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◮ I will first give a short historical pers-

pective on the role of QM, of von Neu-

mann factors, and of foliations on the

early days of NCG

◮ I will then introduce the main tools

through the quantized calculus
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Heisenberg

Ritz-Rydberg )

Matrix Mechanics !

(AB)ik =
X

AijBjk
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Werner Heisenberg

When manipulating the observables quantities for a mi-
croscopic system, the order of terms in a product plays
a crucial role. The commutativity of Cartesian coordi-
nates does not hold in the algebra of coordinates on
the phase space of a microscopic system.



Evolution of

observables

A !→ eitH A e−itH

H in units of !
O



Quantum formalism

The first basic change of paradigm has to do with the
classical notion of a “real variable” which one would
classically describe as a real valued function on a set
X, ie as a map from this set X to real numbers. In fact
quantum mechanics provides a very convenient substi-
tute. It is given by a self-adjoint operator in Hilbert
space. Note that the choice of Hilbert space is irrele-
vant here since all separable infinite dimensional Hilbert
spaces are isomorphic.
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All the usual attributes of real variables such as their
range, the number of times a real number is reached
as a value of the variable etc... have a perfect analogue
in the quantum mechanical setting. The range is the
spectrum of the operator, and the spectral multiplicity
gives the number of times a real number is reached. In
the early times of quantum mechanics, physicists had a
clear intuition of this analogy between operators in Hil-
bert space (which they called q-numbers) and variables.
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Classical Quantum

Real variable Self-adjoint
f : X ! R operator H

Complex variable Operator a
z with |z|2 2 N with [a, a⇤] = 1

Values of Spectrum of
variable operator
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Equilibrium State

at temperature T

β = 1/(kT )

ϕ(A) = Z−1tr(A exp(−βH)),

Z = tr(exp(−βH))
÷



Factorizations

Let the Hilbert space H factor as a tensor product :

H = H1 ⌦H2

Von Neumann investigated the meaning of such a fac-
torization at the level of operators.

A factor is an algebra of operators which has all the
obvious properties of the algebra of operators of the
form T1 ⌦ 1 acting in H = H1 ⌦H2.

Murray and von Neumann
-



I0 On Rings of Operators

$ is lrilbert space, (Dr) tras further solutions. (cf. in particurar s§8.6 and
13.2.) Their properties seem to be of great importance for the general theory
of operators.

The general importance of the solutions of (D5) for operator theory follows
from this fact too, that their knowledge allows a characterisation and classifica-
tion of all rings of operators. This will be discussed in a subsequent paper of the
second author.

4. Another interpretation of (Dr) is suggested by quantum mechanics. The
operators of $ correspond there to all observable quantities which occur in a
mechanical system 6. (cf. (6), pp. 55-60, and (2c), p. 162. we restrict our-
selves to bounded operators, which correspond to those observables which have
a bounded renge. Thus B corresponds to the totality of these observablçs.)
Now if 6 can be decomposed into two parts 6r, 6z and if we denote the set of
the operators which correspond to observables situated entirely in 6r or in 6r
by Mr resp. M2, then we see:

(1) Mt, M2 are rings, and 1 (which corresponds to the "const&nt" observabre
1) belongs to both Mr, Mr.

(2) 11 A e M1, B e Mz then the measurements cf the obsen ables of /. and B
do not interfere (being in different parts of o); therefore a, B commute
(cf. (6), pp. 11-14 and 76, or (20), pp. rt7-t2r). Thus Mz C Mi.

(3) As 6 is the sum of 6r, 6, therefore R(M,, Mz) : B.
(1)-(3) describe the problem of "factorising" B which is dissusssd in more de-
tail in §3.1; it leads to our old problem: As Ml f Mz therefore R(Mr, Mi) :)
R(Mr, Mz) : B so R(M1, Mi) : B, that is preci^sely (Dr), which, * 1o" koorr,
is eguivalent to (Do). conversely: rf M fulûlls (D{) (th;t is Dr), then M1 -M, M, : M'satisfy (1)-(3). (Cf. §8.1 for more details.)

