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The bifurcation set for polynomial automorphisms

Definition
The bifurcation set, B(f ), of a dominant polynomial map f : Cn → Cn is the set of all
y ∈ Cn satisfying |f−1(y)| ̸= topological degree of f .

The bifurcation set is useful for understanding the topology of maps , e.g.

- the Jacobian conjecture, and

- the classification of topological types of maps with a given degree.

Maps F : X → Y model phenomena from real-life problems.

e.g. B(F ) represents the region of all inputs y ∈ Y critical to the problem.
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Known results and open problems

f := (f1, . . . , fn) : Cn → Cn – dominant polynomial map, then B(f ) = D(f ) ∪ S(f );

- D(f ) – discriminant, i.e. f ({critical points}), and

- S(f ) – non-properness set of f , i.e.{
w ∈ Cn ∣∣ ∃{zk}k∈N ⊂ Cn, ∥zk∥ → ∞ and f (zk ) → w

}

Computing the equations Df and Sf for B(f ):

- To obtain Df , we compute

⟨f1 − w1, . . . , fn − wn, det(Jacz f )⟩ ∩ C[w1, . . . ,wn]

- [Jelonek – 93] To obtain Sf , we compute

⟨f1 − w1, . . . , fn − wn)⟩ ∩ C[zi ,w1, . . . ,wn], for i = 1, . . . , n.

- Bit-complexity for computing Df and Sf is at least O
(
2nn3n−2dn2+2n−2)

Problem
How to determine the invariants (e.g. prime decomposition, singularities, homology,
etc.) of B(f ) without computing its ideal?
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Polyhedral invariants (an example)

P – bivariate polynomial
∑

a∈Nn caza; za := z1
a1 · · · zn

an .
suppP – support of P, i.e. {a ∈ Nn| ca ̸= 0}
NP(P) – Newton polytope of P, i.e. convex hull in Rn of suppP.

Claim: Under some genericity assumptions, some invariants of polynomial maps
depend only on the supports of the polynomials.

Example

For generic ℓ ∈ C4, the below map F ℓ : C2
u,v → C2

r,s satisfies

(u, v) 7→
(
ℓ1 · uv2, ℓ2 · uv + ℓ3 · u3 + ℓ4 · v2)

- top. deg(F ℓ) = 8, D(F ℓ) is a rational curve with exactly one cusp and two nodes

- The Newton polytopes of CFℓ
and of DFℓ

are independent of ℓ.

Indeed, for some φ1, . . . φ8 ∈ Z[ℓ1, . . . , ℓ4], we get:

CFℓ
= −6ℓ4 · u3v − ℓ2 · uv2 + 2ℓ3 · v3,

DFℓ
= φ1 · r3s3 + φ2 · r5 + φ3 · s8 + φ4 · r2s5 + φ5 · r4s2 + φ6 · r3s4 + φ7 · r5s + φ8.
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Polyhedral invariants of polynomial maps

- A – pair of finite subsets A1,A2 ⊂ N2 \ {(0, 0)}.

- CA – space of all polynomial maps f : C2 → C2, A1 = supp f1 and A2 = supp f2.

f ∈ CA – generic, then A determines:

- Newton polytopes of Cf , Df , and of Sf ,

- the topological type of f (Corollary of [Sabbah 84])

Since CA ↪→ Ω(d1, d2), where

Ω(d1, d2) :=
{

f : C2 → C2 | deg f1 = d1, deg f2 = d2

}
.

Theorem (Farnik, Jelonek, Ruas – 2019)

f ∈ Ω(d1, d2) – generic. Then, Sing(D(f )) has only simple cusps and nodes,and

| Sing(D(f ))| = |NP(Df )|◦ − |NP(Cf )|◦,

|∆|◦ – number of integer points in the relative interior of a polytope ∆ ⊂ R2

Conjecture

Theorem above holds* for a generic f ∈ CA if A is “nice” enough.
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A direction for computing the Newton polytope

- K – field of generalized complex Puiseux series α(t) := c0tk0 + c1tk1 + · · · ,
with k0 < k1 < · · · ∈ R, and c0, c1, . . . ∈ C.

