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Abstract

In this dissertation we investigate connections of Harmonic Analysis and Geometric Mea-
sure Theory. The thesis contains results which concern systematic development of the the-
ory of s-Riesz sets, i.e. a notion introduced in [69] in the context of the study of the regularity
of vector-valued measures.

Chapter 1 contains an introduction to the topic of the dissertation and describes research
methodology. In Chapter 2 we discuss selected classical results concerning connections of
Harmonic Analysis and Geometric Measure Theory.

The original results presented in the dissertation come from the following three
preprints:

+ R. Ayoush, M. Wojciechowski, On dimension and regularity of vector-valued measures
under Fourier analytic constraints, preprint, submitted.

« R. Ayoush, D. Stolyarov, M. Wojciechowski, Hausdorff dimension of measures with
arithmetically restricted spectrum, accepted in Annales Academize Scientiarum Fen-
nicee Mathematica

« R. Ayoush, M. Wojciechowski, Microlocal approach to the Hausdorff dimension of mea-
sures, preprint, submitted.

These preprints are the essential part of Chapters 3-5 (respectively).

In Chapter 3 we focus on the problem proposed in [69], concerning the study of the
regularity of vector measures subordinated to a bundle ¢ : R" \ {0} — G(k,C"), ie.
measures whose Fourier-Stieltjes transform satisfy i(§) € ¢(§) for £ # 0. The theorems
presented there extend the main result of the paper [69] (see Theorem 3 therein) and are
also related to results from [5] (Theorem 1.3. and Corollary 1.4. therein).

Chapter 4 contains a new method of estimating the lower Hausdorff dimension of mea-
sures based on arithmetical properties of elements of their spectra. It applies to the classical
problem of estimating Hausdorft dimension of Riesz products, i.e. measures of the form

o0

Pag = H (1+ acos(2mq*z)), (1)
k=0

where ¢ > 3 is an integer and a € [—1,1]. Our results, for sufficiently big ¢’s and |a|
sufficiently close to 1, improve bounds already known from [37], [65], [26], [9].



In Chapter 5 we present connections of Hausdorff dimension with Microlocal Analysis.
We prove a criterion which gives an estimate of Hausdorff dimension based on the knowl-
edge about the wave front set of a measure. This criterion is applied to Radon measures
on the complex sphere and gives results which generalize classical theorems concerning
regularity of pluriharmonic measures, due to Aleksandrov and Forelli, proved in [3] and
[31]).

Keywords: Fourier transform, Hausdorff dimension, rectifiability, Harmonic Analysis of
measures, Riesz products, wave front set, pluriharmonic measures

AMS 2020 Subject Classification: 28A33, 28B05, 28A78, 31C10, 33C55, 42B10, 43A90
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Streszczenie

Niniejsza praca podejmuje tematyke zwigzkéw analizy harmonicznej z geometryczng
teorig miary. Stanowi probe systematycznego rozwiniecia teorii tzw. zbiorow s-Riesza,
pojecia wprowadzonego w pracy [69] w kontekscie badania regularnosci miar
wektorowych.

Rozdzial 1 stanowi wprowadzenie do tematyki doktoratu i zawiera opis stosowanej
metodologii. W Rozdziale 2 wprowadzono podstawowe definicje, a takze oméwiono
wybrane klasyczne wyniki dotyczace zwigzkéw analizy harmonicznej z geometryczng
teorig miary.

Rezultaty zaprezentowane w pracy doktorskiej pochodza z trzech prac:

« R. Ayoush, M. Wojciechowski, On dimension and regularity of vector-valued measures
under Fourier analytic constraints, preprint, wystano.

 R. Ayoush, D. Stolyarov, M. Wojciechowski, Hausdorff dimension of measures with
arithmetically restricted spectrum, zaakceptowano w Annales Academige Scientiarum
Fennicee Mathematica

+ R. Ayoush, M. Wojciechowski, Microlocal approach to the Hausdorff dimension of
measures, preprint, wystano.

Stanowia one zasadnicza cze$¢ Rozdziatow 3-5 (odpowiednio).

W rozdziale 3 koncentrujemy si¢ na problemie postawionym w [[69]], dotyczacym badania
regularno$ci miar wektorowych stowarzyszonych z wigzka ¢ : R™ \ {0} — G(k,C"), tj.
miar spelniajacych rownos$¢ i(€) € ¢(€) dla £ # 0. Zamieszczone tutaj rezultaty stanowia
rozszerzenie gtéwnego wyniku pracy [69] (Twierdzenie 3 tamze), a takze nawigzuja do
rezultatow z artykutu [5] (Twierdzenie 1.3. i Wniosek 1.4. tamze).

Rozdzial 4 zawiera nowa metode szacowania wymiaru Hausdorffa miar na podstawie
arytmetycznych wlasnosci elementéw spektrum. Znajduje ona swoje zastosowanie w
klasycznym problemie szacowania wymiaru Hausdorffa produktow Riesza, tj. miar

postaci
o0

Hag = H (1 + acos(?qux)), (2)
k=0

gdzie ¢ > 3 jest liczbg catkowitg i a € [—1, 1]. Uzyskane wyniki, dla dostatecznie duzych ¢
i |a] bliskich 1, poprawiajg oszacowania wymiaru produktéw Riesza znane z prac [37],

(651, [26]], [9].

W rozdziale 5 zaprezentowano zwigzki wymiaru Hausdorffa z analizg mikrolokalna.
Udowodniono kryterium dajace oszacowanie wymiaru Hausdorffa na podstawie wiedzy o
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zbiorze frontu falowego miary. Dzieki jego zastosowaniu dla miar Radona na sferze
zespolonej uzyskujemy wyniki, ktére uogoélniaja klasyczne twierdzenia o regularnosci
miar pluriharmonicznych, pochodzace of Aleksandrova i Forelliego, udowodnione w [3]] i
[31]].
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Chapter 1

Introduction

In this dissertation we investigate applications of Harmonic Analysis of measures to the
study of their Hausdorff dimension. Its main results are theorems which give descriptions
of singular sets of measures (i.e. sets which are charged by their singular parts), mainly
the lower bounds of their dimension, based on various properties of the Fourier-Stieltjes
transform. They can be classified as the so-called uncertainty principles (cf. [52]), i.e. theo-
rems establishing impossibility of simultaneous sharp localization of a distribution and its
Fourier transform.

Our results refer directly to the structural descriptions of the spaces of analytic func-
tions. This (perhaps non-obvious) origin is explained by the following question which is
the leitmotiv of our considerations: Consider a characterization of some Hardy space. How
regular objects would we get if we weakened some symmetry assumptions from this character-
ization? The spectrum of answers for this question depends on the type of the Hardy space
that we deal with. In the end, its solution requires finding examples or descriptions of the
so-called s-Riesz sets. This notion was introduced in the paper [69], as an extension of the
idea from the brothers’ Riesz theorem to the case of singular measures.

Theorem 1.1 (F. and M. Riesz theorem, [68]], cf. also [61]], [16], [63], [20], [50]). Let u €
M(T) be a be a finite complex Borel measure such that fi(n) = 0 forn < 0. Then u is
absolutely continuous with respect to the Lebesgue measure on T.

Measures described by the theorem above are boundary values of functions from H' (D)
and for this reason are called analytic measures. It is natural to drop the analyticity assump-
tion and ask for examples of sets other than negative integers which compel absolute con-
tinuity of measures. To the best of the author’s knowledge, this was done first by Y. Meyer,
who in the seminal paper [60] introduced the notion of Riesz sets and studied properties of
this class. For the group R", his definition translates as follows:

Definition 1.2. We say that a closed set A C R" is a Riesz set, if any finite Borel-regular
measure i € M(R™), such that supp(it) C A, is absolutely continuous with respect to the
n—dimensional Lebesgue measure.



The original definition was proposed for measures on locally compact abelian groups.
In the literature, authors in some contexts study stronger versions which, instead of being
absolutely continuous, requires from measures belonging to a suitable H*.

In [69], the authors extended this idea in a quantitative way, by taking into considera-
tions the lower Hausdorff dimension of measures (cf. [27]):

Definition 1.3. For any (scalar or vector) Radon measure ;i on R", we define its lower Haus-
dorff dimension by the following equality:

dimy (p) = inf{a: there exists a Borel set £ such that dimy F < v and u(E) # 0}.

Definition 1.4. ([69]) We say that a closed set A C R" is an s-Riesz set if dimy, (1) > s for
any finite, Borel-regular i such that supp(ji) C A.

The aim of the research presented in this dissertation was to develop the theory of s-
Riesz sets in a systematic way. We often draw inspiration from the existing theory con-
cerning the theorem of F. and M. Riesz. This theorem has numerous generalizations, in the
Euclidean case as well as going in completely different directions. Let us recall those which
are the most important for us.

Multidimensional analog of F. and M. Riesz theorem. In the paper [70] a very general class
of Riesz sets was constructed:
Definition 1.5 ([70]]). Let us fix some ¢ > 0. We say that a set F' C R" is e-asymmetric if
Veer F N B(—z,€lz|) = 0. (1.1)

Theorem 1.6 ( [70], Theorem 0.3.). If a set ' C R" is e-asymmetric for some € > 0, then it
is a Riesz set.

Analogous theorem is also true for measures on T".

Multiplier characterization of the space H'(R™). Theorem of Uchiyama (see [78]), apart
from giving a constructive Fefferman-Stein decomposition of BM O(R™), provides the an-
swer to the question about the form of invariant operators which describe the space H'(R™).

Theorem 1.7. Suppose that 6,(£),...,0,(£) € C=(S™') and let us denote Ky,f =
fﬁl(ei(é—‘)}"(f)). Then, the inequality

1 n
5\|f|\H1 < Ko fllp < Cllf Il
=1

holds for some constant C' if and only if
[ HE) ) A

Il
O

01(=€) 0:(=&) ... 0u(=¢) (1.2)

for& € S



Equality (1.2), which (similarly as (1.1)) generalizes the assumption from the brothers’
Riesz theorem, will be called further strong antisymmetry. Conditions (1.1) and (1.2) have
also counterparts in other contexts, in particular in the ones mentioned below.

Characterization of a martingale H'. In the paper [45]], S. Janson proved a theorem which
gives a necessary and sufficient condition for a certain family of martingale transforms to
describe the martingale Hardy space with respect to the g-regular filtration (each atom
splits into ¢ subatoms with equal masses, which naturally induces the tree structure and
relations of being a ’child’ or a ’parent’ among atoms). Those specific martingale transforms
(see the third section in [45] for the details and strict definitions) are defined by matrices

q X q acting on the space
q—1
Cl = {v ect: Y v = o}.
i=0

Namely, if A is such a matrix and { f,,} is a martingale, then (because of the presence of the
tree structure) the local martingale differences (which we call the restrictions of martingale
differences to parents of atoms) are in natural correspondence with vectors from C{, and
the martingale transform T4{f,} is given by the action of A on those vectors. To define
Ty f, we identify f with the martingale generated by f via conditional expectations.

Theorem 1.8 (Janson, Theorem 4 in [45]). H' = {f € L': Ty, f € L' for i=1,...,m}

ifand only if Ay, ..., A,, do not have a common real eigenvector, i.e. an eigenvector from
qg—1
RY = {v € R?: Zvi = O}.
=0

Moreover, after imposing additional invariant structure on the local martingale differ-
ences, this theorem is in full analogy with the theorem of Uchiyama and may be regarded
as its full-fledged model. In particular, in this context, the strong antisymmetry translates
to the mentioned constraint on the common eigenvectors (see the discussion in [45]], p.149).

A microlocal theorem of F. and M. Riesz. In the paper [11]], Brummelhuis proved, that if the
wave front set of a measure does not contain a line (i.e. is antisymmetric), then this measure
belongs to the local Hardy-Goldberg space (Theorem 1.4. in [[11]]). This trick enabled him to
use the functional calculus of pseudodifferential operators to prove an analogue of brothers’
Riesz theorem for the measures on the complex sphere, and so to construct Riesz sets with
respect to U (n)-invariant subspaces of complex spherical harmonics (Theorem 2.1. in [11]).
He also obtained results concerning regularity of boundary values of certain differential
equations (Theorem 3.1. therein).

Next chapters of this work draw inspiration from the mentioned examples to varying
degrees. Before we explain those parallels in a more precise way, let us mention, that apart
from Fourier-analytic techniques we help ourselves also with the methods of Geometric
Measure Theory. Their recapitulation is the essential part of the second chapter.



The considerations of the third chapter address the problem proposed in [69]. More
specifically, the authors of the mentioned paper asked for dimensional estimates for vector-
valued measures whose Fourier transform takes values in a bundle ¢ : R"\{0} — G(k, E),
which is 0-homogeneous (see Definition [3.1) and Definition [3.2] for the details), assuming
some structural properties of this bundle. This question is inspired by the classical the-
ory of BV functions (see [4], Chapter 3), i.e. it asks whether dimensional bounds known
for gradients of functions form BV are true in a more general Fourier setting. Classical
proofs of dimension estimates and rectifiability of BV -gradients are based on de Giorgi
characterization of sets with finite perimeter and the coarea formula, hence they cannot
be immediately and very far generalized. We describe there a Fourier-analytic approach to
some of those fine properties which works even in the absence of the fundamentals from
the classical theory of functions with bounded variation. Structural assumptions that we
impose on bundles heuristically correspond to the weakened assumption from Uchiyama’s
theorem. The most important for us are the following two such conditions:

() span{o(V\ {0})} = {0} (1.3)

veG(2,E)

and

(N 6(&) = {0} (1.4)

¢eR™\{0}

The first one leads to an improvement of a dimension bound for generalized gradient mea-
sures from [69] and the second is connected with a new method of proving rectifiability
of singular sets, based on the Besicovitch-Federer projection theorem. A classical example
which satisfies is Vf, where f € BV (RR?) (see Example , while condition is
satisfied by divergence-free measures (see Example [3.49).

In the fourth chapter we give a new construction of s-Riesz sets for positive measures,
based on arithmetical properties of elements of their spectra. This theorem is proved by an
adaptation of ideas from a result for martingale transforms, proved in [7], which is formu-
lated in the setting of Janson’s theorem. In comparison with Janson’s theorem, the men-
tioned result solves a similar problem allowing presence of real vectors of some special type
in the space of admissible martingale differences. Briefly speaking (see Section 1.3. in 7] for
the details), it says that if j is a C*-valued measure defined on the boundary of an infinite
g-regular tree and generates a martingale for which the set

cl{v € RY: v is a local martingale difference} (1.5)
does not contain matrices of the form
(¢g—1,-1,...,-D)®a,(-1,¢q—1,..., - ®a,...,(-1,-1,....q—1)®a, VYaecR

then dimy () > ¢ > 0. The asumption of this theorem is in a direct correspondence
with in particular, both of them provide ’separation’ from Dirac delta measures. We
apply the method from this theorem, in the case of positive scalar measures, to improve
numerical lower bounds of the Hausdorff dimension of certain class of Riesz products. From
the quantitative point of view, our goal is to estimate the constant ¢, which depends on



the set (L.5), in the case of a specific backwards martingale whose martingale differences
depend on the Fourier transform. Moreover, as a corollary we show that, for a fixed ¢,
among integers which belong to the spectrum of a sufficiently singular measure, we can
find a number whose one of divisors has any desired residue modulo g. We also obtain a
quantitative form of this principle.

The fifth chapter is devoted to the techniques from Microlocal Analysis and contains a
short recollection of basic facts from this theory. We extend there the method of Brummel-
huis, whose point lies in microlocalizing spectral properties of measures, for dealing with
Hausdorff dimension estimates. The main result of this development is a theorem which
provides a bound for lower Hausdorff dimension in terms of the size of the wave front set
(the assumption of size replaces the antisymmetry from Brummelhuis’ theorem). We apply
it to obtain a far-reaching generalization of the Aleksandrov-Forelli theorem about regular-
ity of pluriharmonic measures.

1.0.1 Summary of the results and formal remarks

Below the main original results obtained in this dissertation are listed.

Chapter 3 : Theorem Theorem

Chapter 4 : Theorem [4.2] Theorem [4.3|Proposition [4.5] Proposition 4.6, Theorem
Corollary

Chapter 5 : Theorem Theorem

Theorems from Chapter 3 concerning the rectifiable dimension are strengthened ver-
sions of theorems proved in the author’s master’s thesis and are obtained with similar
proofs. Theorem [3.41| was also noticed in the author’s master’s thesis. Chapter 5 contains
an appendix which is not present in the original article.



Chapter 2

Harmonic Analysis and Dimension
Theory

The purpose of this chapter is to fix the method of measuring the level of singularity of mea-
sures. We give the definition of the Hausdorft dimension of sets and measures and compare
it with other notions of the dimension such as the Fourier dimension and the energy di-
mension. We also present some classical applications of Fourier analysis to the dimension
theory which motivate some of the methods used in further parts of this dissertation. In
our presentation we follow the classical textbooks by Falconer and Mattila ([22]], [57], [58]).

