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A vector field X on a Riemannian manifold (M, g) is called an infinitesimal
harmonic transformation of (M, g) if X generates a flow which is a local one-
parameter group of harmonic diffeomorphisms (see [1]). We recall that the
kinetic energy E (X) of the flow generated by X (see [2, p. 2]) is determined by
the following equation E (X) = 271 JM X112 dVol,. Then we have the following
Theorem. Let (M, g) be a complete Riemannian manifold (M, g) with nonpositive
Ricci curvature. Then all possible infinitesimal harmonic transformations with fi-
nite kinetic energy are parallel. If the volume of (M, g) is infinite or the Ricci cur-
vature is negative at some point, then every infinitesimal harmonic transformation
with finite kinetic energy is identically zero.

If g is a complete Riemannian metric, X is a vector field, and A is a constant
value on a manifold , then (g,X, ) is called a Ricci soliton if the Ricci ten-
sor Ric of the metric g satisfies the equation —2Ric = Lyg +21g. In [3], it
was shown that a vector field X of the Ricci soliton (g, X, A) is an infinitesimal
harmonic transformation of a Riemannian manifold(M, g). Then the following
corollary holds.

Corollary. Let (g, X, ) be a Ricci soliton with complete Riemannian metric g on
a manifold . If the Ricci curvature of g is nonpositive and the kinetic energy of the
flow generated by Xis finite, then g is a Ricci-flat metric. If, in addition, the volume
of M which is defined by g is infinite then X is identically zero.

These two statements are complementary to our results in [5].
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