- val – function K → R ∪ {−∞}, 0 ̸= α(t) 7→ −k0.

- Trop : K2 → (R ∪ {−∞})2, z 7→ (val(z1), val(z2))

- Trop(V(P)) – the tropicalization of V(P):

- is a rational piecewise-affine complex in R2 [Biery, Groves – 1984], and

- determines the dual fan F(NP(P)) [Kapranov– 2000]

P := 1 + 12t12 − 5t2 · z1 + (7 · t−2 + t−1) · z2 + 2t7 · z1
2

⇝ ←→

F(NP(P)) NP(P)Trop(V(P))

Strategy for Newton polytope of Xf ∈ {Df ,Sf }:

1. Generic maps f ∈ CA and g ∈ KA satisfy ∆ := NP(Xf ) = NP(Xg),

2. compute Trop(V(Xf )) → F(∆) → ∆
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A bit of tropical geometry

- For any P : K2 → K, z 7→
∑

a∈A caza

, we define the tropical polynomial
T (P) : R2 → R,

x 7→ max
a∈A

(⟨x , a⟩+ val ca).

- For any y ∈ R ∪ {−∞}, define the virtual preimage

Vy (T (P)) – points x ∈ R2 where the below maximum is reached twice

max
a∈A

(y , ⟨x , a⟩+ val ca)

V−∞(T (P)) V−1(T (P))

x1

x2

x1 + x2

2x2 − 2

2x1 − .5

Theorem (Kapranov’s correspondence)

Let P ∈ K[z1, z2], P(0, 0) = 0, w ∈ K and define y := val(w). Then, it holds

Trop
(

P−1(w) ∩ (K∗)2
)
= Vy (T (P)).
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(non-)Degenerate intersections

Let f1, f2 ∈ K[z1, z2], and let X1 := Trop f1, X2 := Trop f2 their tropical curves.

Definition (Stable intersections)

A point p ∈ X1 ∩ X2 ⊂ R2 is stable if it is locally preserved under perturbations.

Stable Unstable

Definition (Degenerate intersections)

An unstable intersection component C in X1 ∩ X2 ⊂ R2 is degenerate if C satisfies
one of the following conditions:

is bounded,

contains a half-line with direction (a, b) such that a · b < 0, or

contains a horizontal/vertical half-line with some extra properties.
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A correspondence theorem

Tropical bifurcation set of a tropical polynomial map F := (F1, F2) : R2 → R2,

TB(F ) :=
{
(y1, y2) ∈ R2

∣∣∣ Vy1 (F1) ∩ Vy2 (F2) has a degenerate component in R2
}

Theorem (EH – 22)

Let A1 and A2 be finite subsets of N2 \ {(0, 0)} and let f := (f1, f2) : K2 → (K∗)2 be a
general polynomial map with Ai = supp fi and F := (T (f1), T (f2)). Then, it holds

Trop(B(f )) = TB(F ).

Example
Consider the polynomial map (u, v) → (v + t uv , u + v + uv). Its bifurcation set is
t2 s2 − 2t r s − 4t r + r2 + 2t s + 2r + 1 ∈ K[r , s], and F is expressed as

(x1, x2) → (max(x2, x1 + x2 − 1), max(x1, x2, x1 + x2)).

A1 A2 Trop(B(f ))

p

q

m

V(F ) Vp (F )Vq (F )Vm(F )
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A recipe for the tropical bifurcation set

A tropical polynomial map F : R2 → R2 induces a polyhedral subdivision Ξ of R2:

- Elements in Ξ are relative interiors of
polyhedra.

- F|ξ is an affine map at each ξ ∈ Ξ.