2.1 Various dimensions of measures and sets

The Hausdorff measure is a central notion in Geometric Measure Theory. It is a generaliza-
tion of the surface measure on manifolds which allows to develop analytic theory even on
rough sets such as fractals. We construct it in the following way:

Definition 2.1. Let ACR", 0 < s<nand0 < < +oo. Let
H3(A) = inf { Y (diam E;)*: A | J Ej, diam B, < 5}. 2.1)
j=1 j=0
The limit
li S(A 2.2
Jim Hi(A) (22)

is called the s-dimensional Hausdorff measure of A.

The above limit exists and is a well defined function for all subsets of R™. It is an outer
measure. What is more, it is a metric measure, which implies that its restriction to the family
of Borel sets is a countably additive measure. The family #* allows to define the dimension
of sets in the following way:



Definition 2.2. For any subset A C R" we define its Hausdorff dimension by

dimy A = sup{s: H*(A) > 0} =sup{s : H’(A) = 0} =
inf{s: H*(A) < oo} =inf{s: H*(A) = 0}. (2.3)

In parallel to the above, it is possible to introduce the lower and upper Hausdorff dimen-
sion of a measure (cf. [27] and Chapter 10 in [22]).

Definition 2.3. By the lower Hausdorff dimension of a non-zero (scalar or vector) measure
we understand

dimy (p) = inf{a : IF - Borel set, u(F') # 0, dimy F < a}. (2.4)
Upper Hausdorff dimension of a measure is defined by
dimy () = inf{e : IF - Borel set, |u|(R" \ F') = 0, dimy, F' = a}. (2.5)

Remark 2.4. Because we are mainly interested in the lower Hausdorff dimension, we hence-
forth will be writing dimy (1) instead of dimy, (1)

It turns out that the Hausdorff dimension can be determined from the knowledge about
the local growth of a measure. This possibility is expessed by the following facts

Definition 2.5. The local lower and upper Hausdorff dimensions of a measure ;1 € M*(R")
at point x € R™ are given (respectively) by

log(p(B(x,1)))

Du(zx) := hgl_}glf © log 7 (2.6)
and
Dy(z) = lim sup log (B, r))) (2.7)

r—0 log r

Theorem 2.6 (Proposition 10.2. and Proposition 10.3. in [22]]). Let . € M" (R"™) then
dimy () = sup{s : Du(x) > s for p-almostevery uz} (2.8)

and
dimy(pu) = inf{s: Du(x) <s for p-almostevery z}. (2.9)

The idea behind this theorem has its counterpart in the potential theory, which in turn
gives a direct link to the Fourier analysis.

Definition 2.7. For a measure un € M*(R") and 0 < t < n we define its t-energy by the
following formula

n) = [ [ e ul tdu()dnto) @.10)
n Rn
The energy (Sobolev) dimension of  is given by
dim,(p) :=sup{t € [0,n] : [;(p) < co}. (2.11)

7



Theorem 2.8 (Frostman-type lemma, cf. Section 4.3 in [23])). For any i € M" (R™) we have

dime(p) < dimyy(p2). (2.12)

The above follows, for example, from the proof of Theorem 4.13. in [23],

Theorem 2.9 (Energy formula, cf. Theorem 3.10. in [58]). Let u € M*(R") and 0 < t < n.
Then

) =<l ) [ ORI e @13)

The method of estimating energy integrals may be also used to prove the Mastrand’s
projection theorem (see the next section); for examples of other applications see Chapter 6
and Chapter 7 in [58]).

The inequality in Theorem [2.8] may be in general strict. The existence of a suitable
example is provided by the probabilistic model built on the so-called Riesz product measure
(see Proposition 3.4. in [37], and [26]). We will investigate such measures in Chapter 4 .

Let us also mention that the potential-theoretic approach may be adapted for complex
measures ([39]). Moreover, the energy formula can be generalized also on measures defined
on manifolds ([38]). In particular, there is a version for spherical harmonics ([40]).

A very important role in Fourier analysis is played by even more restrictive type of
the dimension, the so-called Fourier dimension. In contrast to the previously mentioned
dimensions, this notion takes into account not only concentration properties, but also mea-
sures how sets (or supports of measures) are structurized in certain arithmetical sense. In
particular, it shows how quickly those sets generate R" as a group.

Definition 2.10. For a closed set A C R™ we define its Fourier dimension by

dimp(A) := sup{s € [0,n]: a(¢) < €752, u € MT(A)}. (2.14)
Definition 2.11. For € M(R™) the number

dim (1) i= sup{s € [0, ] : [7(E)] S €72 Veewn o)} (215)
is called the Fourier dimension of .

Corollary 2.12. For u € M(R") we have

dimp(p) < dime(p). (2.16)

Sets whose Fourier and Hausdorff dimensions are equal are called Salem sets (see [51]],
(48], [21]], [55], [53], [8], [36]). In Chapter 3 we use some of their basic properties.



For certain types of measures, instead of estimating Riesz integrals, it is more convenient
to study asymptotic growth behaviour of their Poisson or Gauss-Weierstrass integrals. This
method was presented in [80]. We conclude this section with an example of a theorem
from that paper. Let 1 € M(R™) and P(xz,t) = 2|S"| 7 ¢(||z||> + £2)~ "2 where (z,t) €
R™ x [0, +00] and |S™| denotes the area of n-dimensional unit sphere. Let us define

e t) = Prpant) = [ Plo—y ) duly).
Theorem 2.13 (Theorem 5 (ii), [80]). Let u € M(R"™),u = Pxp, s € [0,n], and let A C R"
be a Borel set, o-finite with respect to H*® such that
lim " *u(x,t) =0

t—0

for p-a.e. x € A. Then u(A) = 0.

A variant of this method was used in [71]] for investigating fine properties of plurihar-
monic measures.

In a recent preprint [[74], the author obtained a dimensional estimate for vector-valued
measures by an application of Harnack-type inequalities to the Gauss-Weierstrass extension
of a measure. This result, in particular, gives an alternative approach to the dimension
bound obtained for PDE-constrainted measures in [5]. The method from [5] exploits certain
compactness phenomenon which occurs outside the so-called wave cones connected with
a differential equation (see Example for the definition).

We remark that, especially in Dynamical Systems and Fractal Geometry, there is an
extensive research concerning other notions of dimension of a measure, such as packing,
Minkowski and Assouad dimension of a measure and relations between them (see Chapter
10 in [22], [23], [33]], [24], [41], [27], [59] and references therein).

2.2 Other interactions of Fourier Analysis and Geometric Measure
Theory

It only takes to verify the definition to see that the Hausdorff dimension cannot be increased
by Lipschitz maps, in particular by orthogonal projections. One of the most elegant results
belonging to both eponymous theories is the celebrated Mastrand’s projection theorem. It
says that (for a reasonable set of parameters) the Hausdorft dimension is generically pre-
served by projections.

Theorem 2.14 (Theorem I and Il in [56]). Let A C R"™ be a Borel set such that dimy A = s.

o Ifs < 1, then
dimH(Hspan{e} (A)) =S (217)



for H"1-almost alle € S"~ 1.
o If s > 1, then
H (Mgpange} (A)) > 0 (2.18)
for H"1-almost alle € S 1.

The proof exploits the fact that there is an easy formula for the Fourier transform of a
projected measure. This observation asserts about great utility of theorems which involve
projections of sets. In further chapters, to prove rectifiability of singular sets of various
measures, we make a use of this observation and the Besicovitch-Federer projection theo-
rem:

Definition 2.15. A set £ C R" is called k-rectifiable, if there exist Lipschitz functions f; :
RF - R™,i=1,2, ..., such that

HANE U fi(RY)) = 0.

A set F C R™ is called purely k-unrectifiable if H*(F N E) = 0 for every k-rectifiable E.

Theorem 2.16 (Theorem 18.1 in [57]). Let A C R"™ be a Borel set with H*(A) < oo, where
k < n is an integer. Then:

o A is k-rectifiable if and only if H* (Il (B)) > 0 for almost all V € G(k,R") (with
respect to the natural measure on the Grassmannian) for any measurable B C A with
H*(B) > 0.

« A is purely k-unrectifiable if and only if H*(ITy,(A)) = 0 for almost all V € G(k,R™)

(with respect to the natural measure on the Grassmannian).

There is also one important theorem, which is neither used nor improved in this thesis,
but plays for us a role of an important motivating example. It relates the local growth
condition and the Fourier dimension of measures to arithmetical properties of its support.

Theorem 2.17 ([55], Theorem 1.2.). Suppose that E C T supports a measure i € M*(T)
and the following conditions are satisfied

o [z, +€]) < Che?,

(k)| < Co(1 — a)~Blk|~2 fork #0,

where() < a < 1 and% < B < 1. Ifa>1—¢ forsomeey = €9(Cy, Cy, B, ) small enough,
then E contains a 3-term arithmetic progression.
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The first assumption is a variant of the so-called a-Frostman condtion and says in par-
ticular that dimy (1) > . The theorem above gives a hint that the Hausdorff dimension
may depend not only on the decay of Fourier transform, but also on some arithmetical prop-
erties. Inspired by this, in Chapter 4 we prove a theorem which gives a dimension estimate
taking into account only divisibility properties of elements of the spectrum of measures.

Our goal was to collect facts and theorems which, in our judgement, are useful for the
practical goal of dimension estimates, and so we have not mentioned many important appli-
cations of Harmonic analysis to the Dimension Theory. In particular, we have not discussed
the Kakeya problem which is a central problem in this field. For the detailed informations
on this topic the reader is refered to the survey article [49].
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Chapter 3

On dimension and regularity of
vector-valued measures

In this chapter we quantify the notion of antisymmetry of the Fourier transform of cer-
tain vector-valued measures. The introduced scale is related to the condition appearing
in Uchiyama’s theorem and is used to give a lower bound for the rectifiable dimension of
those measures. Moreover, we obtain an estimate of the lower HausdorfI dimension assum-
ing certain more restrictive version (in the structural sense) of the 2-wave cone condition for
PDE-constrainted measures, extending its applications to a more general Fourier analytic
setting. The chapter contains also a theorem concerning regularity: we prove that elements
of considered class vanish on 1-purely unrectifiable sets of finite 7'-measure.

3.1 Preliminaries and motivation

Geometric structure and dimensional properties of distributional gradients of functions
from BV (R™) are well studied and widely applied (cf. [1], [2], [4], [64]). It is known,
for example, that their lower Hausdorft dimension is at least n — 1 and that it is an optimal
bound. Moreover, those measures cannot charge (n — 1)-purely unrectifiable sets of finite
H"~! measure (see Lemma 3.76 and Theorem 3.78 in [4]]). For the class of bundle measures,
introduced in [69], we can consider analogous problems.

Definition 3.1. By G(m, E) let us denote the Grassmannian of m-dimensional subspaces of
some fixed, d-dimensional complex vector space E/. We call a bundle any continuous function
¢ : RM\{0} — G(m, E). If additionally ¢(a&) = ¢(&) for any positive a, then we refer to it
as a homogeneous bundle.

This setting gives a possibility to define bundle measures by imposing Fourier analytic
rigidity conditions:

12



Definition 3.2. For any homogeneous bundle ¢, by M4(R™, E) we denote the set of finite,
Borel regular and non-zero vector measures, taking values in E and satisfying ji(§) € ¢(§)
for each & # 0. We say that a vector-valued measure ;1 € M(R"™, E) is subordinated to ¢, if
ne M¢(Rn, E)

The above definition generalizes the mentioned example of gradient measures. Indeed,

-~

if f € BV(R") then @’(5) = 2mif(€), so Vf € My(R™, C") for a particular bundle
®(§) = spanc{{}. Moreover, this formalism subsumes the case of measures with gener-
alized bounded variation, i.e. the measures which are defined similarly to BV -gradients,
with V replaced by a homogeneous differential operator (see Section [3.4 Example [3.46).
Moreover, the above notation is complementary to the language of .A-free measures ([15])
- see Section [3.4| for the explanation. On the other hand, as crucial roles in proofs of the
mentioned properties of BV gradients are played by the de Giorgi’s characterization of sets
with finite perimeter and by the coarea formula, in the general case we cannot make a use
of the ideas from those classical proofs due to the absence of sufficiently general coarea
formula.

In this chapter, for the sake of simplicity, unless explicitly stated otherwise, we treat by
default the case of line bundles (m = 1). In other cases all reasonings can be adapted with
straightforward modifications and we sketch appropriate changes in suitable places.

We propose a conjecture that links antisymmetry of a bundle with the dimension of
vector measures.

Definition 3.3. We say that a nonconstant line bundle ¢ is antisymmetric on [-dimensional
subspheres or l-antisymmetric (I = 0,1,...,n — 1), if for each (I + 1)-dimensional subspace
V C R" there exist £;,& € V N S"! such that (&) # ¢(&). Denote

a(¢) = min{l : ¢ isl-antisymmetric}.

Conjecture 3.4 ([6]]). If v is a bundle measure subordinated to a smooth, nonconstant bundle
@, then

dimy (1) = n — a(9).

Our first result confirms correctness of Conjecture [3.4/under some additional geometric
assumptions. Though not being trivial, it should be considered rather as a motivating ex-
ample. It also gives some insight how reasonable bundle measures may look like. To prove
this, we use the classical measure-theoretic method of blowing-up measures, modified for
dealing with Fourier transforms. Similarly as in the classical version of this method, we
relate the rectifiable dimension of a measure (which we define below) to the algebraic di-
mension of tangent spaces to the measure at points belonging to a given set. However, the
fact that we deal with measures under Fourier analytic constraints forces us to modify the
notion of tangent measure in a way that convergence in the vague topology of blow-ups of
measures is replaced by the weak-* convergence in §’(R"). This requires replacing C.(R")
with S(R™) as the set of test functions, and is absolutely necessary not only for the the-
oretical reasons, but also because of existence of measures for which Fourier transform is

13



not well-defined and which are tangent measures in the classical sense (see Example [3.17).
Though those modifications are relatively simple, we decided to include a detailed presen-
tation in Section because to our best knowledge this type of tangent space is absent in
the literature.

Definition 3.5. By the rectifiable dimension of a scalar or vector measure (1 we understand

dimyeq (@) := min{k : Ik-rectifiable measure v
s.t. ji| p = v # 0 for some Borel set F'}

if the set on the right-hand side is non-empty, or dim,..;(11) := +00 otherwise.

In the above definition we use a stronger than the usual definition of a rectifiable mea-

sure (see Definition 3.13).

Theorem 3.6. a) Suppose that i is a bundle measure subordinated to a smooth, nonconstant
bundle ¢. Then

dimyect (1) = n — a(e).
b) If 1 is rectifiable then either

dimyy (p) > g

or i can be identified with a scalar measure (its values belong to some one-dimensional space).

Unfortunately, this result is non-trivial only for measures whose part is described by
some analytic formula. In particular, it gives no information when . is singular with respect
to all H¥, for k = 0,...,n. This issue is partially bypassed in Section where we prove
two theorems concerning the Hausdorff dimension. They can be treated as extensions of
the main result from [69] (Theorem [3.10).

Perhaps, the most signifficant theorem of this chapter is the following:

Theorem 3.7. Suppose that p is subordinated to a Lipschitz bundle ¢. If there exist
2—dimensional spaces V1, ...,V such that N; span{o(V; \ {0})} = {0}, then

dimg (1) > 2.

The above condition is related to the k-wave cone scale introduced in [5] (see also Ex-
ample for the discussion). We prove also a rectifiability result which, together with
Theorem [3.10/may be treated as an analogue of the Federer-Volpert theorem ([4], Theorem
3.78., Proposition 3.92.).

Theorem 3.8. Let ¢ be a homogeneous bundle which is Holder regular with exponent >
and suppose that ¢ is (n — 1)-antisymmetric, i.e.

(N o ={0}.

£eR™\{0}

N[ —=

Then, for any u € M4(R™, E) and any 1-purely unrectifiable set F' satisfying H'(F) < oo
we have 1| = 0.

14



Proofs of both results are based on the theory of s-Riesz sets from [69]. Informally, a
subset A C R™ is called an s-Riesz set, if dimy,(¢) > s for any measure p whose Fourier
transform is small on A (cf. Definition [1.4). Typically, ’small’ means being equal to zero
or fijg € L*(R™). In Section by suitable use of properties of Salem sets, we show that
’small’ may be interpreted as fij4 € NesoW ~“?(R"). Here W*?(R") means an L*-based
Sobolev space with order of smoothness s € R. With this knowledge, to prove Theorem[3.7}
for each vector measure p satisfying its assumptions we find a scalar measure v with a
comparable dimension and a 2-Riesz set A such that 7j4 € NeoW ~“*(R"). The existence
of such v and A is provided by the structural condition from Theorem

The rectifiability theorem is obtained by an application of the Besicovitch-Federer pro-
jection theorem, which seems to be a new approach for this type of problems.

Section[3.4 contains examples and comparison with some known results about measures
satisfying differential equations.

