(a) = w. Then p(a) =
limy o pi(a) € limyopi(A*). We obtain cry(p(A*)) < cry(limopi(A*)) as a

consequence of (4.3.1.16).
To complete the proof it is enough to demonstrate the following two inequalities.

QX(P_I)%pt(A*)) <cry (pt(A*)) < Cr]P’(A)xX(pt> = QP(A)XX(]?)

The first one follows from the definition of the border cactus rank of the space (see
Definition 2.4.2.1). The second one is a corollary of Lemma 4.3.1.14. |

It follows from Lemmas 4.3.1.12, 4.3.1.15 that for p € CV ® T, such that
cr,, @ (p((CY)*)) < 7 we have an equality

€L, (pn) (P(((CN)*)) = gy, 4(PN-1xPr) (p)-
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4.4 Implementation of the algorithm identifying
the secant variety inside the cactus variety

We end the thesis with a presentation of the code of the algorithm from
Theorem 4.0.0.4 (for n = 6) written in Macaulay2 |GS], [GMR20, Sect. A|.

KK=ZZ/7919
T=KK[x_0..x_6]

completeToBasis = (y) -> {

use T;

L :=A{y,x 0,x_1,x_2,x_3,x_4,x_5,x_6};

A :={x 0,x_1,x_2,x_3,x_4,x_5,x_6%};

for i from 1 to #L-1 do{
(M,C) := coefficients(matrix{drop(L, {i,i})},Monomials=> A);
if rank(C) == 7 then return drop(L, {i,i});

}

triangle = (d,f) -> {
C := terms(f);
C = apply(C, g -> (d-(degree g)#0)! * g);
return sum(C);

h
generatorsUpToDegree = (d,I) -> {
E := entries mingens I,
E = E#0;
E = select(E, (i)->((degree 1)#0 <= d));
return ideal E;
h
annihilatorUpToDegree = (d,G) -> {
J := inverseSystem(G);
return generatorsUpToDegree(d, J);

}

duallLinearGenerator = (I) -> {
J := generatorsUpToDegree(1,I);
K := inverseSystem(J);
J = generatorsUpToDegree(1,K);
y := entries mingens J;
y = y#0;
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return y#0;
b

howManyTimes = (y,G) -> {
i:=0;
while (G % y) == 0 do{
G=G//y;
i=i+1;
+;
return 1i;

3

dehomogenizationWrtBasis = (G, L) -> {

:= L#0;
:= T/ideal(y-1);
substitute(G, R);
KK[L#1, L#2, L#3, L#4, L#5, L#6];
map(R, Q, {L#1,L#2,L#3,L#4,L#5,L#6});
preimage_q(ideal(G));
:= entries mingens J;
= E#0;
return (E#0, Q);

ME G 00 W<
I

homogeneousPart = (d, G) -> {
E := terms G;
E = select(E, (i)->((degree 1)#0 == d));
return sum E;

}

localHilbertFunction = I -> {
S := ring I;
m := ideal vars S;
R := S/I;

m = sub(m, R);
return apply({ R/m, m/m~2, m~2/m~3, m~3/m~4}, degree);
}

isInSecant = (G) -> {
--Step 1:
d := (degree(G))#0 - 3;
I := annihilatorUpToDegree(d,G);
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J := radical(I);

--Step 2:

if (hilbertFunction(l, module(J)) != 6) then return true;
y := dualLinearGenerator(J);

--Step 3:

if (howManyTimes(y, G) != d) then return true;

--Step 4:

for i from 0 to d-1 do G=G//y;

L := completeToBasis(y);

(f, R) := dehomogenizationWrtBasis(G, L);
ftriangle = triangle(d+3,f);

K := inverseSystem(ftriangle);
if (localHilbertFunction(K) '= {1,6,6,1}) then return true;
--Step b:

deg := degree Hom(K, R/K);
return (deg > 76);
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