Thus our problem of solving (Du) corresponds to the quantum m
problem of dividing a_system 6 into two subsystems 611 gzi and in particular
the solutions M of (Du) correspond to the semplete rings of all observables of
suitable quantum mechanical systems.

This interpretation of (D5) suggests of course strongly the surmise formulated
at the end of §2.2: It should be possible to describe .g as (isomorphic to) the
space of all two variable functions 1@, y), $! I î@, ù l, dr dy finite), M operating
on a only, and M'on y only. In this case @e O: would be explicitly given:
6r being described by the coordinate c, and 6r by the coordinate gr.

The fact that the surmise of §2.2 is not true, is therefore the more remarkable;
particularly so because certain features of the .exceptional" riogs M seem to
make them even better suited for quantum mechanical purposes than the cus-
tomary B. 'ÿÿe will now discuss these properties of M.

5. The full system of solutions of (Do) will be discussed in s§g.B-g.4. r{hile
rve refer to those sections for a eomplete discussion, we would like to call atten-
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Three types

Type I, if the Hilbert space H factor as a tensor pro-
duct :

H = H1 ⌦H2

Von Neumann found two other types :

Type II : The classification of subspaces gives an in-
terval [0,1] or [0,1] ; continuous dimensions !

Type III : All that remains.

!



Kubo-Martin-Schwinger Condition

Haag-Hugenholtz-Winnink (1967)

Im z = β

Im z = 0
F(t) = ϕ(aσt(b))

F(t + iβ) = ϕ(σt(b)a)

0

iβ

Boltzman State ϕ(A) = Z−1Tr(A exp(−βH)) and Hei-

senberg evolution σt(A) = exp(itH)A exp(−itH).



Tomita–Takesaki

Theorem

Let M be a von Neumann algebra and ' a faithful nor-
mal state on M , then there exists a unique

�'t 2 Aut(M)

which fulfills the KMS condition for � = 1.

197f



Thesis (1971–1972)

Theorem (ac)

1 ! Int(M) ! Aut(M) ! Out(M) ! 1,

The class of �'t in Out(M) does not depend on '.

Thus a von Neumann algebra M, has a canonical evo-
lution

R
�

�! Out(M).

Noncommutativity ) Evolution

April
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Classification of factors

New invariants and reduction of type III to type II and
automorphisms.

The Module S(M) : It is a closed subgroup of R
⇤

+,

Factors of type III�, � 2 [0,1]

Periods : It is a subgroup of R, T (M) ⇢ R.
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Foliation =

local factorization

At the local level a foliation

decomposes any small open set as

a collection of plaques

The plaques fit together → leaves

-
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v.Naya → Measure Roog .

→ Topology
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Godbillon-Vey

GV = iH [Ẋ]

It comes from the interplay between the transverse fun-

damental class [X] of the leaf space X and the cano-

nical time evolution σt of the von Neumann algebra of

the foliation. The transverse fundamental class [X] of

the leaf space X is given by a one-dimensional cyclic

cocycle which corresponds to integration of transverse

1-forms. The time evolution σt of the von Neumann

algebra of the foliation is the algebraic counterpart of

its noncommutativity and is one of the great surprises

of noncommutative measure theory.

ÉÈ Faute
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Now these two pieces of data, [X] and σt, are in general

slightly incompatible in that [X] is not in general static,

i.e. invariant under σt. This is not too bad, however,

since one has

d2

dt2
σt[X] = 0.

It follows then, as in ordinary differential geometry, that

if one contracts the closed current

[Ẋ] =
d

dt
σt[X]

II



with the derivation H generating the one-parameter

group σt, then one obtains a 2-dimensional closed cur-

rent. The fundamental equation is then

GV = iH [Ẋ].