3.1.1 Motivation and brief history of the problem

Conjecture [3.4]is inspired by Uchiyama’s theorem on multiplier characterization of Hardy
spaces (Theorem 3.12) which gives a proof when a(¢) = 0. It appeared while an attempt to
answer a question from [[69]]:

Conjecture 3.9. ([69], Conjecture 1) If the Fourier transform of a bundle measure | contains
n linearly independent vectors and ;i € My (R™, E) for some line bundle ¢, then dimy (1) >
n—1.

Theorem 3.10. ([69]) Let ¢ be a nonconstant line bundle, Holder with exponent > % Then
dimy (p) > 1 for each pn € My(R", E).

Theorem|3.10} which is a particular case of Theorem 3 from [69], covers the case *a(¢) =
n — 1’ which is on the endpoint opposite to Uchiyama’s theorem ([[78]). In this chapter we
focus on the intermediate points of the scale. Conjecture [3.9| was inspired by the example
of measures derived from BV, that is satisfying equation Vf = p for some f € L'(R")
in the sense of distributions. This result shows, in particular, that if in such problem we
replace V by any so called canceling operator (see [79] and Example 3.46)), then the resulting
measure has lower Hausdorff dimension at least 1. Let us also mention that a particular
case of the main result from [75] is a proof of the above conjecture for measures given by

(D5f,..., D5 f) = u for some natural s and f € LY(R") (¢(¢) = spang{(£5,€5,...,E5))).

In this situation we have a(¢) = 1.

The technique used in [75] revealed strong connections of dimension estimates with
embedding theorems. Briefly: the better range of an embedding connected with a differ-
ential operator, the higher lower bound of dimension it gives. It is worth mentioning that
canceling and elliptic operators (see [[79] or Example [3.46|for definitions) are precisely those
for which critical Sobolev embedding holds true:
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Theorem 3.11. ([79], Theorem 1.3.) Suppose that A( D) is a homogeneous differential operator
of rank s on R"™ from V' to W. Then the estimate

1D £l me < CIAD) ]2
holds for f € C°(R™; V) if and only if A(D) is elliptic and canceling.

Let us also underline that the theorem of Uchiyama gives the answer when the Hardy
space H'(R™) norm is equivalent to a norm given by a family of multipliers.

Theorem 3.12 ([78]]). Let 61(&),...,0,(£) € C(S" ') and let Ky, f =
F_I(Gi(é—‘)}"(f)). Then the inequality

1
— ' < < .
CHfHH > Cll fll &

is true for some constant C' if and only if

06 0E) ... 0.6 ] _
k[ 01(—6) (=6 ... 6u(~€)] =7

for& e S

The above remarks suggest that the mechanism of creating singularities and validity of
some norm inequalities are governed by the same phenomenon. We hope that the study of
bundle measures may give also some heuristics to the study of embedding theorems.

Conjecture 3.4 was considered also by other authors in different contexts: B. Raita (inde-
pendently) in [67] posed a question analogous to Conjecture[3.4|for measures solving differ-
ential equations. For this setting there was a substantial progress: article [5] yielded dimen-
sion estimates and rectifiability results in terms of other type of antisymmetry/cancelation.
Condition appearing in Theorem [3.7| (result later in time than [[5]) is close to one point of
an antisymmetry scale from [5] (cf. Example [3.48).

3.1.2 Conventions

Throughout this chapter, we use the following notation:

n — dimension of the ambient space R",

d - dimension of F, i.e. space containing values of bundle measures,
[ - degree of antisymmetry/dimension of the wave cone.

While assuming Lipschitz or Holder continuity of a bundle we mean a suitable property
of its restriction to the unit sphere.
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For f € L'(R") and pr € M(R") we choose the following normalization of the Fourier
transform:

fle) = [ e playie

e = [ e duta).

If f € L}, .(1), then by fu we understand the measure v given by dv = fdpu.

loc

In this chapter we use the below definition of rectifiability

Definition 3.13. A set E C R" is called k-rectifiable, if there exist Lipschitz functions f; :
RF - R™, i =1,2, ..., such that

HANE U fi(RY)) = 0.

A set ' C R™ is called purely k-unrectifiable if H*(F N E) = 0 for every k-rectifiable E. We
call a (scalar or vector) measure |1 k-rectifiable if there exist a k-rectifiable set & and a Borel
function (scalar or vector) f such that u = f”HkL  and | is locally integrable with respect to

k
H

For a vector space V' and a vector u we denote Il II,, orthogonal projections on V'
and on span{u} respectively. A symbol D(IR") means for us the space of smooth functions
with compact support. By the spectrum of a tempered Radon measure we understand the
support of its distributional Fourier transform. We denote it by spec(-).

3.2 Estimates for the rectifiable part

3.2.1 Tangent measures and rectifiability

The notion of tangent measure (see [66]) is extremely useful in Geometric Measure Theory.
However, one has to be careful while using it in Fourier analysis. For example, it is not
hard to construct a measure whose one of tangent measures, in the classical sense (see the
definition below), is not a tempered distribution (see Example and also [62] for even
more pathological example). In this and the next subsection we present how to preserve
Fourier analytic constraints in the limit, by modifying the definition of tangency.

Definition 3.14. We say that a sequence of Radon measures (j1;)32, converges to a Radon
measure v in the vague topology if

tin [ odu = [0
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for any ¢ € C.(R"™). Here C.(R") stands for the space of compactly supported, continuous
functions on R™.

Definition 3.15. ([66]], p. 539) For a givenr > 0 and a Radon measure |1 we define its blow-up
at point x by the formula i, ,(A) = p(x + rA). Any measure v which is a limit in the vague
topology of a sequence of the type

Cifhz,r; (31)

forsomer; | 0 andc; > 0 we call a tangent measure to 1 at point x. We denote the set of those
measures by T'an(u, ).

The above definition can be easily extended to vector measures (in this case, conver-
gence is understood as the coordinate-wise convergence in the vague topology). For recti-
fiable measures it suffices to consider normalizaitons of blow-ups given by suitable power
functions.

Definition 3.16. For a fixed o > 0, by Tan,(p,x) we denote the subset of Tan(u,x)
obtained by taking ¢; = r; “. By Tan*(u, x) and Tan’ (i1, x) we denote subsets of T'an(j, )
and T'an, (1, x), respectively, consisting of tempered Radon measures which are limits of blow-
ups in in the sense of weak-" topology on S'(R").

In the next few steps we show that T'an, and T'an,, coincide for some regular measures
(e.g. rectifiable measures or measures of strictly positive dimension) at generic points. How-
ever, the example below shows that T'an and T'an* may be different.

Example 3.17. Forj = 1,2,... let us denote [a;, b;] := [2%, 272%]] and let us take
= A2 Xiay ) (%) (3.2)
j=1

b
where \; is defined by the formula \;2% = exp(—bij). Then . is a finite, absolutely continuous
measure. Moreover,

1 X
)\—,uo,aj — 2X[1,400) (T)d (3.3)
75

in the vague topology, so Tan(y,0) contains a measure which is not a tempered distribution.

A straightforward generalization of Theorem 4.8 from [[14] or Theorem 2.83 from [4] is
the following fact:

Theorem 3.18. Let 1 = f’HkLE be a k-rectifiable vector measure. Then, for HFr-ae z € E,
there exists a k—dimensional vector space V,, such that

P ey — )M, (3.4)

in the vague topology asr | 0.
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From the definition of the vague convergence we can easily get the following local
growth estimate:

Lemma 3.19. Suppose that ;1 € M(R")
Radon measures v, such that we have

(E) > 0, there exist tempered

—
gy — Vg,

asr | 0 in the sense of vague topology. Then B(x,r)) < Cur® for|u| —ae. x € E.
\ gue topology. % Y

Proof. Because y is finite, it suffices to prove the above for small r. Take for the test func-
tion a smooth approximation of xp(,1) which is constant and equal to one on B(0, 1),
and vanishes outside B(0,2). If p is positive, then convergence gives u(B(z,7)) <
(v.(B(0,2)) + §)r® for some positive 0. In the general case we use Hahn decomposition
and locality of tangent measures (Proposition 3.12. in [[14])). O

Convergence from Theorem is tested on functions from C.(R"). However, for our
applications we need convergence in §’'(R™). This requires extending the class of test func-
tions to S(R™) and can be achieved with the following lemma:

Lemma 3.20. Suppose that i € M(R") is as in the previous lemma. Then: a) Tan (u, z) =
Tang(p,x) for |u|-a.e. * € E. b)Ifg € L'(u) then Tan} (gu,z) = g(x)Tan’(u,x) for
|p|-a.e. x € E.

Proof. Let us notice that b) is implied by a) and an analogous property of T'an, (i, x) (Propo-
sition 3.12. in [14]).

To prove a) it suffices to use Lemma Choose any ¢ € S(R™). We can write ¢ =

Yoo, i, where p; € C, supp(p;) C B(0,7)\B(0,i—1) for: > landsupp(y;) C B(0,1).
Moreover, we can assume that ||¢;||cc < ||9B(0,i\B(0,i~1)||oc- Then

J J
%/@dﬂxm—/@d% < ’ria/gsazdﬂxm_/;@zdyx +
o [ S oduan| + [ S Il

i>7 i>7

Second term can be majorized by

Z HQDZHOO‘:“‘ x ZT CZ OéHSOlHOO?

i>7 1>]

(we used Lemma [3.19) and the third one is a tail of a convergent series. After taking suffi-
ciently big j and then choosing suitable r(, we see that for » < r( the starting expression is
smaller than any a priori given positive number. ]
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3.2.2 Distributional definition of bundle measures

As tangent measures are in general unbounded, we need to extend the definition of bundle
measures to the case of general tempered Radon measures. To achieve this, we exploit the
observation that measures subordinated to ¢ ’annihilate’ vector-valued functions taking
values in ¢t

We say that a bundle ¢ : R" \ {0} — G(m,E) is C* if (locally) ¢(z) =
spang{e;(x), ..., e, (x)}, where (e1(x), ..., e, (x)) is an orthonormal system and e;(x) are
C* functions. For a bundle ¢ we can define pointwise its orthogonal complement by
¢t () := ¢(x)*. Of course, if ¢ is C°°, then so is ¢* (one can see it while applying Gram-
Schmidt orthogonalization). In this section all bundles are C*°. For the sake of presentation
we assume that (E, (-, -)g) is isometric to C? equipped with the standard Hermitian dot
product.

Definition 3.21. For a C*°-bundle ¢, by S,(R", E') we denote the set of vector-valued
Schwartz functions f such that f(z) € ¢(x) forxz € R" \ {0}.

Definition 3.22. By S|,(R", E) we understand the class of vectors of tempered distributions
(A1, ..., \y) (d =dim E) satisfying

d
Z<A\zyfz> =0

for an arbitrary (f1, ..., fa) € Sy (R", E) . This is equivalent to

Further we prove that this class contains bundle measures and that it is preserved by
taking limits of blow-up processes. We use translation and dilation invariance of M, and
Parseval’s identity (see [50], p. 145):

Theorem 3.23. If u € M(R") and f € S(R™), then

(o) = [ fduto) = [ Fome

Lemma 3.24. Let ;1 € My (R"™, E). If at some point x there exists a tangent (vector) measure
v € Tan*(p, x), then it belongs to S, (R", ).

Proof. Step 1. We have cfi,,, € My(R", E):
Indeed, for a fixed coordinate u(j ) we have

Ckﬁ(ﬂk (f) = Ck/ “372m<5

y—x .
) (y) =
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mi{€, 2 —2mi(-& i (€, -5 ) ~(§
e <£,Tk>/ e T 410 (y) = ope’ <£7rk>ﬂ(1)<£>7
n Tk

hence, by homogenity of the bundle, ¢ i, ., (§) || 72(€).

Step 2. If 0 = (01, ..., 0a) € My(R", E), then 0 € S(R", E):
Let (f1, ..., fa) € Sy (R™, E). By Parseval’s identity we get

~ ~

because (f1, ..., f2)(§) and (61, ..., 04)(§) are orthogonal at each £ # 0.

d d
S0 = [ Yo s©h©d =0,
i=1 i=1
Step 3. Let (f1, ..., fa) € Sy (R", E). By previous steps we obtain
d d

0=1limr® S 7y = S0, F).

J
r;:l0
it i=1 i=1

3.2.3 Proof of Theorem

We begin with invoking a well-known fact, whose proof can be found in [43] (Theorem
7.1.25).

Lemma 3.25. If V' C R" is a k-dimensional linear subspace, then 17 = H|" " .

Now, by using Lemma|3.20} we can reduce our considerations to the case of flat measures.
In the next two lemmas V is a fixed, k-dimensional linear subspace of R".

Lemma 3.26. Suppose that a measure i € My(R", E) has a tangent measure in T'an* of

the form U’H]E v» where V' is a linear subspace and v is some fixed non-zero vector. Then ¢

spanc{v} on V+\ {0}.

Proof. Denote k = dim V. Let us take any vector-valued function F' € S,. (R", E). Then,
by the preceeding lemma and the definition of S, (R", E) we obtain

[ (@) =0

(here brackets under integral sign denote the standard Hermitian dot product in C%). Let us
assume that at some zy € V+ \ {0} we have ¢(x() # spanc{v}. This implies the existence
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of w € ¢*(xp) such that (w,v) # 0, say (w,v) > 0. Take any function g € Sy. (R", E)
such that g(zy) = w. Obviously, (g(z),v) > 0 in some neighbourhood U,, of z,. After
multiplying g coordinatewise by a suitable mollifier supported at U,,, and substituting it in
place of F' we get a contradiction. O]

Our efforts may be summarized as follows:

Lemma 3.27. Suppose that 1 is subordinated to ¢ and it has at x a non-zero tangent measure
(in T'an*) of the form v’HkL v Then we have

dimV >n —a(¢).
Proof. By using Lemma [3.26| we get dim V+ < a(¢). O
Now we prove the main result of this chapter.

Proof. of Theorem[3.4 Let us recall, that for rectifiable measures, the unique tangent measure

at a generic point z is of the form f(z)H" v,» Where f (x) is the density with respect to the

Hausdorff measure and V. is the tangent plane to u at = (see Theorem [3.18). Moreover, by
Lemma [3.20} those tangent measures belong to T'an*.

a) Let v and F' be such that ;1| , = v and v is k-rectifiable. By Lemma b) we can
assume that ;o = v, just by applying it with g = x p. The result follows from Lemma 3.27]

n

b) Let p = f’HkL  be such a measure and assume k£ < 3. Let us observe that, by

Lemma for H} _-ae. x from the set {y : f(y) # 0} we have ¢ = spanc{f(z)} on
V;-\{0}. Butdim V- > %, which means V" NV," # {0} and consequently spanc{ f(z)} =
spanc{ f(y)} for any two such points. Hence, the density f(z) is #} , - a.e. parallel to some
fixed vector, which shows that 1 can be identified with a scalar measure. ]

3.3 Two extensions of Theorem

3.3.1 Remarks on a theorem concerning s-Riesz sets
Next theorems give examples of Riesz sets.

Theorem 3.28. (F. and M. Riesz) If a measure i € M(R) has its spectrum inside some
half-line, then it is absolutely continuous with respect to the Lebesgue measure.
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Theorem 3.29. Suppose that a measure 1 € M(R?) has its spectrum inside some angle
of measure strictly smaller than w. Then it is absolutely continuous with respect to the full
Lebesgue measure.

Both theorems have its higher dimensional analogues; Theorem 0.3. from [70] (see also
the Introduction, p. 2) generalizes all cases mentioned above. To construct examples of
s-Riesz sets, in [69] the authors used the following slicing property.

Theorem 3.30. ([69], Theorem 1) Let A C R™. If there exists a k-dimensional subspace
V' C R" such thatVa € R™ (V + a) N A is a Riesz set on V' + a, then A is a k-Riesz set.

Because the argument in this theorem is based on the fact that orthogonal projections
do not increase Hausdorff dimension, its easy modification gives a control on projections
of sets:

Theorem 3.31. Let A C R" and suppose that ;1 € M(R™) has its spectrum inside A. If there
exists a k-dimensional subspace V' C R"™ such thatVa € R" (V+a)N A isaRiesz setonV +a,
then u(F') = 0 for each F' such that \y (Il (F')) = 0, where Ay is the Lebesgue measure on
V.

We postpone the proof of the above theorem to the Chapter 5, where the complete ar-
gument is presented first for a particular example of set A; see Theorem

Example 3.32. Bounded sets are Riesz sets. Indeed, let A be a bounded set and let f € S(R")

be such that fE 1 on some ball containing A. Then we have an identity i = ux f € L'(R")
for any 1 with spectrum inside A.

Example 3.33. Our model set is the following: let V' C R" be a k-dimensional subspace
and let f : R — R be any strictly increasing function such that lim,_,, ., f(z) = +00. In
coordinates £ = (£1,&,) € V x V' let us denote

By = {(&,&) : |&1] = 1, |&] < f(I&])}

Then R™\ By is a k-Riesz set. This is a consequence of Theorem previous example and
the fact that slices of R" \ By with affine subspaces parallel to V' are bounded.

