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INTRODUCTION

– f : C → C transcendental entire function (TEF)

– F(f ), Fatou set; J (f ), Julia set

– K(f ), bounded-orbit set; BU(f ), bungee set; I(f ), escaping set

– U invariant Fatou component

f : U → U

– U ⊂ F(f ), stable dynamics

– Well-understood: classification of Fatou components, normal forms...

f : ∂U → ∂U

– ∂U ⊂ J (f ), chaos

Goal: Understand the dynamics of f : ∂U → ∂U, specially when U is
unbounded
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DYNAMICS OF f : U → U

CLASSIFICATION OF INVARIANT FATOU COMPONENTS

1. f n|U → z0 ∈ U
Attracting basin
|f ′(z0)| < 1

2. f n|U → z0 ∈ ∂U
Parabolic basin

f ′(z0) = 1

3. f|U ∼ e2πiθz , θ /∈ Q
Siegel disk

4. f transcendental,
f n|U → ∞
Baker domain
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DYNAMICS OF f : U → U

CLASSIFICATION OF BAKER DOMAINS

∞

1. Doubly parabolic

f ∼ idC + 1

∞

2. Hyperbolic

f ∼ λidH, λ > 0

∞

3. Simply parabolic

f ∼ idH ± 1

4 / 14



DYNAMICS OF f : ∂U → ∂U

– ∂U ⊂ J (f )

– Periodic points are dense in J (f )

– ∂I(f ) = J (f ), and (TEF) I(f ) ∩ J (f ) ̸= ∅

Question: Are periodic/escaping boundary points dense in ∂U? No, in general

POSITIVE ANSWERS:

– Existence of periodic boundary points on basins of rational maps.1Also for
bounded basins of TEF ⇝ The proof does not work if ∞ ∈ ∂U

– Density of periodic boundary points for basins of rational maps2 ⇝ For TEF???

text

text

text

text

text

1Fatou. Sur les équations fonctionnelles
2Przytycki, Zdunik. Density of periodic sources in the boundary of a basin of attraction for

iteration of holomorphic maps: geometric coding trees technique
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DYNAMICS OF f : ∂U → ∂U

TYPICAL BEHAVIOUR OF BOUNDARY ORBITS:

1.- Some hyperbolic/simply parabolic BD =⇒ ωU(∂U ∩ I(f )) = 1 3,4

2.- Siegel D, attracting/parabolic B, some doubly parabolic BD =⇒ f|∂U is
recurrent =⇒ ωU -a.e. point in ∂U has dense orbit in ∂U 4,5

If U unbounded, ωU(∂U ∩ BU(f )) = 1

Question: U unbounded, type 2. Are there periodic/escaping boundary points
in ∂U? Are they dense in ∂U?

(sets of zero ωU -measure)

3Rippon, Stallard. Boundaries of univalent Baker domains
4Barański, Fagella, Jarque, Karpińska. Escaping points in the boundaries of Baker domains
5Doering, Mañé. The dynamics of inner functions
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FIRST STEP: studying the model f (z) = z + e−z

– Doubly parabolic BD of deg. 2, Uk ⊂ Sk := {(2k − 1)π ≤ Imz ≤ (2k + 1)π}

R + πi

R − πi

U0

CONJECTURE:6 Periodic/escaping boundary points are dense in ∂U. ✓7

6Barański, Fagella, Jarque, Karpińska. Escaping points in the boundaries of Baker domains
7Fagella, J. A model for boundary dynamics of Baker domains
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FIRST STEP: studying the model f (z) = z + e−z

Can we generalize this to other Fatou components? Key ingredients of the proof:

1.- Structure on ∂U: ∂U = {hairs} ∪ {endsets}
2.- Not hyperbolic, but almost: P(f ) ∩ Sk ⊂ Uk ⇒ region of expansion around
∂U, inverses well-defined in ∂U

R + πi

R − πi

• ×
0 1

3.- f|∂U recurrent ⇒ existence of boundary points with dense orbit in ∂U
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GENERALIZATION

MAIN RESULT

f transcendental entire function, U invariant Fatou component s.t.

1.- ∞ is accessible from U,

2.- ∃Ω simply connected domain s.t. U ⊂ Ω and P(f ) ∩ Ω ⊂ U,

3.- f|∂U is recurrent.

Then, periodic/escaping boundary points are dense in ∂U.
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1.- ∞ accessible from U ⇝ structure on ∂U

φ : D → U Riemann map

∂U =
⋃

e iθ∈∂D

ClC(φ, e
iθ)

ClC(φ, e
iθ) =

{
z ∈ C : ∃ {wn}n ⊂ D,wn → e iθ, φ(wn) → z

}
THEOREM: f TEF, U invariant FC (not hyp./simply p. BD), ∞ accessible.

– ∞ ∈ ClC(φ, e iθ), for all e
iθ ∈ ∂D8

– {e iθ : φ∗(e iθ) = ∞} = ∂D9

Consequence: Cluster sets are disjoint (in C)

STRUCTURE ON THE BOUNDARY: ∂U =
⊔

e iθ∈∂D

ClC(φ, e
iθ)

⇝ each cluster set is either an unbounded continuum or the union of two unbounded
continua

t

t

t

8Baker, Weinreich. Boundaries which arise in the dynamics of entire functions
9Baker, Doḿınguez. Boundaries of unbounded Fatou components of entire functions
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2.- Not hyperbolic, but almost

– P(f ) ∩ ∂U = ∅: region of expansion around ∂U and inverses well-defined

– But we need more... LOCAL SURJECTIVITY 10

DEFINITION: Let U be an invariant Fatou component. For z0 ∈ ∂U, f is
locally surjective if, for any suf. small nbh N of z0, f (N ∩ U) = f (N) ∩ U.

Not true in general: R(z) =
64

(z + 3)(z − 3)2
− 3

t

t

t

10Schmidt. Accessible fixed points on the boundary of stable domains
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Not true in general: R(z) =
64

(z + 3)(z − 3)2
− 3
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locally surjective if, for any suf. small nbh N of z0, f (N ∩ U) = f (N) ∩ U.

Not true in general: R(z) =
64

(z + 3)(z − 3)2
− 3

∃Ω simply connected domain s.t. U ⊂ Ω, P(f ) ∩ Ω ⊂ U ⇒ local surjectivity
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3.- Periodic boundary points are dense in ∂U

– f|∂U recurrent ⇒ existence of boundary points with dense orbit in ∂U

– Goal: approximate z0 ∈ ∂U with dense orbit by periodic boundary points

– The orbit of z0 comes arbitrarily close to z0

– Local expansion+inverses well-defined: a nbh V of z0 satisfies V ⊂ f n(V ), for
some n, i.e. ϕ(V ) ⊂ V , ϕ branch of f −n

z0

f f
U

f

f
f

V

f n(V )

– Schwarz lemma+local surjectivity: ∃ fixed point for ϕ in ∂U (periodic pt for f )
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4.- Approximating periodic points by escaping points

LEMMA: Let p ∈ ClC(φ, e
iθ) ⊂ ∂U, p periodic. If z ∈ ClC(φ, e

iθ)∖ {p}, then
z is escaping.

Idea of the proof: Assume p is fixed.

f (ClC(φ, e
iθ)) ⊂ ClC(φ, e

iθ) + f is locally expanding

p

f

ClC(φ, e
iθ)

Consequence: Escaping boundary points are dense in ∂U
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Thank you for your attention!!!
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