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Abstract. We say that (M, Q) is a quaternionic manifold with the quaternionic structure @ if
@ is a subbundle of End(7'M) with rank@ = 3 which is locally spanned by I, I5, I3 satisfying
I =13 =1 = —id, 11, = —I,I; = I3, and there exists a torsion free affine connection V
which preserves (). Such a torsion free affine connection V is called a quaternionic connection.
Note that the quaternionic connection is not unique. Our interests are objects and properties
which are independent of the choice of quaternionic connections. Let ¥ be an oriented surface
and f : ¥ — M an immersion. If f,,(7,Y) is contained in a real 4-dimensional quaternionic
subspace of T’(,)M for each point x € ¥, then f : ¥ — M is called an inclusive immersion or
> is called an inclusive surface. If f is an inclusive immersion from an oriented surface, then
there exists a unique lift I : ¥ — Z such that I;(x) preserves f.(7,X) at each point z € ¥ and
the induced complex structure I on ¥ is compatible with the given orientation of Y, where Z
is the twistor space of M. See [AM]. The map I; is called the natural twistor lift of f.

We introduce a quaternionic invariant for an inclusive immersion into a quaternionic manifold,
which will be denoted by Wy, in this talk. When M = HP!(2 §*), the functional Wy coincides
with the conformal Willmore functional. Therefore we may consider that Wy is a candidate
for a quaternionic object of the Willmore functional, because a four-dimensional quaternionic
manifold is simply an oriented manifold with a conformal structure. The lower bound of this
invariant is given by topological invariant and the equality case can be characterized in terms
of the natural twistor lift. When M = HP" and the natural twistor lift I; : ¥ — CP?"+!
is holomorphic, we obtain a relation between the quaternionic invariant and the degree of the
image of the natural twistor lift as an algebraic curve. Moreover the first variation formula
for the invariant is obtained. As an application of the formula, if the natural twistor lift is
a harmonic section, then the surface is a stationary point under any variations such that the
induced complex structures do not vary. This is a quaternionic version and a generalized result
in [BC] for a constrained Willmore surface.
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