Next we present a stronger version of Theorem for tempered measures. Namely, we
allow Ji to be an L? function outside s-Riesz sets. In exchange, we require certain stability
with respect to taking e-neighbourhoods.

Corollary 3.34. Let A C R" and ;1 be a tempered Radon measure. Suppose that:

1. restriction (in the sense of distributions) of i to R™ \ A is an L? function,

2. there exists a k-dimensional subspace V' C R" such that for some small e > 0,Va € R"
(V4+a)N(A+ B(0,¢€)) is a Riesz set on V + a,
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then u(F') = 0 for each F' such that Ay (Il (F')) = 0. In particular, we have dimy (1) > k.

Proof. Suppose that there exists a bounded set F' contradicting the thesis. Assume first that

7i = 0 outside A. For any § > 0 we can find a function f € S(R") such that f € D(R")
and |f(z) — 1| <dforx € F.

Construction: Take g € D(R") such that [ ¢ = 1 and denote f = §. Then f(0) = 1
and there exists U, a neighbourhood of 0, such that |f(z) — 1| < § for z € U. Of course
V>0 f(¥)” € D(R"). Taking big r such that ' C rU we get a suitable function. Also, for
sufficiently large 7, spec(f) is contained in arbitrarily small ball.

Denote v = fdu. For sufficiently small §, v(F') # 0, v is a finite measure and spec(v) C
spec(p) + spec(f) (v is a product of a tempered distribution x and a Schwartz function f).
Hence, the spectrum of v is as in the Theorem [3.31] which gives a contradiction.

Now, if i = h # 0 outside A for some h € L2, then it suffices to apply previous rea-

soning for y1 — h (changing p by absolutely continuous measures has no impact on singular
sets). [

Remark 3.35. Sets By clearly satisfy assumption (2) ofCorollary

Let us go further in weakening assumptions and ask what can be said if the restriction
of /i to R™ \ A is close to an L? function in some sense? For example if it is a Fourier
transform of a distribution from the fractional Sobolev space W ~*?? If the negaitve order of
smoothness —s may be taken arbitrarily close to zero, then the lower bound of the Hausdorff
dimension remains the same (though this trade-off formally costs us expected results about
projections). This answer is obtained by the following lemma which employs a technique
used in [54]] and involves using properties of Salem sets.

Lemma 3.36. Let i € M(R™) and F' be a Borel set such that dimy,(F') = « and p(F') # 0.
Then, for any 0 < 1 < 1 there exists a probability measure on R" satisfying the following
properties:

a) [D(€)] S 1€,
b) v is supported on a compact set G s.t. dimy;(G) < 2n,

c) there exists F' such that ju* v(F) # 0 and dimy, (F) < o + 2n.

Proof. To get first two properties it suffices to consider an image of a uniform measure on
n-dimensional Cantor subset on R by the n-dimensional Brownian motion. Theorem 12.1.
from [58]] or Theorem 1 from Chapter 17 in [48] gives a), while b) is implied by a well known
fact that trajectories of the Brownian motion are almost surely S-Hoélder continuous with
0<p<3.
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Now let us prove c). For simplicity, suppose that y is real-valued and p(F) > 0. By
regularity and Jordan decomposition theorem for measures, we may assume that F' is com-
pact and, for some § > 0, its 5-neighbourhood Fj satisfies p1— (Fs) < 155/4(F). It suffices to

rescale previously obtained v so that G C B(0, §) and take ' = F + G. Indeed

M*V(F+G):/Gu(F+G—x)dV(x)

and FF C F 4+ G — x C F;s for any = € G, so the integral is positive. Moreover, dimy (F +
G) < dimy(F) + dimy (G) < a + 27, ([54], Lemma 1.3.) which proves the lemma. N

The above immediately leads to the announced corollary:

Corollary 3.37. Let A C R" and i be a tempered Radon measure. Suppose that:

1. for an arbitrary s > 0 restriction (in the sense of distributions) of i to R\ A is a Fourier
transform of an element of W52,

2. there exists a k-dimensional subspace V' C R" such that for some small e > 0 Va € R"
(V4+a)N(A+ B(0,¢)) is a Riesz set on V + a,

then dimy, (1) > k.

Proof. Suppose that (F') # 0, and i > 0 is such that dimy(F') + 21 < k. For this 7, take v
from Lemma and convolve it with ;.. Then, the restriction of i * v to R™ \ A is in L2,
but (c) from Lemma and Corollary give a contradiction. O

3.3.2 Proof of Theorem[3.7

Before giving the proof in full generality we show how it works in the simplest case of a
line bundle connected with gradients on R?, i.e. when u = V f for f € BV (R3).

Proof. (of Theorem the case of gradients) Suppose that there exists a set F' such that
dimy(F) < 2 and u(F) = e # 0. Without loss of generality we can assume that e =
(0,0, 1). Let v be a scalar measure given by the equation:

V(E) = (Hgpangey (E), (0,0,1))  for E C R®.
Then v(F') = 1 and for £ # 0 we have

()] = [1(&)] - [sin £(&, span{(1,0,0), (0,1,0)})[ = [E(&)] - % < lpll - % (3.5)
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Let us denote

B={(&,6,8): §+& >1,]&| <log(l+ V& +&3)}

and

Rj :Bm{(£17527£3): 2j < \/5%"‘53 <2j+1} for j:0>17

Thus, for any s > 0:

/|v )Pl 2de = Z/ P(6) Pl >de 2 Z/ |£||€

<Y IRjllog(1+2"5)% 27 J<2+25>§ log(1 4277 )3 . 277(2429) . 92
j=0 j=0

[e.e]

Z (1+2% ). 2729 < o0,
j=0

By the inequality above and Corollary applied to the set A = R™\ B, we obtain that
dimy(v) > 2, which gives a contradiction. O

Now we will show the proof for general Lipschitz bundles ¢ : R" \ {0} — G(m, E).
Let us recall that in fact we assume Lipschitz continuity of the restriction of ¢ to the unit
sphere. We use the standard metric on G(m, E), that is

dgmpy(V,W) = sup dg(z,W).

zeVNSd—1

Proof. (of Theorem Fori = 1,...,J let us denote W; = span{¢(V; \ {0})}. Let us
assume that for some S C R” such that dimy(S) < 2, we have u(S) = e # 0, and take j
satisfying e ¢ W,. There exists a functional § € E* satisfying W; C ker 6 and 6(e) # 0. Its
value on v may be computed as follows: project v on spanc{e} along a subspace containing
W; (but not e) and take scalar product with e. Let v € M(R") be defined by the formula

v = 0(u). Then we have U = 0(1i(§)), ¥(S) # 0 and for some constant C' = C'(ker 6, ¢)
the following estimate holds

V(&) < Clu(€)] - [sin Z(¢(8), Wj)| = Clu(&)] - d,(%lfsmd’;(z’wj) < (6

<Ollpll - sup  dp(z, W)
zep(§)nNSd—1L

This is obvious if e is orthogonal to I¥; (we can take C' = 1). If not, we use the fact that two
functionals with the same kernel are proportional. Moreover, using the inclusion

¢(&) C span{p(V; \ {0})} = W;  Veev,nsn1,
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homogenity and Lipschitz continuity of a bundle, respectively, we obtain

sup  dp(z,W;) < sup  dp(z, (%)) = dem.e)(@(§), ¢(6)) =

z€p(E)NSI-1 z€p(£)NSI—1
d@(m,m( <‘§|> (50))N (%7&))

By taking & € V; N S™! such that dg» (%,&)) = dgn <

inequalities we finally get

V(6)] < dge (é—lg) ~ d (% v) 5.7

In coordinates & = (&1, &) € V; x V' let By be given by

By ={(&, &) |&] = 1, |&] < f(1&)}

where f(t) = log(1+t). Then R™\ By is a 2-Riesz set (see Example [3.33) and we can apply
Corollary Indeed, we will show that the inverse Fourier transform of a distribution
(V1p,) isin W~ for an arbitrary s > 0.

HE V;n s 1>, and using above

By the inequality we obtain

[ morieas <
By
/{1<|£1<oo} /{£2|<f 1e) <|§| ) €] dEadé,

< (n—2) (’é-ll)) 25
< /{K&Km}ﬂlill) (|£| ]2 e,

For an arbitrary v > 0, f(u) < C,u” when u > 1, so the last integral may be majorized,

up to a constant, by
[e.e]
/ |§1 |~m—2—2sd€1 — o / t'yn—l—Qsdt7
1§‘§1|<OO 1

which is finite for 7 < 22. Choosing such  we obtain ||(715,)”|lw-s2 < o0, so by Corol-
lary [3.37| we get v(S) = 0 which gives a contradiction. N

NG

Remark 3.38. The proof works if we assume Lipschitz continuity of ¢ at points from U;V; N
S™=1 only.

Remark 3.39. The structural assumption in Theorem 3.7 is, by a simple compactness argu-
ment, equivalent to the condition (1.3) discussed in the Introduction.
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3.3.3 Proof of Theorem 3.8

As we have seen in the proof of Theorem|[3.6] the homogenity condition gives us a possibil-
ity to relate geometry of singular sets with values of bundles measures. Proof of Theorem
which employs similar principles, is a consequence of the following qualitative refor-
mulation of Theorem 3 in [[69]:

Definition 3.40. For A C R", by N(A) we denote the set
{veR": ||v|]| =1, \,(II,(A)) = 0}.
Here \, stands for the 1-dimensional Lebesgue measure on span{v}.

Theorem 3.41. If¢ : R"\{0} — G(m, E) is a homogeneous bundle, Holder with an exponent
> 1, then for each pn € My(R", E) and an arbitrary Borel set A C R" we have

N(A) C ¢~ (u(A) = {u € R : [lull = 1, p(A) € ¢(u)}.

Note that it proves Conjecture [3.4| if we replace dimy by the lowest dimension of an
affine subspace on which a measure does not vanish. Next we sketch the proof for general

bundles.

Proof. (Sketch) Let A C R", u(A) = e, A(II,(A)) = 0 and assume that the thesis does not
hold, i.e. v ¢ ¢~*(e) for some v. We can choose a functional § € E* satisfying ¢(v) C ker 0
and 0(e) # 0. The rest of the proof goes similarly as in Theorem We replace V; by
span{v} and, by making a use of Holder continuity, we prove that i is square summable in

By. Instead of Corollary we invoke Corollary[3.34] O

To prove Theorem we will need a part of Besicovitch-Federer projection theorem
(see Theorem 18.1 in [57])):

Theorem 3.42. Let A C R" be a Borel set with H™(A) < oo, where m < n is an integer.
Then A is purely m-unrectifiable if and only if H™ (Il (A)) = 0 for almost allV € G(m,R")

(with respect to the natural measure on the Grassmannian).

Proof. (of Theorem|3.8) Suppose that ;i(F") # 0 for some F’ C F. Then, by Theorem [3.41]
N(F") C ¢ Y(u(F")). But, by Besicovitch-Federer theorem, N (F”) is a dense subset of
S™=1 50, by the continuity of the bundle,

[ (&) # {0}
£eR™\{0}

which gives a contradiction. O

Remark 3.43. Because in the proof of Corollary[3.37 we modified a measure by convolving it
with a Salem measure, analogous method does not give rectifiability in Theorem|3.7
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Remark 3.44. Theorems[3.7 and|[3.8 can be proved for more general class than homogeneous
bundles. For example, since addition of square-summable functions do not have any influence

on singular sets of measures, we may admit certain error in the sense of L? norm (cf. original
formulation of Theorem in [69]).

3.4 Connections with PDE-constrainted measures

In this section we show applications of our results to measures naturally arising in some
classical differential problems.
Example 3.45. If (D;f, D5 f, Dif) = u € M(R3,R®) for some natural number s and f €

L'(R?), then we have i(§) = (2mi)* (&1, &3, &5) £ (&), s0 ¢(£) = spanc{(£1,65,€3)} and E =
C3. Let us take

Vi = span{es, es}, Vo = span{ey, ez}, V3 = span{ey, ea}.

Then ¢(V; \ {0}) = V; @ C and N2, V; = {0}, so assumptions of Theorem|[3.7 are fulfilled.
In particular, we obtamed a purely Fourier analytic proof of dimension estimate for gradients
from BV (R3).

Example 3.46. (cf. [79]) Let V, W be some finitely dimensional vector spaces, n > 1 and
s € N. Suppose that A(D) is a homogeneous differential operator of order s on R" from V' to

W, that is
AD)u= > Au(0"u)
a€eN” |al=s

foru e C*(R™, V), where A, € L(V,W). We say that A(D) is canceling if
N A©M ={0},

£eR™M\{0}
where A (&) stands for the symbol of A. Assume that in the above dim V = 1 and for some
f € LY(R™) we have
AD)f =p (3.8)
in the sense of distributions. If A is elliptic (A(§) # 0 for £ # 0), then the measure yu is subor-

dinated to a nonconstant bundle ¢(£) = spanc{A(§)}. In this setting, canceling condition is
equivalent to non-constancy of ¢.

In the case of general bundles with values in G(m, E), the [-antisymmetry condition
can be formulated as follows: for each (I + 1)-dimensional subspace V. C R" there exist

&1y, & € VNS such that p(&1) N ... N @(&;) = {0}

Example 3.47. (Continuation of Example[3.46) Let us assume that A is as in Example[3.46
anddimV = m, i.e.
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and Ay (§), ..., A, (&) are linearly independent. Then the operator A satisfies the canceling
condition if and only if the bundle

¢(§) = spanc{Ai(£), .., A ()}
is (n — 1)-antisymmetric.
Example 3.48. ([5], Theorem 1.3., Corollary 1.4.) Suppose that for A(D) as before we have
AD)u=0

in the weak sense. If A(&) has constant rank, then any such measure belongs to the class given
by the bundle ¢(&) = ker{A(&)} and the empty [-wave cone condition from [5] reads as

() oW \{0}) ={0}. (3.9)

UEG(L,V)

In the mentioned paper it is proved, among other things, that under this assumption, any
such measure is at least [-dimensional. Hence, in this setting the constraint in Theorem|3.7 is
a particular case of the 2-wave cone condition. However, we do not require any connections
with differential operators or even smoothness of the bundle. In fact, our proof requires only
Lipschitz continuity of ¢ at points from U;V; N S"~L.

The next example contains even more concrete application of the above.

Example 3.49. (cf. [73]) Let 1 = (1, - .., i) € M(R", R™) be a divergence-free measure,
i.e. a measure satisfying the equation

div p =10 (3.10)
in the sense of distributions. Below we compute a bundle ¢ to which p is subordinated. By
taking the Fourier transform of (3.10) we obtain

§ufin + Eafia + -+ Eufitn = 0, (3.11)

hence (&, 1i)cn = 0. This shows that ¢(€) = (spanc{&})*. Obviously, we have a(¢) = 1, so
Theorem 3 from [69] and Theorem|[3.§ can be applied. In particular, dimg,(u) > 1.

Methods of this chapter can also be easily adapted to the study of the matrix-valued
measures.

Example 3.50. Let f = (f1,..., fa) € BV (R")? be a vector-valued function with bounded
variation. We have

feneen) [
VIO=1: =171 (3.12)
ol &l (2] e

Thus, V f is subordinated to the bundle given by the formula
¢(&) = spang{v - &' v e CU}.
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Example 3.51 (cf. [5], Subsection 3.2.). Suppose that f = (fi,...,fn) € BD(R") is a
function with bounded deformation, i.e. a function whose symmetrized gradient is a finite,
matrix-valued measure:

¢
w € M(R", R™™), (3.13)
By (3.12)), we have that this measure is subordinated to the bundle
v-§+ - vR{+ERY

¢(§) = spanc{ 5 v € C"} = spanc{ 5 cveC").  (3.14)

Below, forn = 3, we will show that assumptions of Theorem|[3.7 hold. From the formula (3.12),
the Fourier transform of the symmetrized gradient of f is the following 3 x 3 matrix:

= G fotéafi  Efstesh
§1f1 12221 1J3 3J1

_ N 2
§1f242-§2f1 &0 Fo §2f3-25-§3f2 _ (3.15)
Gfstésh  Eaofsteafo 7z
2 2 €3f3

Let us take for V; i = 1,2,3 the same spaces as in Example and define Wy o, Wy 3, W35 4
by

Wi ={(&1,6,8) € R®: & = &}, (3.16)
W2,3 - {(51752753) € RSZ 52 - 53}7 (317)
W371 = {(§1a€27€3) € ]R3: 53 = 51} (318)

We see that V = N3_,6(V; \ {0}) contains matrices with zeros on the diagonal. Moreover,
entries indexed with (i, j) and (j,1) of any matrix from

V(W ; \ {0}) must be equal to zero. Thus Vi, Vo, Vi, W12, Wa s, Wsy are the desired
2-dimensional subspaces.
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Chapter 4

Hausdorff dimension of measures with
arithmetically restricted spectrum

In this chapter we provide an estimate from below for the lower Hausdorff dimension of
measures on the unit circle based on the arithmetic properties of their spectra. We obtain
those bounds via adaptation of results from [7] for vector-valued martingales on g-regular
trees to a specific backwards martingale. To show the sharpness of our method, we im-
prove the best numerical lower bound known for the Hausdorft dimension of certain Riesz
products.