It gives a simple example of a general fact : that the

leaf space of a foliation can have higher cohomological

dimension than the naive value, the codimension of the

foliation.
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Time and

Variability

The quantum is a source of

VARIABILITY

more primitive than

the passing of time



Quantum random number generation

on a mobile phone

Bruno Sanguinetti, Anthony Martin, Hugo Zbinden, and
Nicolas Gisin

Group of Applied Physics, University of Geneva, Swit-
zerland





We demonstrate a generator of random numbers of
quantum origin using technology compatible with con-
sumer and portable electronics. We believe that the
simplicity and performance of this device will make the
widespread use of quantum random numbers a reality,
with an important impact on information security.
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Discrete and continuous coexist

It is only because one drops commutativity that va-
riables with continuous range can coexist with variables
with countable range.

Thus it is the uniqueness of the separable infinite di-
mensional Hilbert space that cures the above problem,
L2[0,1] is the same as `2(N), and variables with conti-
nuous range coexist happily with variables with coun-
table range, such as the infinitesimal ones. The only
new fact is that they do not commute, and the real
subtlety is in their algebraic relations. For instance it
is the lack of commutation of the line element ds with
the coordinates that allows one to measure distances
in a noncommutative space given as a spectral triple.

✗IRS Distale⇒ Xcoutable
-
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Newton

One striking point is the role that “variables” play in
Newton’s approach, while Leibniz introduced the term
“infinitesimal” but did not use variables. According to
Newton :

“In a certain problem, a variable is the quantity that
takes an infinite number of values which are quite de-
termined by this problem and are arranged in a definite
order”

“A variable is called infinitesimal if among its particular
values one can be found such that this value itself and
all following it are smaller in absolute value than an
arbitrary given number”

EH



Infinitesimals

What is surprising is that the new set-up immediately
provides a natural home for the “infinitesimal variables”
and here the distinction between “variables” and num-
bers (in many ways this is where the point of view of
Newton is more e�cient than that of Leibniz) is essen-
tial.



Indeed it is perfectly possible for an operator to be
“smaller than epsilon for any epsilon” without being
zero. This happens when the norm of the restriction of
the operator to subspaces of finite codimension tends
to zero when these subspaces decrease (under the natu-
ral filtration by inclusion). The corresponding operators
are called “compact” and they share with naive infini-
tesimals all the expected algebraic properties. Indeed
they form a two-sided ideal of the algebra of bounded
operators in Hilbert space and the only property of the
naive infinitesimal calculus that needs to be dropped is
the commutativity.

T Non = ntkeog .
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Classical Quantum

Infinitesimal Compact
variable operator T

Infinitesimal of Operator T
order ↵ with µn(T ) = O(n�↵)

Di↵erential �dT := [F, T ]
of variable F = F ⇤, F2 = 1

Di↵erential ⌦k :=
k-forms {! =

P
f0

�df1 . . .
�dfk}
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Quantized Calculus

−df := [F, f ], F = F∗, F2 = 1

Ωk := {ω = ∑ f0
−df1 . . .−dfk}

Tr(u∗ −du), Tr(γω)

Abstract Mc Atiyah
clloptk-opak.us ¥
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Quantized Calculus

+

Cyclic cohomology

tr(�!) : ⌦k
! C

cycles and SBI long exact sequence.

Hochschild eohenologg seqt.ggga
KEY0ba@TxGElFTEB7l.Q-7¥ "¥ DÉFI
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F = Hilbert transform

k(s, t) =
%

i
π

&
f (s)− f (t)

s − t

f ∈ S(R) ⇒ −df = ∞ order
and conformal invariance

Ï§



Integration :

Dixmier trace

The integration in noncommutative geometry needs to

combine together two properties which seem contradic-

tory : being a positive trace (in order to allow for cyclic

permutations under the functional) and vanishing on

infinitesimals of high enough order (order > 1). This

latter property together with the approximation from

below of positive compact operators by finite rank ones

entails that the integration cannot commute with in-

creasing limits and is non-normal as a functional. Such

a functional was discovered by J. Dixmier in 1966.
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THE SERIES: DE GRUYTER STUDIES IN MATHEMATICS

The series is devoted to the publication of monographs and high-level textbooks in 
mathematics, mathematical methods, and their applications. Apart from covering 
important areas of current interest, a major aim is to make topics of an interdisci-
plinary nature accessible to the non-specialist.

