
Tikhonov regularization with oversmoothing

penalty
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Abstract

We consider a (nonlinear) operator equation F (x†) = y where F : D(F ) ⊂
X → Y is a mapping acting between Hilbert spaces. In presence of noisy
data ‖y − yδ‖ ≤ δ regularization is required in order to find a suitable recon-
struction x = x(δ, yδ). A versatile means is Tikhonov regularization, where a
penalty R is added, i.e., the approximate solution, say xδα, is obtained as a min-
imizer of the Tikhonov functional Tα(x) := ‖F (x)− yδ‖2 + αR(x). In addition
we shall assume that the parameter α = α(δ, yδ) is chosen according to the
discrepancy principle from ‖F (xδα)− yδ‖ = Cδ.

The choice of the penalty has impact on the features of the reconstruction. In
different applications, various penalties have proved successful (TV -, l1−, L1-
penalties). We shall analyze smoothing penalties, i.e, when these are given
through some (unbounded linear self-adjoint) operator B : D(B) ⊂ X → X
as R(x) := ‖B(x− x̄)‖2, x ∈ D(B), and x̄ is a chosen reference element. Thus
we analyze properties of the minimizers of

Tα(x) := ‖F (x)− yδ‖2 + α‖B(x− x̄)‖2.

In particular we ask whether the minimizers xδα tend to the solution x† as δ → 0.
The answer was known in two cases. First, if the true solution belongs to the

domain of B, see e.g. [2], and secondly, if the mapping F is linear, see [1]. We
discuss that the answer to the above question is affirmative for certain nonlinear
mappings F and in the oversmoothing case (x† 6∈ D(B)).
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