4.1 Preliminaries and motivation

The most common way to estimate the lower Hausdorff dimension of a measure using Har-
monic Analysis tools is the so-called energy method. It involves examination of the summa-
bility properties of the Fourier coefficients of a measure. In general, however, the energy
and Hausdorff dimensions may be different (see e.g. Proposition 3.4 in [37] or Chapter 13
n [57]). In this chapter, we investigate not only the size of the spectrum, but also its arith-
metic properties.

By T = R/Z we denote the circle group.

Definition 4.1. Let A C Z. We denote by M 4(T) the set of finite Borel measures satisfying
p(n) =0 foranyn € Z \ A.

Throughout this chapter ¢ is a fixed integer greater than 2. The symbol || means the
relation of exact division of integers. That is a” || b if and only if a"|b but a™*! } b. For any
B c{1,2,...,q— 1}, let us define

Cg={k¢":k€Z, k modqe B, n>0}U{0}.
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We denote the group of residues modulo ¢ by Z, and identify the set {0, 1,...,¢—1} with it
in the natural way. Our first result may be thought of as an uncertainty principle (see [52]).

Theorem 4.2. Let B C Z, \ {0} and let i € Mc,(T) be a finite non-negative measure. If
B C H \ {0} for some subgroup H C 7Z,, then

log | H |
logq -

Moreover, if the inclusion B C H \ {0} is proper, then the above inequality is strict in the
following sense: there exists 6 > 0 independent of |1 such that

log|H| |
log g
In particular, if B # Z, \ {0}, then dimy,(p1) > & for any non-negative j1 € Mc, (T).

dimyy (p) 2 1 —

dimyy(p) 2 1 -

This theorem is a corollary of more general Theorem below. The latter theorem
provides better bounds based on the arithmetic structure of the set B. In particular, it de-
livers simple numeric bounds for ¢ in Theorem However, Theorem [4.17| requires more
notation, so we leave its formulation for a while.

We confront our methods with the question about determining the dimension of Riesz
products. For convenience, let us focus on the class given by

o0

Hag = H (1 + acos(?qux)), (4.1)
k=0

where a € [—1, 1]. One of the most important advances in the mentioned problem is con-
tained in the seminal work [65] of Peyriére. In this paper, among other things, he proved
the identity

fol log(1 + acos(2mx))dp,

log q

We note that Peyriere considered Riesz products of more general type. Results of his work go
beyond Hausdorff dimension estimates and shed light on random nature of those measures.
Connections between random and deterministic measures were studied in a systematic way
by Fan (cf. [25],[29],[26]],[28]). In particular, in [28] he gave an approximation result using
probabilistic methods

dimy (pag) =1 — (4.2)

1

" Togg /log 1+ acos(2mz)) (1 + acos(27z)) dx)
0

8m2a
(¢ +3)?logq’
(4.3)

<

] dimi(jiag)

when |a| < cos(L TrHl)'

In contrast to the above, we are mainly interested in the case of (heuristically) the most
singular Riesz products, i.e when |a| is close or equal to 1. For |a| sufficiently close to 1 and
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sufficiently big ¢’s, we improve the best numerical lower bounds for dimgy(p, ) derived
directly from formula (by straithforward estimates of the integral from (4.2)) and those
obtained by potential-theoretic methods (see [37], Corollary 3.2. and [57], Corollary 13.4).
The following theorem is a corollary of the already mentioned Theorem [4.17] below.

Theorem 4.3. For any integer ¢ > 4 and a € [—1, 1], we have

_ 2541 2541
q—2 COS(J+ )™ COS(J+ )™

1
dmiglpo) > 1 (- i (1)
g (fa.0) 2 qlogq Z cos% ©8 cos%

Theorem 4.3 delivers bounds which may be thought of as extensions of (4.3).
Lemma 4.4. For any even q > 4, the following identity holds:

-2 cog 2itDr cog 2iFDr
(-t )ee (1- =) -
cos = cos =
7j=1 q q
qm
2 h 2z s
(1 —1log2)q+2log2+ — /log(c:082 z)sin — dz — qlogcos —. (4.4)
P q q
a7

3
Proposition 4.5. For any even integer ¢ > 4 and a € [—1, 1], we have

dimy (Na,q) >

qr
4

2 2 log cos *
— /log(0052 z) sin it dz) +—271.
qcos ™ q log q

1 —log?2 1
log q qlogq

1 (2log2+

vl

Proposition 4.6. For any integer ¢ > 4 and a € [—1, 1], we have

1—log2 4m+ ™ 1 1
dimy(pra,g) 21— Bk < _1>.

log q qlogq log q \ cos %

By virtue of the identity fol (14 cos 2mz) log(1+ cos2mz) de = 1 —log 2, when a = +1,
the above expressions agree with the bound that one would expect from up to asymp-
totically the most significant terms. In Proposition [4.5] the expression in the parentheses is
of order O( %) so in the case of even ¢ we have the same asymptotics as in also up to
lower order terms (see Remark [4.22).

We remark that the papers [9], [26]], [28]], [37], [47], [57], [65] treat the case of more
general Riesz products

e}

H(l + apcos(2mqrx)), {q}tr C Nyag € [-1,1],
k=0
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assuming various size or divisibility constraints on { gy } ;. In the most general case, the result
obtained by Hare and Roginskaya in [37] assumes that { ¢ }, is a dissociate and increasing
sequence of integers. It seems impossible to get any result without the assumption g |gy+1
by adapting methods from this chapter in a straightforward way. In [37] and [57] the
authors already relaxed this constraint. Moreover, in the case ¢, = ¢* and a; = a our
bounds are worse than most of those already known in the literature when the number a is

close to zero.

Our methods are quite different from that of [26], [28], [47], and [65]; the proofs pre-
sented here are self-contained. In particular, we do not use any sort of an ergodic theo-
rem. We adjust the methods for estimating the lower Hausdorft dimension of the so-called
Sobolev martingales from [7]. Those martingales are vector-valued. The reasoning sim-
plifies significantly in the present case of non-negative scalar measures. More specifically,
we will relate a backwards martingale of periodic functions to a measure 1 € M, (T) and
extract the estimate for dimy, (1) from the growth bounds for the corresponding martingale.

4.2 Transference of results from martingale spaces

We will be representing the points of T in the g-ary system. We denote by z(j) the j-th
digit of z € T, that is,

x:Z—j, z(j) € {0,1,2,...,q— 1},

with the convention that if there are two such representations, then we choose the finite
one.

4.2.1 Approximating trees and the backwards martingale

Before we give precise formulas for the martingale of periodizations, let us briefly discuss
our strategy.

Our purpose is to define, for any natural NV, a tree Ty that will be used to sample mea-
sures up to the scale ~ g N, Namely, the root of the tree will encode T, the set of leaves
will represent the arcs of length ~ ¢=%, and the intermediate vertices will correspond to
some periodic sets. This discretization procedure will allow us to obtain a bound for martin-
gale approximations of a given measure (Lemmaf4.19below), depending on certain space of
admissible martingale differences (which is computable in terms of Fourier coefficients, cf.
Lemma4.9below). The obtained inequality will allow us to use a Frostman-type Lemma 2.4
from [75]. Unfortunately, we cannot simply refer to that lemma, so we adjust its proof to
our case; in fact, the proof of Theorem[4.17] presented at the end of this section follows the
lines of the proof of the said lemma.
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Definition 4.7. Let us introduce the set
ayg={r € T:z(j) =0forj > N}

For any sequence (i1, . ..,i;) withk < N andi; € {0,1,...,q— 1} forj =1,2,... .k, we
also introduce the set

ANsivsig,vin =T € ang: (N —j+ 1) =1i; forallj =1,2,... k}.

The above sets will be the vertices of the tree Ty described in the forthcoming definition.
This tree will be regular (each parent has ¢ children) and moreover, the sons of a parent will
be enumerated by numbers from 0 to ¢ — 1.

Definition 4.8. We define the tree Ty according to the following rules:

1. the root of Ty is the set {an g},
2. the j-th child of the root is a5, here j = 0,...,q — 1,

3. the j-th child of the vertex corresponding to o, .. i
0,...,g—1.

ko1 IS QNG iy ,go here § =

For a vertex a, we denote its j-th child by «[j]. Let us call the set of vertices whose distance
from the root is exactly k by Ti, n, where 0 < k < N.

Note that Ty is a g-regular tree of heigth IV such that the elements of 7 y are g"N-
periodic subsets of T.

We recollect some basic facts about backwards martingales of periodic functions
(see [13] and [35]). Consider the discrete probability space (g, 2°¥:¢, vy ), where vy is
the uniform probability measure on oy y:

] 4
vN = q_N 2 5(1% (4.5)
Pick a function f € C''(T) and define
N—-k_1 .
fr(x) = qu_k Z f(x + q]\?—k>’ k=0,1...,N, z € ayy. (4.6)
=0

We restrict our attention to € ay g only, even though the previous formula makes sense
for arbitrary x € T. The function f is qg"—N- periodic, so, it is constant on each of the
sets corresponding to the vertices in 7; y. That means we can identify f; with a function
on 7 y. One may verify that the sequence fy, fi, ..., fy is a martingale with respect to the

36



filtration {o (7 ) }o_o Where o(T}, v) is the algebra of all "=

-periodic subsets of oy g.
Note that the elements of 7, y are the atoms of o (7 v).

We may express the f; in Fourier terms:

N k_l
27Tzl —)
fr(x E > £
= leZ
qN_kfl
2 2milx 1 627” NJ A
qN—k
€L 7=0

= > Jwemt, @)
qN k|l

for any x € ay (this relation also holds true for any € T). Hence, the k-th martingale
difference may be expressed as

dfe(z) = fe(x) = fr—a( Z F(1)erite

;T E any. (4.8)

We use the notation

RY = {(x0,...,741) €RY: ij_o}

=0
and identify vectors x € R? with functions on Z, in the natural way.

Lemma 4.9. For any a € T;,_1 n we have

(fs(al0)). dfi(al1]), .. dfilalg — 1] )

(Z F((m + ng)gh—F)eritminaa” k”EO)wm,

where ¢y € o and

. 2mimg q_l
wm;:(wmj)g_(l):: (6 q]>'_, 320717,q—1

Definition 4.10. By the Discrete Fourier transform on Z, (henceforth called Z,-Fourier
transform for convenience) we understand the linear operator on C¢ given by the matrix
1 2 p g—1

((_16 ! )m,n=0'

Remark 4.11. Vectors w,, are the rows of the inverse ¢ x q Fourier matrix (DFT matrix)
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Remark 4.12. In other words, the vector (dfy.(a[0]), dfx([1]), . .., dfr(alg—1])) is the inverse

Zg-Fourier transform of the vector (eg, €1, . .., e,—1) withey = 0 and
em = Z F((m + ng)gN—Fye2mitmtnad™Fro - 1 9 g — 1.
neZ

The above lemma is standard, see, e.g. [13]]. We provide its proof for completeness.

Proof of Lemmal4.9 Let us prove our formula for each coordinate individually. For any j,
7=0,1,...,qg — 1, we would like to show

q—1
. N — ri(mang)gN Fry  2Eimd
dfi(alf])) = DD F((m+ng)g"~F)emimtnae e,
m=1neZ

Note that this expression does not depend on xy € « since ¢V *(zy — ) € Z for any
other z; € a. On the other hand, we may use (4.8) by representing v € afj] as v =
To + qN—]—k-H’ where To € o

qg—1
dfg(x) = Y J0™ =3 f((m+ ng)g"F)erimtnaathe —

quk”l m=1 neZ
q—1 |
Z Z f((m + nq)qN—k)e27ri(m+nq)(zo+quk+l )quk _
m=1 neZ
F(m + ng)g—F) e2rilmimaa™ = a  Z52
m=1 n€Z

]

Definition 4.13. Let W be the linear subspace of R consisting of vectors d whose Z,-Fourier
transform vanishes outside B:

g—1 o
Wy = {d ERI:VYmEZNB Y i, = 0}.

J=0

Lemma 4.14. Let f € C'(T) be such that f dv € Mc,(T). For any a € Ty, we have the
inclusion

(s alo]), dfelal1]). ... dfi(alg = 1])) € W,

Proof. In view of Remark[4.12] e,,, = 0 for any m € B in the terminology of that remark,
provided f dx € Mc,(T). O
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4.2.2 A general dimension estimate

Consider an auxillary function x: R, — R defined by the rule

q

1

k(0) = sup {Qlog <— Z 11+ Uj|%> cv € WpgandVj wv; > —1}. (4.9)
q <

7j=1

Note that x is continuous and convex, and therefore, has the left derivative at 1. Indeed, by

the Holder’s inequality, for a fixed v € Wp, the function

6 0log (éiuﬂjﬁ) (4.10)
j=1

is convex, and so is k as a pointwise supremum of convex functions. Using this, we may
compute its left derivative:

Lemma 4.15. We have
q

1
k(1) = inf{ - - Z(l +v;)log(1+v;): ve WgandVj wv; > —1}, (4.11)

9“5

where the derivative means the left derivative.

Proof. Letus call S = {v € Wg: v; > —1} and for a fixed v € W denote £, the function
given by (4.10). It is easy to verify that the right-hand side of is equal to inf,cg x, (1)

and that x(1) = k,(1) = 0. By the convexity of x,, we have

Ko(0) — Ko(1) /
—o-1 <

where 6 € (0,1). Thus,
rO) = w(D) _ .o
M) <
g1 Sinimd)
and
/! < : /! .
R'(1) < inf (1)
Now we will prove the reverse inequality. In view of the fact that /(1) exists, for any ¢ > 0
we can find v. € S, such that for some 6 we have
0) — k(1
k(1) > % >k (1) — e

Indeed, the first inequality follows from convexity. To get the second, we replace x with
Ky, (for a suitable choice of v. we make arbitrarily small error), use the mean value theorem
and the fact that ] (0) tends to /(1) as @ — 1 uniformly with respect to parameters v € S.
This obviously gives

/ > : / .
w'(1) = inf k(1)
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The next lemma is simply a reformulation of the definition of «.

Lemma 4.16. For any a > 0 and any vector b = (b;); € Wpg such that b; > —a for
anyj =0,1,...,g— 1, we have

1 & z L
<—Z|a+bj|p) < ae”P).
q

j=1
Our main tool is the following principle established in [7] and adjusted to our case.
Theorem 4.17. For any finite non-negative measure |1 € Mc,(T), we have

R'(1)

dimy () > 1+ :
log ¢

Let {®xn}n>1 be a sequence of non-negative and smooth functions with the following

properties:
N

& on [—pv. il
Py(z) =< < ¢V on [—qu;_u quv%] \ [—Z%N, QQLN];
0 otherwise.

Observe that

1 1 1 1 1
u([x— 2q—N,x+ Qq_N]) < q—N<I>N>x<,u(x) < u([w— QqN_l,x—l— 2qN—1]) (4.12)

for any @ € T, in particular, for € ay. The inequalities establish a relationship
between metric measure structures on 7y and T. Henceforth, we will be using results
concerning the backwards martingale generated by the continuous function f = &y * p.
Note that f dx € Mc, (T) provided pn € M¢,(T).

Lemma 4.18. Consider the martingale { f.}_, generated by f = ®x * u via formula (4.6).
Ifu € M, (T), then

ra(p—1 (=1
11 2pn) < €M follyny < (g + 1)@ M|, (4.13)
We recall that vy is the counting measure defined in (4.5).

Proof. Let us prove the first inequality in (4.13). This inequality will follow provided we
justify the single step bound

e

1
I fellz,on) < )||fk71HLp(uN)
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for any £k = 1,2..., N. This inequality, in its turn, follows from even more localized ones:
for any o € Tj,_1 n, we have

(S1h@r) <o (S latr)

To prove this inequality, we note that since y > 0, the sequence { fy}; consists of non-
negative functions. What is more, f; = fr_1 + dfy and the vector

dfila = (dfe([0]), dfe(a[1]),. .. dfe(alg — 1))

lies in W5 by Lemma[4.14] So, the desired inequality is proved by application of Lemma
with a = fr_1(a) and b = df],.

To prove the second inequality in (4.13), we use that f, = qiN Y eeTy x ONFU(T) On g

1
[ follLpwa) = ~ > Dy xpr) <

2€TN,N
1 1
> (v~ gy o+ 5w ) < lat Dl
IETN,N
O
Lemma 4.19. For any any 3 < 1 + -2, there exists y such that
- Z f@) < (#C ™) |ul (4.14)

zeC

forany C' C ap.y, with the constant independent of N.

