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Consider the Poincaré disk D with the hyperbolic metric. Its
boundary is ∂D = S1. Two types of measures on ∂D:

1. Lebesgue measure λ. It is the unique rotationally
invariant measure.

2. Harmonic measure ν. Consider
Γ < PSL2(R) = Isom(H2). Fix µ on Γ, x ∈ D. Define the
random walk

wn := g1g2 . . . gn

where (gi) are i.i.d. with distribution µ.



Boundary measures
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Consider the Poincaré disk D with the hyperbolic metric. Its
boundary is ∂D = S1. Two types of measures on ∂D:

1. Lebesgue measure λ. It is the unique rotationally
invariant measure.

2. Harmonic measure ν. Consider
Γ < PSL2(R) = Isom(H2).

Fix µ on Γ, x ∈ D. Define the
random walk

wn := g1g2 . . . gn

where (gi) are i.i.d. with distribution µ.



Boundary measures
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Guivarc’h inequality

Guivarc’h (1980) proved the inequality

(a.k.a. fundamental
inequality - Vershik 2000)

h ≤ `v (1)

Note: h
` is the Hausdorff dimension of the harmonic measure ν

(Tanaka).

Theorem (Blachère-Haı̈ssinsky-Mathieu 2011)
Let Γ be a hyperbolic group of isometries of a δ-hyperbolic
space X. Then

h = `v

if and only if the harmonic measure and the Patterson-Sullivan
measure are in the same class.
Compare Ledrappier (’90): for the Brownian motion on a
surface, equality holds if and only if the curvature is constant.
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Gibbs measures

Let F : T 1X → R be a Hölder continuous, Γ-invariant function
(potential).

Then the topological pressure of F is

Ptop(F ) := sup
m

(
hm(ϕ) +

∫
T 1M

F dm
)

and a measure mF is an equilibrium state or Gibbs measure if it
realizes the maximum. Moreover,

T 1X ∼= (∂X × ∂X \∆)× R

hence mF induces a Gibbs density κF on ∂X .
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Let F : T 1X → R be a Hölder continuous potential. Then the
topological pressure equals

vF = lim sup
n→∞

1
n

log
∑

d(x ,gx)≤n

e
∫ gx

x F dt

See [Paulin-Pollicott-Shapira], [Broise-Parkkonen-Paulin]. In
particular:

I if F = 0, then mF is the Bowen-Margulis measure
(maximal entropy), κF is the Patterson-Sullivan measure;

I if
F =

d
dt |t=0

log Jac φsu
t

(geometric potential), then mF is the Liouville measure, κF
is in the Lebesgue measure class



Gibbs measures
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F-ake numerical invariants

Question: How to deal with Gibbs measures?

Definition (Gekhtman-T)
Define the F-ake metric as

dF (x , y) :=

∫ y

x
F dt

where the integral is taken along the geodesic from x to y .
Moreover, the F-ake drift is

`F ,µ := lim
n→∞

dF (x ,wnx)

n
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Main theorem

Theorem (Gekhtman-T.)
Let M be a manifold of negative curvature, and let Γ = π1(M).

Let F : T 1M → R a Hölder continuous potential, and let κF be
its Gibbs density. Moreover, let µ be a measure on Γ with finite
superexponential moment, and let νµ its hitting measure. Then

h ≤ `vF − `F ,µ. (3)

Moreover, equality in (3) holds if and only if

νµ ∼= κF

are in the same measure class, if and only if ∃C s.t. for all g

|dG(1,g)− vF d(x ,gx) + dF (x ,gx)| ≤ C

(In fact, result holds for X = CAT (−1) space)
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The Green metric (Blachère-Brofferio) is

dG(x , y) := − logP(∃n : wnx = y)

Corollary
If the manifold M = X/Γ has finite volume but is not compact,
then for any choice of F and µ the Gibbs density κF and the
harmonic measure νµ are mutually singular.

Proof.
If g ∈ Γ is a parabolic element, then dG(1,gn) ∼= ‖gn‖ ∼= n.
Moreover, d(x ,gnx) ∼= log n and dF (x ,gnx) ∼= (log n)α hence

dG(1,gn)− vF d(x ,gnx) + dF (x ,gnx) = O(1)

can *not* be achieved⇒ singularity.
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