
ABSTRACT

.....................

AN OPTIMAL TRANSPORT APPROACH TO THE BV LEAST GRADIENT

PROBLEM IN 2D

SAMER DWEIK

In this talk, we want to study the W 1,p regularity of the solution, in 2D, of the BV least
gradient problem

(0.1) min

{∫
Ω
|∇u| dx : u ∈ BV (Ω), u|∂Ω = g

}
,

when Ω is a uniformly convex domain, u|∂Ω denotes the trace of u and g : ∂Ω 7→ R is a

L1 given function. First, we recall the connection between (0.1) and the Beckmann problem [1]
(see [6])

(0.2) min

{∫
Ω
|w| dx : w ∈ L1(Ω,R2), ∇ · w = 0 in

◦
Ω, w · n = f on ∂Ω

}
,

where f is the tangential derivative of g (i.e. f = ∂g/∂τ , τ is the tangent on the bound-
ary) and n is the outward normal to ∂Ω. More precisely, in [6], the authors prove that if u is
a solution of (0.1), then w = Rπ

2
∇u solves (0.2), where Rπ

2
denotes the rotation with angle

π
2 around the origin. In addition, it is well-known that this problem (0.2) is equivalent to the
Monge-Kantorovich one

(0.3) min

{∫
Ω×Ω
|x− y|dγ : γ ∈ Π(f+, f−)

}
,

where

Π(f+, f−) :=
{
γ ∈M+(Ω× Ω) : (Πx)#γ = f+ , (Πy)#γ = f−

}
and f = f+ − f−.

In fact, one can prove that if γ is a minimizer of (0.3), then the vector measure wγ defined as
follows

< wγ , ξ >:=

∫
Ω×Ω

dγ(x, y)

∫ 1

0
ξ((1− t)x+ ty)|x− y|dt, for all ξ ∈ C(Ω,R2)

1



solves (0.2). And, it is well-known that any minimizer w of (0.2) comes from a minimizer γ
of (0.3) (see, for instance, [8]). Moreover, we are able to show, in the case of interest for us, that
this minimizer is unique as soon as f+ or f− is atomless and Ω is uniformly convex (see [5]).

Then, studying the W 1,p regularity of u becomes studying the Lp summability of the opti-
mal flow w. Notice that [2, 3, 4, 7] analyze the Lp summability of the optimal flow w: in
dimension 2, for p < 2, w ∈ Lp(Ω,R2) as soon as at least one between the two measures f+ or
f− is in Lp(Ω) and, for p ≥ 2, this requires that both f+ and f− will be in Lp(Ω). However,
the Lp summability of w in the case where we transport a measure f+, concentrated on the
boundary, to another one f−, concentrated also on the boundary, is not known in the literature.
In particular, if f± ∈ Lp(∂Ω), is it true that the optimal flow w between f+ and f− is in
Lp(Ω) ?

Using an approximation with atomic measures, we prove that if f± ∈ Lp(∂Ω), then the op-
timal flow w is in Lp(Ω), as soon as p ≤ 2 and Ω is uniformly convex. Consequently, under
these assumptions, if the boundary datum g is in W 1,p(∂Ω), then the solution u is in W 1,p(Ω).
Finally, by a counter-example, we show that this result is no longer true if p > 2.
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