Proof. Let p € (1, 00) be a real to be chosen later. By Holder’s inequality and Lemma [4.18]
we obtain

B p=1
o~ Zf <Ml zpomlIxellz, ww) = I lywa (@ N #C)

zeC

w(p—1 _p—1 p—1 k(p—1 p—l(g_ — =1
IV (O) T ] = 0N DN (N O) T . (a15)

Hence (4.14) is true with v = p L when (P )q (D) < 1, that is if

-1
w(p™h) + (8 — )P~ logg <0.
This holds true when (5 — 1) log g < £’(1) and p is sufficiently close to 1. O]
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As we have already said, the reasoning presented below is very much similar to the
proof of Lemma 2.4 in [[75]).

Proof of Theorem[4.17, Assume the contrary: there exists a Borel set ' such that

/
1
dimy(F) < py < 1—1—M and p(F) = ¢ > 0.
logq

For each sufficiently small § > 0, there exists a covering C of F' by the arcs B(x;, ;) with
centers z; and radii r; such that 7, < d and ) _, riﬁl =cyg<oo.Forj=1,2... let

Cj = {B(l’lﬂ"l) € CI qij § T < qijil}.

Zriﬂl ~ Z C]_]ﬂl#Oj,
J

so, in particular, #C; < cp¢’™ for all j. By the pigeonhole principle, there exists N > log %

such that "
f(FAC U Blm)) = 55

B(xi,m)GCN

We have

Since any B(x;,r;) € Cy can be covered by at most ¢ + 1 arcs from the collection {z +

[—2(1#]\,, 2qLN] : « € Ty n}, there exists a covering

Cy C {x+ [—Q(ILN,%LN}:xGTN}
such that #Cy < #Cy and

#(Useey L) > H%y(Fﬂ( U Blm)).

B(zi,r;)ECN

Let us call Mid(C'y) the set of midpoints of arcs from Cy. For the previously obtained N,
we apply and Lemma [4.19| with 5 > (3, and obtain

6 c 1 —BN\7
AT S D<oy X @) S (#Ov g ™)l S

V(BL—B)N

.
G4

Hence we have N2¢=%" > ¢, > 0 for some positive constants c3, ¢4, independent of 6 and
N. On the other hand, we have N — oo when § — 0, which leads to a contradiction. [
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4.3 Proof of Theorem

Proof of Theorem[4.2 In view of Theorem[4.17] it suffices to show the inequality
£ (1) >~ log |H]

provided B C H\{0} and x’(1) > — log | H| in the case where the latter inclusion is proper.

We will show that )

n(—) <P 10g|H]| (4.16)
p

for any p € (1,00) and this inequality is strict if B # H. Until the end of the proof the

Fourier transform means the Fourier transform on Z,. The normalization is the same as in

the Definition [4.10]

Let v € Wp. Then, v is the Z,-Fourier transform of a vector supported on H, so v =
v Xy = |H| - v* xyi. Here, x4 stands for the characteristic function of a set A and by
H* we understand the annihilator of H, i.e.

HY={meZ,.es™ =1 VzeH}
It is easy to check that H is a subgroup of Z,, that Z,/H+ ~ H and that |H| - |H'| =
q. Hence, in the coordinates (h,h') € Z,/H+ x H' ~ Z, (here the isomorphism sign
means the natural bijection corresponding to the partition of Z, by cosets of H') we have
v(h,h') = v(h,0) for all (h,h') in Z,, i.e. v depends on the first coordinate only. We see
that each extremal point x of the set

{x e RS V(W) €Z, x(h ) =a(h,0); x(h, ) > —1} (4.17)

is characterized by the property that the function Z,/H* 3 h — x((h, 0) attains the value
|H| — 1 at some h and —1 at the remaining |H| — 1 elements. From this, the convexity of
the p-norm, and formula (4.9), we get

1 1 H+ -1
m(—) < —log <u|H|p> = p—log|H].
p p q p

This and the strict convexity of the L,-norm proves that (4.16) is strict provided the
inclusion B C H \ {0} is proper. In this case, x'(1) > —log|H| since the function & is
convex. ]

Remark 4.20. Theoremis not true if we consider all complex measures; the counterexample
isB={l}andpu= % WMo,
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4.4 Proof of Theorem

We will rely upon the simple observation that i, € Mc,, ,_, (T). So, our aim is to compute
the value x'(1) for the case B = {1, ¢ — 1}. In this case, any v € Wp is of the form

U = aw; + awy—1, forsome ac C.

The above gives

Wg = {c(cos (2%‘7 +go)>j;: ceRpe [—7‘(‘,71']}.

According to (4.11), we want to maximize a convex function

q—1
Ris>z— Z(l + ;) log(1 + ;)

j=0
over a convex region
C=Wpn{reRi:z;>-1, j=0,...,q—1}.

The function above is convex because t — tlogt is convex for positive reals. Thus, our
purpose is to maximize the quantity

[y

q—

2my 2my
(1—7008 <ﬂ+g0>)log (1—7003 (ﬂ—i—go)), (4.18)
0 q q
J
where v is chosen in such a way that all the summands are well-defined (the quantity we
compute the logarithm of is non-negative) and ¢ € [—5, Z] (by periodicity). The change of

sign inside summands is legal since we can replace ¢ with @+ 7. Without loss of generality,
we may assume that at least one of the summands vanishes (as this holds for extremal points
of —C). Since p € [—37 g] this leads to v = (cos @) L.

Therefore, the supremum of (4.18) equals

cos + ¢ Cos m%—(p
SUP Z( —))log <1——( g )> =
-5:3150 cos

2] 2] 27 2]
sup Z (1 — cos 1 + sin 2 tan gp) log (1 —cos + sin 2 tan (p). (4.19)
pe[-=, 2] % q 4q q q

q’q! j=0

Consider the function g:

—_

g(z) =) (aj+bjz)log(a; + bjz), =€ |[—tan z, tan E}
q q

=}

I
=)

J

where a; = 1 — cos 2” and b; = sin 2%
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Lemma 4.21. For any q > 3,

sup g(x) = g(tan Z)

L3 ™
z€[—tan o otan q] q

In particular, the supremum in (4.19) is attained at the endpoints since tan is a monotone

function on [—Z, Z].
q’4q

Proof of Lemma|4.21, Note that g is convex since the expressions a; + b;x are linear and
non-negative when x € [— tan 7 tan %], and the function ¢ — tlogt is convex on the
positive semi-axis. It remains to add that ¢ is symmetric. ]

Proof of Theorem[4.3 The result follows from Theorem[4.17)and the already proved formula

1 q—2 cog B+l cog &t
TV Y P o
w (1) q Z cos T o8 cos T (4:20)
J=1 q q
for the case B = {1,q — 1}. O

4.5 Proof of Proposition

Proof of Lemmal4.4 Consider the function f: R — R defined as follows:

fla) = (a—COSM> 1og‘a—cosM :

=0 q q

The sum on the left hand-side of is then equal to

flcos ) .

— — qlogcos —.
cos 7 q

The function f is absolutely continuous and
(i (25 4+ )
f'(a) =log H ‘a — oS8 JT‘ +q =log (2"1*2sz(@)> +q,
=0

where ¢ = 2p, by our assumptions, p € N, and 7}, is the Chebyshev polynomial of order p,
that is

T,(z) = cos(parccosx) = 2p_1ﬁ (x — Cos (@)), x € [-1,1].
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Note that by symmetry (here we heavily use that ¢ is even), f(0) = 0. Thus, since f is
an absolutely continuous function,

cos T
q

/ <log (2’q+2T5(a)) + q) da =

0
cos T

f(cos%) =

log cos?(p arccos a) da

[e=]

(1 —log2)q cosg + (2log 2) cos g +

log cos®(px) sinx dr =

»Q\:\\
B

(1 —log2)qcos Ty (2log2) cos Iy
q q

qr
4

2
/ log cos® z sin i
q

us

2

2
(1 —log2)qcos Ty (2log 2) cos — + =
q qa g

So, the sum on the left hand-side of equals
%

2z
/ log cos® zsin — dz — ¢log cos —.
q q

(1 —log2)q+2log2+
q cos

< 13

[ME]
L]

Proof of Proposition[4.5 Since ji,, € Mc,, ,_,,(T), Theorem says that
K1)
di ag) =1 )
imy(fia,q) + log ¢
[

Thus, it remains to combine this estimate with formula (4.20) and Lemma [4.4]

Remark 4.22. Proposition shows that in Theorem in the case of even q’s, our method
gives the same asymptotics as we would expect from (4.3). Indeed, the integral

an
4

SN )

2
/ log(cos2 z) sin st dz
q
g

is equal, up to an error of size O(%), to the integral

-
™ Jo

Wl

log(cos? z)dz = —2log 2,
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and thus it cancels with 2 log 2. To prove this, it suffices to observe that

-1 . (CESL;
T 2
sin <‘7—> : / log(cos® z) dz —

=1 q =

2
log(cos? z) sin 22z
q

<

[ SIS

S E] "\%‘f‘

(G+)=

a1
2 2 2

Z ‘log(COSQZ)HSin<—-j-z>—Sin—z‘dzg
T ¢ 2

and that the expression

T ) (jﬂ')
— sin | —
q q

2
/ sinz dx = 1.
0

4.6 Proof of Proposition 4.6

is a Riemann sum of

Proof of Proposition[4.6. In view of the identity

1 2

— (1 —cosx)log(l —cosx)dxr =1 —log?2,
2 Jo

we need to bound the expression below:

1 q—2 cos (2j+ 1) cos (2j+ 1) 1 o
—Z (1——2{) log (1——;1r - — (1 —cosx)log(l — cosx)dz| <
q “ cos = cos = 2m Jo
J=1 q q
1 q—2 COS (2j+1)7 COS (2j4+1)w
S| (i e
q 4 cos I cos I
j=1 q q
1= 2j +1 2j +1
15 q q
12 (25 + ) 2j+Dry 1 [*
- Z <1 —cos —) log <1 —cos —) - — / (1 —cosx)log(l—cosx)dx
44 q q 21 Jo
= I+1I
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Let us denote h(t) = (1 —t)log(1 —t), §, = —L=, and let us define the numbers m, ; and
M,,; by

2j +1 2j +1
mg; = min{cos M, g, cos %}
and 2j + 1 2j + 1
M,; = max{cos LT g o DT
q
By the mean value theorem, for some ©,; € [m,;, My;], 7 =1,...,q — 2, we have:
12 2j +1 2j +1
1= 25 n((cos (BEHTY) — (6, cos <M))’
1= q q
132 2j + 1
<) feos (BEUTY] e, )
q < q

q—2 11— 6, 2
<1 =0+ —) [log(1 = 0,,)| <
q ¢ =

q;%(u — 0| + 1 — 0, - ‘log (1 — fq cos (%))D

In the remaining part of calculations we will use the following three elementary inequalities:

22
1 —cosx < ER xr € R, (4.21)
2
sinz > —x, x €0, z], (4.22)
T 2
1
|zlogz| < -, x€][0,1]. (4.23)
e

The first one implies the following bound

1—cosZ

P
1= 64 = cos ” S <>2<<5>

On the other hand, by we get

<y
DO [—=
/N

3 2sinTsin2F g
1_9qCOS <—7T> =9 9 —.

3 2
q cos ¢ q
By combining the above estimates we obtain
2 16 21
Jgeq—1+(f> log —| < 6, —1+—-—.
q q 2e ¢
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Thus, it remains to prove that

II<4—7T.
q

This is a consequence of the following bound

d
d—(l —cosx)log(l —cosx)| = |sinz(1 + log(l — cosz))| < 2.
x

To prove the last inequality, we estimate sin x by one and 1 — cos x by e. O]

4.7 Further examples and comments

A more general form of the backwards martingale that we used appears also as an element
of the proof of the dimension estimate in [65]. In that paper, it is used to prove a version of
the pointwise ergodic theorem with respect to Riesz products.

The assumption of being a non-negative measure from Mp(T) implies the symmetry
of B. Theorems corresponding to the case when B is (strongly) antisymmetric were con-
sidered in [13]].

Remark 4.23. For a fixed g we can define 0, as the best constant such that the inequality
is true for any finite non-negative measure from Mc,(T) and B # Z, \ {0}. If q is small,
then the constant §, may be estimated by a direct computation of the extremal points of
span{wp tmep N{zr € RE: V) x; > —1},
for all possible choices of symmetric sets B # Z, \ {0}. Namely, for any choice of such B, the
function k'(1) can be bounded from below by the smallest value of
q

N 1 Z(l + ;) log(1 + ;)

9

on the set of all such extremal points.

For example, if ¢ = 4 then we may take B = {2} or B = {1,3}. In the
first case, the extremal points are £(1,—1,1,—1), while for the second choice they are
+(1,1,-1,-1),£(1, -1, —1,1). This gives 64 > 3.

An obvious converse of Theorem[4.2]says that singular measures have rich spectrum in
the arithmetical sense.

Corollary 4.24. Let i € M(T) be a non-negative finite measure such that
dlm’H(:u) < 5q>

where 0, is as in the above remark. Then for eachm € {1,...,q—1} there existsn € spec(u)
such that n has a divisor with residue m modulo q.
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4.8 Appendix: applications of an entropic uncertainty principle

The main result of this section is the following improvement of Theorem

Theorem 4.25. Let B C Z, \ {0} and let p € Mc,(T) be a finite non-negative measure.

Then
B log(#B + 1)

di >1
HﬂH(M) log q

The proof is an immediate consequence of Theorem [4.17] Lemma and the lemma
below. The symbols dh and dm stand for the probability Haar measure and the counting
measure on Zg, respectively. For convenience, we will be writing ||-||, := ||| Lr(z,.an)-

Lemma 4.26. Suppose that f € L*(Z,,dh) satisfies || f||; = 1 and f > 0. Then

~LS™ fm)tog £m) > —10s(# spec(£). (4.24)

We proceed as in [46]], but instead of differentiating the Hausdorff-Young inequality,
we differentiate, in a sense, the Young convolution inequality. Let us recall that the Dis-

crete Fourier transform on C? is the linear operator F' : C? — C9 given by the matrix

_2mi -1 ~ . . . .
(16 a m”)q _. and we denote by ~ the operator arising from F' via identification of C?
q m,n=0

with the space of complex-valued functions on the cyclic group Z,. With this normalization,
~: L*(Zy,dh) — L*(Z,, dm) is an isometry.

Proof. Denote A = spec(f). We have f: f lg,s0 f = fx Tz. By the Young convolution
inequality we have

[fllz = 11f * Lalla < [1F11 - l1alls = l1all

Moreover, by the Plancharel theorem,

ITallz = V#A.

Thus, by the Hélder inequality, for 1 < p < 2 we have
11l < LIRS,

where 1 1-6 ¢
— p —
— =t -=0=2 - —.
p [ T p
This implies that
p—1
[fll, < (#A4) » . (4.25)
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Let us define G(p) = log|| f||,- By we have

Glp)—GQA) _ Gp)
p—1 p—1

1
< - log #A7
p
hence
G (1) < log #A,

where G’, stands for the derivative from the right. On the other hand —G’ (1) is equal to
the left-hand side of (4.24), so the theorem follows. O

An immediate consequence of Theorem is the estimate of d,, defined in the Re-
mark

Corollary 4.27. For any q > 4 we have

log(q — 2
5,51 08l —2)
log q
In particular, if u € M*(T) and
log(q — 2
dimgy (p) < 1 — %)
0g4q
then for eachm € {1,...,q} there existsn € spec(u), such that n has a divisor with residue

m modulo q.
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Chapter 5

Microlocal approach to the Hausdorft
dimension of measures

In this chapter we study the dependence of geometric properties of Radon measures, such
as the Hausdorff dimension and rectifiability of singular sets, on the wave front set. We
prove our results by adapting the method of Brummelhuis to the non-analytic case. As an
application we obtain a general form of uncertainty principle for measures on the complex
sphere which subsumes certain classical results about pluriharmonic measures.

5.1 Preliminaries and motivation

The purpose of this chapter is to extend the programme of [11]] to the case of singular mea-
sures in a quantitative way. Namely, in the mentioned paper it is presented how to derive
analyticity of measures (in the sense of belonging to the local Hardy-Goldberg space) from
the knowledge about their wave front sets ([11]], Theorem 1.4.). This was obtained by trans-
lating properties of Riesz sets to the microlocal setting. The key point in our modification
is the replacement of this notion by the notion of s-Riesz sets. This operation yields the fol-
lowing uncertainty principle which expresses a duality between the size of the wave front
set and the Hausdorff dimension:

Definition 5.1. We say that a set I has a k—dimensional gap if there exists a k—dimensional
linear space V' C R"™ with a conic neighbourhood Ny such that

FNNy\B0,r)=0
for some ball B(0, ).

Theorem 5.2. Let i1 be a Radon measure on R™ such that WF (1) has a k—dimensional gap
at p—almost every x € R™. Then
dimy (@) > k. (5.1)
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Moreover, if a k—dimensional Borel set E C R™ satisfies H*(E) < +o00 and u(FE) # 0, then
there exists a k—rectifiable set £, C E such that |u|(E \ E,) = 0.