The works in this series are addressed to advanced students and researchers in 
mathematics and theoretical physics. In addition, it can serve as a guide for lectures 
and seminars on a graduate level.  STUDIES IN MATHEMATICS ! 46

This monograph introduces the theory of singular traces and their spectral properties 
for a separable Hilbert space. The fi rst part of the text describes all traces on ideals 
of bounded operators in terms of invariant linear functionals on ideals of bounded 
sequences, and provides exact conditions when every trace on an ideal is a function
of eigenvalues. For mathematical physicists and users of Alain Connes’ noncommutative 
geometry the second part of the text provides a complete reference to positive traces and 
Dixmier traces on the ideal of weak trace class operators. The weak trace class operators 
form the most important trace ideal outside of the ideal of trace class operators. 
Formulas for a Dixmier trace as a residue of a spectral zeta function and as the leading 
term in an asymptotic expansion of a heat trace are described.

“Singular traces are the fi lters which, by wiping out infi nitesimals of higher order, 
allow us to extract a classical picture of the quantum world. They give the conceptual 
meaning of the logarithmic divergencies of quantum fi eld theory as well as the right 
notion of locality rooted in the large scale behaviour of momentum space. They in 
fact provide a universal notion of integral, where the integral sign acquires meaning 
independently of the differential expression that it integrates.
This book establishes the mathematical theory and deals in depth with its subtleties. 
It provides a complete classifi cation and asymptotic formulas for singular traces 
underpinning their use in noncommutative geometry.”
Alain Connes
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 Steven Lord, Fedor Sukochev, Dmitriy Zanin

  SINGULAR 
TRACES 
VOLUME 1: THEORY

2ND EDITION

www.degruyter.com

ISSN 0179-0986
ISBN  978-3-11-037779-8 
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Wodzicki residue

The Wodzicki residue is a remarkable discovery which

considerably enhances the power of the quantized cal-

culus because it allows one, under suitable assumptions,

to give a sound meaning to the integral of infinitesimals

whose order is strictly less than one, while it agrees (up

to normalization) with the Dixmier trace for infinitesi-

mals of order ≥ 1. Just as the Dixmier trace, it vanishes

for infinitesimals of order > 1 but the extension of its

domain is a considerable improvement which has no

classical meaning.
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Local index formula

ac + H. Moscovici

The Hochschild class of the character only gives par-

tial information on the Chern character and a complete

local formula, involving the Wodzicki residue in place

of the Dixmier trace was obtained in 1995 in our joint

work with H. Moscovici.
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Transverse geometry

of foliations

We use the type III → type II idea

to reduce foliations to almost isometric

case and then use hypoellipitic

operators for the geometryg-
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Riemannian paradigm

The Riemannian paradigm is based on the Taylor ex-
pansion in local coordinates of the square of the line
element and in order to measure the distance between
two points one minimizes the length of a path joining
the two points

d(a, b) = Inf
Z

�

q
gµ ⌫ dx

µ dx⌫
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Metric System

In 1960, the 11-th CGPM redefined the unit of length
as 1 650 763,73 wavelength of the orange radiation
of isotope 86 of krypton. One uses, since the 13-th
CGPM in 1967, the hyperfine transition of the Cesium

ŒX
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133 between levels F=4 and F=3 of the state S1/2.
This corresponds to 3,26 cm.



In fact the speed of light is fixed at

299792458 meters/second

and the second is defined as the duration of 9 192
631 770 periods of the radiation corresponding to the
above hyperfine transition. The meter is therefore by
convention (with a practical precision of 10�14)

9192631770

299792458
=

656616555

21413747
⇠ 30.6633

times the wavelength of the hyperfine transition.


