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In the Euclidean space Rd, we study symmetric Markov jump processes that correspond
to nonlocal Dirichlet forms with singular measures. The model example that we have in
mind is given by a process Z = (Z1, . . . , Zd) of d independent symmetric one-dimensional
stable processes. We consider Dirichlet forms that generate pure jump process X whose
jump intensity is comparable to the one of Z. The aim of this talk is to prove sharp
upper and lower heat kernel bounds for X in terms of the heat kernel of Z. Finally, we
present a conjecture on heat kernel bounds for a general class of symmetric Markov jump
processes.
Here are some more details. Let α ∈ (0, 2). Assume J, Jα : Rd × Rd \ diag → R are two
non-negative functions. We assume Jα(x, y) = |yi − xi|−1−α if xi 6= yi for some i and
xj = yj for every j 6= i. Furthermore, we assume

Λ−1Jα(x, y) ≤ J(x, y) ≤ ΛJα(x, y) (x 6= y) . (1)
Set

D = {u ∈ L2(Rd)| E(u, u) <∞}

E(u, v) =

∫
Rd

( d∑
i=1

∫
R

(
u(x+eiτ)−u(x)

)(
v(x+eiτ)−v(x)

)
J(x, x+eiτ)dτ

)
dx ,

(E ,F) is a regular symmetric Dirichlet form on L2(Rd) where F = C1
c (Rd)

E1 . It is proved
in [1] that there is a corresponding conservative Hunt process X together with a Hölder
continuous transition density pt. Furthermore, [1] proves sharp lower pointwise bounds
and some upper pointwise bounds on pt. Here, we prove sharp upper bounds.

Theorem 1 (Kim/MK/Kumagai). There exists C ≥ 1 such that for all t > 0, x, y ∈ Rd

C−1t−d/α
d∏
i=1

(
1 ∧ t1/α

|xi − yi|

)1+α

≤ pt(x, y) ≤ Ct−d/α
d∏
i=1

(
1 ∧ t1/α

|xi − yi|

)1+α

.

The constant C depends on d, α and Λ but, other than that, is independent of J .

This result should be contrasted with the main result of [2]. We conjecture the following
more general result:
Conjecture: Let Z be a non-degenerate α-stable process in Rd. Let X be a symmetric
Markov process whose Dirichlet form has a jump intensity J(x, dy) that is comparable to
the one of Z. Then the heat kernel of X is comparable to the one of Z.
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