For the basic properties of rectifiable sets we refer the reader to Chapter 18 in [57]. The
second part of the theorem asserts about additional regularity of sets minimizing (5.1). The
above may be thought as a substitute of k-Riesz sets in non-Euclidean settings. In particular,
it has several consequences in the study of measures on the complex sphere. Fine properties
of such measures were studied, among others, in [3]], [17], [18], [19], [31]], [32]], [40], [44]
and [71] .

To state our results, we need to recall some basic notions from the Harmonic Analysis
on 5?"~1 = {z € C": |z| = 1} (see Chapter 12 in [72] for detailed informations about this
topic). In the considerations below we treat S*"~! as a (2n — 1)-dimensional submanifold
of R?" and the Hausdorff dimension is computed with respect to the Euclidean metric on
R?". As previously, we denote by M(S5?"~!) the set of finite, Borel regular measures on
S?n=1. By Z, we understand the set of non-negative integers, and for (p,q) € Z2 the
symbol H (p, q) stands for the space of restrictions to S?"~! of all harmonic homogeneous
polynomials in C" which are of degree p in z1, ..., z, and of degree ¢ in z1, ..., Z,. Those
spaces form an orthogonal decomposition L*(S*"~!, o) = D, .o H(p, q), where o is the
(2n — 1)-dimensional Hausdorff measure on S?"~'. We call 7, , : L*(S*""!,0) — H(p,q)
the orthogonal projection onto H(p, ¢). This transformation is given by the reproducing
kernel K, , (see [3]], p. 118 for the explicit formula) and can be continued to the space of
finite measures. This leads to the below definition of spectrum (which will be used by us
until the end of the chapter):

Definition 5.3. For any i € M(S?"™!) we define

spec(n) = { (1,0) € Z3: mpqpu(z) = | Kpq(zw)dpu(w) £ 0},

S2n—1

Theorem [5.2) applies to this setting as follows:
Definition 5.4. For E C 5" ! we write T- E := {e"2: z € F andt € |0, 27]}.

Definition 5.5. Forany 0 < € < 1 we denote

Kk(e) := {(x,y) € (0,+00)*: 1 —e< % < 1ie}'

Theorem 5.6. Let 1 € M(S*"™1) be a measure such that spec(u) N k(€) is finite or empty
for some 0 < € < 1. Then p satisfies the following regularity property:

u|(T-E) =0 if H*"*(E) =0. (5.2)

Moreover, if i(E) # 0 for some (2n — 2)-dimensional Borel set E C S*"~! such that
H?""2(E) < +o00, then there exists a (2n — 2)-rectifiable set E, C E such that |u|(E\ E,) =
0.
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Corollary 5.7. For any i € M(S?"1) satisfying the assumptions ofTheorem we have
dimy () = 2n — 2.

In comparison with Theorem 2.1. in [11]], the above says that, even after dropping the
assumption about strong antisymmetry of spectrum, we can still maintain high regularity
under relatively weak Fourier constraints. Natural examples of measures that satisfy them
are the so-called pluriharmonic measures . They correspond to the case when the spectrum
lies in the sum of horizontal and vertical ray, i.e.

spec(u) C{(p,0): p € Z1}U{(0,9): ¢ € Z4}

(cf. also Example in the last section of this chapter). For this case, property was
proved in full generailty by Aleksandrov ([3], Theorem 3.1.2.), and by Forelli under addi-
tional assumption about positivity ([31]], Corollary 1.11.). Let us point out that, by Propo-
sition 3.3.1. in [3]], positive pluriharmonic measures must vanish on (2n — 2)-dimensional
C' submanifolds of S?"~!. This and Theorem 5.6 imply

Corollary 5.8. If yu is a positive pluriharmonic measure, then u(E) = 0 for any (2n — 2)-
dimensional set E such that H*"2(E) < +oo.

5.2 More on properties of s-Riesz sets

In this section we list several theorems that we microlocalize in further steps.

Theorem 5.9. Let V' C R" be a k—dimensional subspace, o, f € (0, +00) and let Sy, 5 be
the complement of the set

{(&.&) eV x V4] 2 a, |&] < Bl&l}

Then Sy, is a k—Riesz set.

This is a direct consequence of Theorem 1 in [69] and is sufficient for proving and
Corollary[5.7} However, for our other purposes we need also a slightly stronger form which
also follows from the methods applied in [69]. We enclose its proof for completeness.

Theorem 5.10. Let V, «, 8 be as in Theorem[5.9 If n € M(R") satisfies supp(f1) C Sv,a,6,
then
Hiy(v(E) =0 = |ul(E) = 0. (5.3)

Proof. Denote by 7(p) = (Ily ), the pushforward of 1 by ITy, that is the measure satisfying
m(u)(A) = p(A x V+) for A C V. For a € R" let us define 7,1 by the formula d 7, =
e~ d . For € = (¢/,0), t = (¢,0) € V x V! we have

T (rap) (&) = / &2 () (1) = / e 2 d 7 ou(s) = AE + a).

\74 n
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Since Sy N (V + a) is a bounded set, it is also a Riesz set (folklore, see Example
in Chapter 3), which implies absolute continuity of 7(7,u) with respect to the Lebesgue
measure on V. In particular, for £’ = Ty (E) such that #} (E') = 0 we get

To(E' x V) = w(r,u)(E") = 0.
Thus, for any a € R”

i gy (@) = / 20 dy(s) = rup(E x V) = 0,
E'xVL

and finally /1| z/ .. = 0 by the uniqueness theorem. [

Proof. (of Theorem cf. also [34]) The same as above: in the previous reasoning we
replace boundednes of a slice Sy 5N (V + @) with the property that AN (V' +a) is a Riesz
set. [

With a little help of the Besicovitch-Federer projection theorem ([57], Theorem 18.1) we
can adjust the above for dealing with rectifiability of singular sets.

Theorem 5.11. Let n € M(IR™) be as in the previous theorem. Then, for any k—dimensional
Borel set E such that H*(E) < +oc and u(E) # 0 there exists a k-rectifiable set E, C E
such that |u|(E \ E,) = 0.

Proof. Let us begin with an observation that, for k—dimensional vector spaces
W € G(k,R™), satistying the formula

Va € R" SyapN (W +a) is abounded set (5.4)

is an open condition in the natural topology on the Grassmannian G(k, R™). Thus, the same
proof as in Theorem gives even stronger statement: There exists Oy C G(k,R"), a
neighbourhood of V' of positive Haar measure, such that

MYy (Mw(F) =0 = |u|(F)=0 (5.5)
is true for W € Oy and any p satisfying supp(p) C Svq -

By Theorem 18.1. in [57] we can decompose &Y = E, U E, into disjoint sum of k-
rectifiable and k—unrectifiable set. It suffies to apply the Besicovitch-Federer projection
theorem and to obtain |u|(E,) = 0. O

5.3 Basic notions and facts from Microlocal Analysis

For the convenience of the reader we recall some basic facts from Microlocal Analysis. Let
us start from the definition of the wave front set (see Chapter 8 in [43] or [77]).
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If v € &'(R"), then we define ¥ (v) as the set of those £ € R" \ {0}, for which there is
no conic neighbourhood C' such that

Vnvendeyso [P(€)] < On(L+ (€)™Y forg € C. (5.6)

For an arbitrary v € D'(R") we define

WF,(v) = (| {Z(ev): ¢ € C(R™), d(x) £ 0}. (57)
¢

A very important property of WE', is the following: for any set V' C R"™ which is a conic
neighbourhood of WF,(v), there exists a neighbourhood of x, say U, such that

WF,(v) C X(¢v) C V' forany ¢ € C°(U,), ¢(z) # 0. (5.8)

This object can be also introduced for distributions on manifolds, namely by the follow-
ing definition of a pullback: If ®: M — N is a C*°~diffeomorphism between manifolds M
and N, then W, of the pullback ®*v is described by

WF,(®*v) = {D®"(x)n: n € WFa((v)}. (5.9)

Definition 5.12. For any distribution v € D'(M ) on a manifold M, we define the wave front
set of v by
WF(v) = {(,€) € T"M\ {0} : € € WF, (1)},

where WF () is defined locally, by the above formula for a pullback, with local maps taken
for ®.

Now let us briefly discuss the notions of pseudodifferential operator and its principal
symbol.

Definition 5.13. Let 2 C R" be an open set and S C C>®(Q) x R™) be some set of func-
tions. We say that the operator p(x, D) : D(Q2) — C°(R") is a pseudodifferential operator
belonging to the class OPS if and only if

~

ple, D) f(x) = / P, ) F (€)= de

for some p(x,€) € S.

The set S from the definition above is called a symbol class. The most frequently used
are the following:

« Let 2 C R" be an open set, m € Rand 0 < p,d < 1. We call 57, (©2) the set of those
p(z, &) € C(Q x R™) for which the following property holds: for each compact set
K C  and all multi-indices «, /3 there exists a constant C' = C(K, «, /) such that

Vocogern  [D7DEp(x,€)] < O(1 + [g])m Aot
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« The set S7(€2) is often denoted by S™(€2).
« We denote S7}(€2) the class of functions p(z, &) € S™(€2) for which there exist
Pm—j(z,§) € CC(QxR") 7=0,1,... (5.10)
such that

Pm—j(@, 7€) =" Ipy_j(2,&)  for [£|,r =1
and

N
YN0 p@,&) =Y pmj(x,§) € 57 NH(Q).
7=0

The last relation is usually denoted
p(,8) ~ Y pj(,€)
Jj=0

and elements of S7}'((2) are called classical (or polyhomogeneous) symbols.

If a pseudodifferential operator 7" belongs to any of sets given by the above symbol classes,
then we refer to the index m as the order of 7.

Definition 5.14. Let (2 C R" be an open set and p(x, D) € OPS]'5(€2). We call a principal

symbol of p(z, D) any member of equivalence class of p(z, ) in 2}5((2)/5;?(;(2’)_1)(9). We
denote any fixed representative of this class by o(p).

For example, if p(x, D) is a differential operator on R" of order m

olel
p(l’,D) = E aa(x)axalaxag axan7
1 2 DY n

|a|l<m

then for its principal symbol we can take

o(p(z, D))(w, &) = (2mi)™ Y aq(w)e™.

|a|=m

Pseudodifferential operators can be defined on manifolds, by the use of local maps (see
[77] Chapter II or [42] Chapter XVIII), which leads to the definition of a symbol as a function
on the cotangent bundle. In particular, if (}/, ¢) is a Riemannian manifold then the principal
symbol of the Laplace-Beltrami operator is equal to o(Ay)(x,£) = —c[|¢]|% for some ¢ > 0
depending on the normalization of the Fourier transform (we identify tangent and cotangent

bundle by g).

Definition 5.15. Let T be a pseudodifferential operator of order m on a manifold M, with a
principal symbol o (T')(z,£) homogeneous in £ in the sense that

o(T)(x,rl) = r"o(T)(z,§) for [¢],r>1.
Then we define the characteristic set of I" by
Char(T) ={(z,§) €e T"M: o(T)(x, &) = 0}.
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5.4 Proofs

Proof. (of Theorem Let us begin with proving the dimension bound. We may assume
that our measure has a k-dimensional gap at every x. By the property and the as-
sumptions we have that for each x € R" there exists a neighbourhood U, such that
Y(op) C Sv(a)a(z),8(x) for some k—dimensional space V' (z), some a(x), 5(x) € (0, +00),
and any ¢ € C°(U,) such that ¢(z) # 0. Let us fix ¢. After slight change of a(z) and
B(x), if needed, we can construct a function n € C*°(R") such that

0 onX )
n(€) = r(LW)
1 onR"™\ Sv(x),a(x),ﬁ(ﬂf)'

From this and (5.6) we obtain that f(x) = (n - @)VE S(R™) and the measure ¢y — fdx
satisfies the assumptions of Theorem Since modifications of measures by absolutely
continuous ones do not have any influence on singular sets, we get that

V.3 a neighbourhood U, s.t. dimy(¢u) >k for ¢ € C°(U,), ¢(x) # 0. (5.11)

Suppose by contradiction that there exists F' such that dimy F' < k and u(F) # 0. By
the regularity of i, we may assume that F' is compact, which provides the existence of a
finite cover F' C UNU,, with sets U,, satisfying (5.11). Let {¢;}}_, be a smooth partition
of unity inscribed in {U,, })*,. We have

p(F) = 3" dinlF) =0,

which gives the first part of the theorem. To get the rectifiability part we simply replace the
use of Theorem [5.9|by Theorem in the reasoning above. O

Before proving Theorem [5.2] let us remark that, since diffeomorphisms are locally bi-
Lipschitz, we can obtain full information about dimension and rectifiability of ; from the
knowledge about pushforward measures ®, yi, provided that we have sufficiently many good
maps ®: S?"~! — R?"~! Having in mind Theorem and the fact that the action of T
defines a foliation of S?"~!, we can construct maps tailored to the proof of Theorem

Recall ([3], Subsection 1.4.) that the (real) tangent space 7.5?" ! can be decomposed
into an orthogonal sum 7°S*"~! @ Riz, where

TES™ !t = {6 € C": (£ 2)cn = 0}

We introduce coordinates (&1, &) € TES?" 1 x R 2 T,.5?" ! accordingly to this splitting:
§ =& + &z
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Lemma 5.16. Suppose that ®: S*"~! — R" is a smooth diffeomorphism and i € M(S**~1).
Let v; = @, (understood as a pushforward measure) and vy = (®~')* 1 (understood as a

pullback of a distribution). Then v, and vy are mutually absolutely continuous and WF (1) =
WF(VQ).

Proof. 1t follows from the formula d v, = | det D®|d 1. O

Lemma 5.17. Suppose that E C S*"~! satisfiesH*"~2(E) = 0. Then, foranyu € M(S?"1)
and zy € S*"~ there exists an open neighbourhood U, C S*"~* and a smooth diffeomorphism
¢: U, — UCT,S> ', such that

1. ®(z9) = 0 and WFy(P.p) = WF,, (1),
2. H Ay ®(T- ENU,,)) =0 forV =T:S* 1

Proof. Let v : S*~1 N B(z,€) — T,,5**! be the orthogonal projection onto T,,5%" .
Here we choose small € so that 1) was a bi-Lipschitz diffeomorphism. As we have already
mentioned, since T acts on S?"~! (freely) by multiplication, S?"~! is foliated by leaves of the
form {€"{}1ep0,24] (see Theorem 11.3.9. in [12]]). Thus, im ¢ is foliated by leaves {1(e"€)}.

Let us define a function v on im 1) so that p = (£1,&) € imvy C T,,5?"! is mapped
to a point (&1, &), where (1, 0) is the intersection point of the leaf {1/(¢?€)} containing
p with TZ(% 527~ If € is small enough, then ~ is well defined as the leaves of foliation are
transversal to T;%Szn_l near 0. Moreover, 7 is a diffeomorphism and & = ~ o ¢ is the
desired map. Indeed, point (2) is satisfied because ® and Iy are Lipschitz. To prove (1),
let us observe that Di)(zy) = Id (since Di"*(0) = Id) and Dv(0) = Id, as we have
%7(0) = (0,1) and Vg s2n-1 = Idjge g2n-1. It remains to use the previous lemma and

(5.9). O

Proof. (of Theorem 5.6) We essentially follow the steps of the proof of Theorem 2.1. in [11].
Our aim is to show that at each point z, WF, (1) has a (2n — 2)-dimensional gap given
by T€S5?"~1, We consider S?"~! with Euclidean metric inherited from R?*" and we identify
T 5?1 with T*5%"~1 using this metric. Take two commuting, first order pseudodifferential

operators
f(z) = . df( . )
11 z Zd— ez

t t=0
and

Ty =+\/—Agon1 + (n—1)2Id — (n — 1)Id.

The symbol Agzn-1 stands for the spherical Laplacian. The eigenspaces of Agzn—1 are
H(j) = @p+q:j H (p, q) and the corresponding eigenvalues \; = —j(j+ 2n —2). Principal
symbols of 77 and 75 are

o(T1)(2, &, 6) = &
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and
o(T2)(2, 61, &) = e/ [&|* + |&f?

for some constant c. The space H(p, q) can be described as the common eigenspace of T3
and T, with eigenvalues p — q and p + ¢, respectively. Let Y € C°°(R?) be any function
having the following properties:

1. x(z,y) is 0-~homogeneous on x(€),

x(z,y) # 0 on k(e),
3. x(x,y) = 0 outside x(¢) U B(0, ), for some small 6.