- F|ξ = F|ξ′ ⇒ ξ = ξ′ or ξ is a face of ξ′. x1

x2

x2

x1 + x2

x1

x2

x2 x1 + x2 − 1

x1 + x2 − 1

x1 + x2

Theorem (EH – 22)

The domains of linearity of a tropical polynomial map F : R2 → R2 determine
effectively the tropical bifurcation set of F .

F

TB(F )
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Computing the Newton polytope of the discriminant

A := (A1,A2) – pair of finite subsets in N2

Fact
There exists a polytope ∆ ⊂ R2, such that for any generic polynomial map
f := (f1, f2) : C2 → (C∗)2 in CA, it holds

NP(Df ) = ∆.

Task
Compute ∆, up to translation, without using elimination.

Example

Consider the polynomial map (u, v) → (v + v2 + uv + uv2 + u2v2, 2v + 3u2v + 4u2v2), for
which A1, A2 and ∆ are illustrated below.

A1 A2 ∆

e1

e2
e3

e4

e5
e6
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The Newton polytope of the discriminant

A1 A2 ∆

e1

e2
e3

e4

e5
e6

Task
Given a pair A := (A1,A2) of subsets in N2 and a generic map
f := (f1, f2) : C2 → (C∗)2 in CA, compute ∆ := NP(Df ).

TD(F ) F(∆)F

⇝

1. Compute the set TD(F ) for any “generic” F : R2 → R2 such that suppF = A.
2. We obtain the primitive vectors −→e1, . . . ,

−→e6 directing the respective edges.
3. It is left to compute the lengths ℓ1, . . . , ℓ6 of the corresponding edges.
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The Newton polytope of the discriminant

TD(F ) ∩ C N (Df )

e1

e2
e3

e4

e5
e6

- C – Trop(αλa + βλb) ⊂ R2 intersecting TD(F ) transversally, and only at the unbounded
edges of TD(F ), dual to {ei}i∈I for some I ⊂ {1, . . . , 6}.

- MV (P, Q) – Mixed volume of two polytopes P, Q ⊂ R2

Claim
If the coefficients α, β ∈ K are chosen to be generic enough, then it holds∑

i∈I

∣∣∣det(a − b, −→e i )
∣∣∣ · ℓi =

∣∣∣D(f ) ∩ {αλa + βλ
b = 0}

∣∣∣ = MV
(
N (Jf ), N (αf a + βf b)

)
Proof:

- Left equality: BKK bound for D(f ) ∩ X

- Right equality: BKK bound for C(f ) ∩ f−1(X)
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The Newton polytope of the discriminant

TD(F ) ∩ C N (f1) N (f2) N (D(f ))

e1

e2
e3

e4
e5 e6

Claim
There exists I ⊂ {1, . . . , 6} and a binomial curve Val({αλa + βλb}) ∩ R2 satisfying∑

i∈I

∣∣∣det(a − b, −→e i )
∣∣∣ · ℓi = MV

(
N (Jf ), N (αf a + βf b)

)

We take enough binomial curves C as above to obtain the 6 equalities below


1 2 3 1 0 0
3 2 1 0 0 0
5 3 1 0 0 0
1 0 0 0 0 1
0 0 0 0 2 3
0 0 0 1 2 1

 ·


ℓ1
ℓ2
ℓ3
ℓ4
ℓ5
ℓ6

 =


22
16
24
7
22
16

 ⇒ (ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6) = (1, 6, 1, 6, 2, 6)
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Implementation
Algorithm: [EH, K. Rose – 2022]

Input: two subsets A1,A2 ⊂ N2 \ {(0, 0)}
Output: A polytope ∆ := NP(Df ) ⊂ R2 for any generic f ∈ CA.

1. Consider the tropical map F := T (f ) : R2 → R2,

2. compute TD(F ) ⊂ R2 and thus F(∆),

3. compute the edge lengths of ∆

Thank
you for
your

attention!

ArXiv:
2202.05052,
2207.00989
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