N

By the functional calculus from [76]] (cf. also [77], Chapter 12), the operator
T — <T1+T2 TQ_T1>
3= X 9 ) 9 )
defined by the spectral theorem is equal to a 0-th order pseudo-differential operator with
principal symbol

o(T) (2, 61, &) = X(C (1§ ‘|'2|§2|2 +§2, cy/ & +2\§2|2 — 52)_ (5.12)
Moreover, by the assumptions we have
Top =Y X(p, @)Tpgi € C(S™7). (5.13)
p,q=>0
Theorem 18.1.28 from [42] says that
WF () € WF(Tsu) U Char(T3). (5.14)

From this and (5.13) we obtain that WF(p) is contained in Char(T3), i.e. the set of (z,£) €
T+*5%=1\ {0} such that
o(T3)(z,61,8) = 0. (5.15)

It suffices then to show that
Char(Tg)(z, ) C STéC(SQn—l)’aﬁ

for parameters «, 5 depending on € only. Suppose by contradiction that there exists a se-
quence £ = én) + Zzén) € Char(T3)(z, -) such that |§§n)| < Bn\ﬁln)| with (3, | 0. This
means that

R s

Tp o n n n
A IEPR + €2 + 7
asn — +oo and x(%, %) = 0. This cannot hold by the definition of x.

—1

To finish the proof, it remains to use Lemma in combination with Theorem [5.10}
Theorem and an argument analogous to the covering argument from the proof of The-
orem[5.2] O
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Proof. (of Corollary By Theorem we may assume that F is rectifiable. Whitney
extension theorem ([30], Theorem 3.1.16.) says that F is contained in a countable union
of (2n — 2)-dimensional C''-submanifolds, thus in view of Proposition 3.3.1. from [3] we
have u(E) = 0. N

5.5 Examples

Example 5.18. Let ;1 € M(R™) be the uniform Hausdorff measure on a smooth k—dimensional
manifold M. Then, at each x € M, WF,(u) has a k-dimensional gap given by the tangent
space.

Example 5.19. (cf. [10], p. 140) For any & € S*"~!, the one-dimensional Hausdorff measure
on the set T-{} has its spectrum inside {(p, p): p € Z. }. Thus, in Theorem|5.4 the semi-axis
{(z,z) : x € (0,+00)} cannot be replaced by any other one.

Example 5.20. Our results can be applied to the study of the so-called d—pluriharmonic mea-
sures, introduced in [17]. They are those measures from M (S?"~1), whose spectrum lies inside

{(p,q) GZ%FI (p—d)(g—d)=0and p,q > d}.

In particular, the above class contains the classical pluriharmonic measures as 0—pluriharmonic
measures.

We would like to finish the chapter by leaving the following open problem:

Question 5.21. Is the dimension bound from Corollary[5.7 sharp?

61



62



Index

Aleksandrov-Forelli theorem, 54

Besicovitch-Federer theorem, 10
bundle measure, 12

canceling operator, 29
characteristic set of a pseudodifferential
operator, 57

d-pluriharmonic measure, 61
Discrete Fourier transform, 37
divergence-free measure, 30

energy (Sobolev) dimension, 7
energy formula, 8

F. and M. Riesz theorem, 1

Fourier dimension, 8

function with bounded deformation, 31
function with bounded variation, 30

Hausdorff dimension of a measure, 7
Hausdorff dimension of a set, 7
Hausdorff measure, 6

Janson’s theorem, 3

63

lower Hausdorff dimension of a measure,
2,7

pluriharmonic measure, 54, 61
principal symbol, 57

pseudodifferential operator, 56
purely unrectifiable set, 10, 17

rectifiable dimension, 14
rectifiable measure, 17
rectifiable set, 10, 17
Riesz product, 33

Riesz set, 1

s-Riesz set, 2
Salem set, 8

tangent measure, 18

Uchiyama’s theorem, 2
upper Hausdorft dimension of a measure,
7

vague convergence, 17

wave front set, 55



Bibliography

[1]

(6]

[7]

8]

[9]

[10]

[11]

[12]

G. Alberti. Rank one property for derivatives of functions with bounded variation.
Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 123(2):239-274,
1993.

G. Alberti, M. Csornyei, A. Pelczynski, and D. Preiss. BV has the bounded approxima-
tion property. J. Geom. Anal., 15(1):1-7, 2005.

A.B. Aleksandrov. Function theory in the ball. In Several complex variables II. Function
theory in classical domains. Complex potential theory. Transl. from the Russian by P.M.
Gauthier and J.R. King, page 1. Berlin: Springer-Verlag, 1985.

L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free Discon-
tinuity Problems. Oxford Science Publications. Clarendon Press, 2000.

A. Arroyo-Rabasa, G. De Philippis, J. Hirsch, and F. Rindler. Dimensional estimates
and rectifiability for measures satisfying linear PDE constraints. Geom. Funct. Anal.,
29(3):639-658, 2019.

R. Ayoush. Singularne wlasnosci uogolnionych miar gradientowych. Master’s Thesis.
University of Warsaw, 2016.

R. Ayoush, D. Stolyarov, and M. Wojciechowski. Sobolev martingales. to appear in Rev.
Mat. Iberoam.

C. Bluhm. On a theorem of Kaufman: Cantor-type construction of linear fractal Salem
sets. Ark. Mat., 36(2):307-316, 1998.

G. Brown, W. Moran, and C. E. M. Pearce. Riesz products, Hausdorff dimension and
normal numbers. Math. Proc. Camb. Philos. Soc., 101:529-540, 1987.

R. G. M. Brummelhuis. An F. and M. Riesz theorem for bounded symmetric domains.
Ann. Inst. Fourier, 37(2):139-150, 1987.

R. G. M. Brummelhuis. A microlocal F. and M. Riesz theorem with applications. Rev.
Mat. Iberoam., 5(1-2):21-36, 1989.

A. Candel and L. Conlon. Foliations I Number t. 1 in Foliations I. American Mathe-
matical Society, 2000.

[13] J.-A. Chao and S. Janson. A note on H' g-martingales. Pac. j. Math., 97:307-317, 1981.

64



[14] C. De Lellis. Rectifiable Sets, Densities and Tangent Measures. Zurich lectures in ad-
vanced mathematics. European Mathematical Society, 2008.

[15] G. De Philippis and F. Rindler. On the structure of .A-free measures and applications.
Ann. Math. (2), 184(3):1017-1039, 2016.

[16] R. Doss. Elementary proof of the Rudin-Carleson and the F. and M. Riesz theorems.
Proc. Am. Math. Soc., 82:599-602, 1981.

[17] E. Doubtsov. Henkin measures, Riesz products and singular sets. Ann. Inst. Fourier,
48(3):699-728, 1998.

[18] E. Doubtsov. Singular measures with small H (p, ¢)-projections. Ark. Mat., 36(2):355-
361, 1998.

[19] E. Doubtsov. An F. and M. Riesz theorem on the complex sphere. J. Fourier Anal. Appl.,
12(3):225-231, 2006.

[20] P.L. Duren. Theory of Hp Spaces. Dover books on mathematics. Dover Publications,
2000.

[21] F.Ekstrom, T. Persson, and J. Schmeling. On the Fourier dimension and a modification.
7. Fractal Geom., 2(3):309-337, 2015.

[22] K. Falconer. Techniques in Fractal Geometry. Wiley, 1997.
[23] K.Falconer. Fractal Geometry: Mathematical Foundations and Applications. Wiley, 2007.

[24] K. ]. Falconer, J. M. Fraser, and A. Kdenméaki. Minkowski dimension for measures.
https://arxiv.org/abs/2001.07055, 2020.

[25] A. H. Fan. Décompositions de mesures et recouvrements aléatoires. PhD Thesis. Orsay,
1989.

[26] A.H.Fan. Quelques propriétés des produits de Riesz. Bull. Sci. Math., II. Sér., 117(4):421-
439, 1993.

[27] A.H. Fan. Sur les dimensions de mesures. Stud. Math., 111(1):1-17, 1994.

[28] A. H. Fan. Une formule approximative de dimension pour certains produits de Riesz.
Monatsh. Math., 118(1-2):83-89, 1994.

[29] A. H. Fan. Multifractal analysis of infinite products. 7. Stat. Phys., 86(5-6):1313-1336,
1997.

[30] H. Federer. Geometric measure theory. Grundlehren der mathematischen Wis-
senschaften. Springer, 1969.

[31] F. Forelli. Measures whose Poisson integrals are pluriharmonic. IIl. J. Math., 18:373-
388, 1974.

[32] F.Forelli. Measures whose Poisson integrals are pluriharmonic. IL. Ill. . Math., 19:584-
592, 1975.

65



[33] J. Fraser and D. Howroyd. On the upper regularity dimensions of measures. Indiana
Univ. Math. 7., 69(2):685-712, 2020.

[34] L Glicksberg. Extensions of the F. and M. Riesz theorem. }. Funct. Anal., 5:125-136,
1970.

[35] R. F. Gundy and N. Th. Varopoulos. A martingale that occurs in harmonic analysis.
Ark. Mat., 14:179-187, 1976.

[36] K. Hambrook. Explicit Salem sets in R2. Adv. Math., 311:634-648, 2017.

[37] K. E. Hare and M. Roginskaya. A Fourier series formula for energy of measures with
applications to Riesz products. Proc. Am. Math. Soc., 131(1):165-174, 2003.

[38] K.E.Hare and M. Roginskaya. Energy of measures on compact Riemannian manifolds.
Stud. Math., 159(2):291-314, 2003.

[39] K. E. Hare and M. Roginskaya. The energy of signed measures. Proc. Am. Math. Soc.,
132(2):397-406, 2004.

[40] K. E. Hare and Maria Roginskaya. Multipliers of spherical harmonics and energy of
measures on the sphere. Ark. Mat., 41(2):281-294, 2003.

[41] K. E. Hare and S. Troscheit. Lower assouad dimension of measures and regularity.
Mathematical Proceedings of the Cambridge Philosophical Society, page 1-37, 2019.

[42] L. Hormander. The Analysis of Linear Partial Differential Operators III: Pseudo-
Differential Operators. Grundlehren der mathematischen Wissenschaften. Springer
Berlin Heidelberg, 1994.

[43] L. Hormander. The Analysis of Linear Partial Differential Operators I: Distribution The-
ory and Fourier Analysis. Classics in Mathematics. Springer Berlin Heidelberg, 2015.

[44] P. Jaming and M. Roginskaya. Boundary behaviour of M-harmonic functions and
non-isotropic Hausdorff measure. Monatsh. Math., 134(3):217-226, 2002.

[45] S.Janson. Characterizations of H' by singular integral transforms on martingales and
R". Math. Scand., 41:140-152, 1977.

[46] L I jun. Hirschman. A note on entropy. Am. . Math., 79:152-156, 1957.

[47] J.-P.  Kahane. Jacques  peyriere et les produits de riesz.
https://arxiv.org/pdf/1003.4600.pdf, 2009.

(48] J.P. Kahane. Some Random Series of Functions. Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, 1985.

[49] N. Katz and T. Tao. Recent progress on the Kakeya conjecture. Publ. Mat., Barc.,
2002:161-179, 2002.

[50] Y.Katznelson. An Introduction to Harmonic Analysis. Cambridge Mathematical Library.
Cambridge University Press, 2004.

66



[51]

[52]

[53]

[54]

[55]

R. Kaufman. On the theorem of Jarnik and Besicovitch. Acta Arith., 39:265-267, 1981.

V. P. Khavin and B. Joricke. The uncertainty principle in harmonic analysis. In Kom-
mutativnyj garmonicheskij analiz - 3, pages 181-260. Moskva: Vsesoyuznyj Institut
Nauchnoj i Tekhnicheskoj Informatsii, 1991.

T. W. Korner. Hausdorff and Fourier dimension. Stud. Math., 206(1):37-50, 2011.

G. Kozma and A. Olevskii. Singular distributions, dimension of support, and symmetry
of Fourier transform. Ann. Inst. Fourier, 63(4):1205-1226, 2013.

I. Laba and M. Pramanik. Arithmetic progressions in sets of fractional dimension.
Geom. Funct. Anal., 19(2):429-456, 2009.

[56] J. M. Marstrand. Some fundamental geometrical properties of plane sets of fractional

[57]

[58]

dimensions. Proc. Lond. Math. Soc. (3), 4:257-302, 1954.

P. Mattila. Geometry of Sets and Measures in Euclidean Spaces: Fractals and Rectifiability.
Cambridge Studies in Advanced Mathematics. Cambridge University Press, 1999.

P. Mattila. Fourier Analysis and Hausdorff Dimension. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, 2015.

P. Mattila, M. Moran, and J.-M. Rey. Dimension of a measure. Stud. Math., 142(3):219—
233, 2000.

Y. Meyer. Spectres des mesures et mesures absolutement continues. Stud. Math., 30:87-
99, 1968.

B. K. @ksendal. A short proof of the F. and M. Riesz theorem. Proc. Am. Math. Soc.,
30:204, 1971.

T. O’Neil. A measure with a large set of tangent measures. Proc. Am. Math. Soc.,
123(7):2217-2220, 1995.

A. Pelczynski. Banach Spaces of Analytic Functions and Absolutely Summing Opera-
tors. Number nr 30 in Banach spaces of analytic functions and absolutely summing
operators. Conference Board of the Mathematical Sciences, 1977.

A. Pelczynski and M. Wojciechowski. Spaces of functions with bounded variation and
Sobolev spaces without local unconditional structure. J. Reine Angew. Math., 558:109—
157, 2003.

[65] J. Peyriére. Etude de quelques propriétés des produits de Riesz. Ann. Inst. Fourier,

[66]

[67]

25(2):127-169, 1975.

D. Preiss. Geometry of measures in R" : Distribution, rectifiability, and densities. Ann.
Math. (2), 125:537-643, 1987.

B. Raita. L!'-estimates and .A-weakly differentiable functions. OxPDE technical report
18/01, 2018.

67



[68] F. Riesz and M. Riesz. Uber die Randwerte einer analytischen Funktion. Quatriéme
Congres des Mathématiciens Scandinaves, pages 27-44, 1916.

[69] M. Roginskaya and M. Wojciechowski. Singularity of vector valued measures in terms
of Fourier transform. J. Fourier Anal. Appl., 12(2):213-223, 2006.

[70] M. M. Roginskaya. Two multidimensional analogs of the F. and M. Riesz theorem. 7.
Math. Sci., New York, 107(4):4083-4091, 1998.

[71] M. M. Roginskaya. Asymptotic properties of harmonic and M -harmonic functions
near the boundary of the unit ball. . Math. Sci., New York, 115(2):2262-2266, 2000.

[72] W. Rudin. Function Theory in the Unit Ball of Cn. Classics in Mathematics. Springer
Berlin Heidelberg, 2008.

[73] S. K. Smirnov. Decomposition of solenoidal vector charges into elementary solenoids
and the structure of normal one-dimensional currents. St. Petersbg. Math. J., 5(4):206—-
238, 1993.

[74] D. Stolyarov. Dimension estimates for vectorial measures with restricted spectrum.
https://arxiv.org/abs/2010.14961.

[75] D. M. Stolyarov and M. Wojciechowski. Dimension of gradient measures. C. R., Math.,
Acad. Sci. Paris, 352(10):791-795, 2014.

[76] R.S. Strichartz. A functional calculus for elliptic pseudo-differential operators. Am. 7.
Math., 94:711-722, 1972.

[77] M.E. Taylor. Pseudodifferential Operators. Princeton mathematical series. Princeton
University Press, 1981.

[78] A. Uchiyama. A constructive proof of the Fefferman-Stein decomposition of
BMO(R™).. Acta Math., 148:215-241, 1982.

[79] J. Van Schaftingen. Limiting Sobolev inequalities for vector fields and canceling linear
differential operators. J. Eur. Math. Soc. (JEMS), 15(3):877-921, 2013.

[80] N. A. Watson. Applications of geometric measure theory to the study of Gauss- Weier-
strass and Poisson integrals. Ann. Acad. Sci. Fenn., Ser. A I, Math., 19(1):115-132, 1994.

68



69



	List of Symbols
	Introduction
	Summary of the results and formal remarks

	Harmonic Analysis and Dimension Theory
	Various dimensions of measures and sets 
	Other interactions of Fourier Analysis and Geometric Measure Theory

	On dimension and regularity of vector-valued measures 
	Preliminaries and motivation
	Motivation and brief history of the problem
	Conventions

	Estimates for the rectifiable part
	Tangent measures and rectifiability
	Distributional definition of bundle measures
	Proof of Theorem 3.6

	Two extensions of Theorem 3.10
	Remarks on a theorem concerning s-Riesz sets
	Proof of Theorem 3.7
	Proof of Theorem 3.8

	Connections with PDE-constrainted measures

	Hausdorff dimension of measures with arithmetically restricted spectrum
	Preliminaries and motivation
	Transference of results from martingale spaces
	Approximating trees and the backwards martingale
	A general dimension estimate

	Proof of Theorem 4.2
	Proof of Theorem 4.3
	Proof of Proposition 4.5
	Proof of Proposition 4.6
	Further examples and comments
	Appendix: applications of an entropic uncertainty principle

	Microlocal approach to the Hausdorff dimension of measures
	Preliminaries and motivation
	More on properties of s-Riesz sets
	Basic notions and facts from Microlocal Analysis
	Proofs
	Examples

	Index
	Bibliography

