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Introdugao

Introduction

with Raul Oset-Sinha & Roberta Wik Atique,
Math. Ann. 2022.

with Raul Oset-Sinha, in progress.
@ Stable mappings f: N" — PP where N and P are smooth
manifolds,

@ Stable families of mappings F: N x [0,1] — P

Let Cor (N, P) = {f : N — P, f € C*} with the Whitney topology. g@%
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Introdugao

A-equivalence:

f~ag
N Lop
hl © |k,
N % P

h, k C> diffeomorphisms, g = ko foh™'.

f € C>*(N, P) is stable if there exists a neighbourhood U of f such that
for every g € U, it follows that f ~ 4 g.

A family F: N x [0,1] — P is a stable one parameter family if F; is
stable for all t € [0, 1] \ {#, ..., &} and at each point {;, the family F is
transversal to the orbits in jet space.
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E.Chincaro (n,2), J. Rieger (2,2), Goryunov, Mond and Marar (2,3). Cerf, Igusa-
Pseudo-isotopies

: The set of stable families is a residual set in C>°(N" x [0, 1], PP) if and
only the pair (n, p) is in the extra-nice dimensions.
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Introdugao

E.Chincaro (n,2), J. Rieger (2,2), Goryunov, Mond and Marar (2,3). Cerf, Igusa-
Pseudo-isotopies

: The set of stable families is a residual set in C>°(N" x [0, 1], PP) if and
only the pair (n, p) is in the extra-nice dimensions.

To discuss equisingularity of hyperplane sections of stable discriminants.
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Whitney, Thom and Mather

Hassler Whitney

Singularity theory of smooth mappings began with the work of Hassler
Whitney in the decades of 40 and 50’s of century XX.
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Whitney, Thom and Mather

Hassler Whitney

Singularity theory of smooth mappings began with the work of Hassler
Whitney in the decades of 40 and 50’s of century XX.

Hassler Whitney

v
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Whitney, Thom and Mather

(1) H. Whitney, The singularities of a smooth n-manifold in (2n-1)-space. Ann. of
Math. (2) 45, (1944), 247-293.

(2) H. Whitney, Mappings of the plane into the plane, Ann. of Math. (2) 62 (1955),
374-410.

Contour generatour Apparent contour
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Whitney, Thom and Mather

(1) H. Whitney, The singularities of a smooth n-manifold in (2n-1)-space. Ann. of
Math. (2) 45, (1944), 247-293.

(2) H. Whitney, Mappings of the plane into the plane, Ann. of Math. (2) 62 (1955),
374-410.

Contour generatour Apparent contour

Whitney conjecture (1958)
The set of stable mappings is a dense set for all pairs (n, p). ..
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Whitney, Thom and Mather

René Thom
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Whitney, Thom and Mather

René Thom

R. Thom, in his 1959 lectures Singularities of differentiable mappings, I, Bonn, 1959,
sketched a proof that stable maps are not dense when (n, p) = (9, 9), and formulated
conjectures on density of C°-stable maps that led to great developments in singularity
theory.
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Whitney, Thom and Mather

John Mather, Stable mappings, 1968 to 1971
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Whitney, Thom and Mather

Mather’s theorem
Stable mappins are dense < (n, p) is in the nice dimensions.

K[e

SONNENNSNS- _______

hice dimensions
TSRO 7N
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2( 32.
Figura: Bou é)ary of nice (?lmé3 nsions
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Definition

The A, codimension is a measure of how degenerate is a singularity.
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Whitney, Thom and Mather

Definition
Ae — cod(f) = diMi o Seron

The A, codimension is a measure of how degenerate is a singularity.
If f is stable, it follows that ( the germ at any point) .4, — cod(f) = 0.
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Whitney, Thom and Mather
Definition

Ae — cod(f) = diMi o Seron

The A, codimension is a measure of how degenerate is a singularity.
If f is stable, it follows that ( the germ at any point) .4, — cod(f) = 0.

Thom’s example

There is a one-parameter family of germs
fr : (K%,0) — (K%,0), K =R, C corankf; = 3 such that
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Definition

Ae — cod(f) = diMi o Seron

The A, codimension is a measure of how degenerate is a singularity.
If f is stable, it follows that ( the germ at any point) .4, — cod(f) = 0.

Thom’s example

There is a one-parameter family of germs

fr : (K%,0) — (K%,0), K =R, C corankf; = 3 such that
e A, — codimensionf; = 1
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Whitney, Thom and Mather

Definition
Ae — cod(f) = diMi o Seron

The A, codimension is a measure of how degenerate is a singularity.

If f is stable, it follows that ( the germ at any point) .4, — cod(f) = 0.

Thom’s example

There is a one-parameter family of germs

fr : (K%,0) — (K%,0), K =R, C corankf; = 3 such that
e A, — codimensionf; = 1
o Ift+# 1t then f; =4 f (f; are not simple.)
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Whitney, Thom and Mather
Definition

Ae — cod(f) = diMi o Seron

The A, codimension is a measure of how degenerate is a singularity.
If f is stable, it follows that ( the germ at any point) .4, — cod(f) = 0.

Thom’s example

There is a one-parameter family of germs

fr : (K%,0) — (K%,0), K =R, C corankf; = 3 such that
e A, — codimensionf; = 1
o Ift+# 1t then f; =4 f (f; are not simple.)

A germ f: (K",0) — (KP,0) is simple if kg such that for all kK > kg,

there is a finite number of orbits in a neighbourhood of j¥£(0) in g@;ﬁ

JK(n, p). oy
The extra-nice dimensions December 13, 2022 10/27



Whitney, Thom and Mather

Ae — cod(f) = # parameters of a miniversal unfolding of f.
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Simplicity

Simplicity

In this work we obtain a refinement of the nice-dimensons, the
extra-nice dimensions.
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We first discuss the characterization of them in terms of simplicity of
germs with low 4e-codimensions. The following result is well known.
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In this work we obtain a refinement of the nice-dimensons, the
extra-nice dimensions.

We first discuss the characterization of them in terms of simplicity of
germs with low 4e-codimensions. The following result is well known.

Proposition

(n, p) is in nice-dimensions <= all A¢-codimension 1 singularities
f: (K" 0)— (KP,0) are simple.
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Simplicity

Simplicity

In this work we obtain a refinement of the nice-dimensons, the
extra-nice dimensions.

We first discuss the characterization of them in terms of simplicity of
germs with low 4e-codimensions. The following result is well known.

Proposition
(n, p) is in nice-dimensions <= all A¢-codimension 1 singularities
f: (K" 0)— (KP,0) are simple.

T. Cooper,D. Mond and R. Wik Atique, Compositio Math. 131 (2002),

no. 2, 121-160. -
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Simplicity

Are A.-cod 2 germs in nice-dimensions simple?
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e Classifying codimension two multigerms, with R. Oset-Sinha and R.
Wik-Atique, Math. Z. 278 (2014)
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Simplicity

Are A.-cod 2 germs in nice-dimensions simple?

e Classifying codimension two multigerms, with R. Oset-Sinha and R.
Wik-Atique, Math. Z. 278 (2014)

e We use Damon’s results to relate singularity of mappings and topology of
their discriminants.
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Wik-Atique, Math. Z. 278 (2014)

e We use Damon’s results to relate singularity of mappings and topology of
their discriminants.

Let (n+ 1,p + 1) be a nice pair of dimensions, F : (C™' 0) — (CP*',0) a
minimal stable map-germ and A(F) its discriminant.
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Simplicity
Are A.-cod 2 germs in nice-dimensions simple?
e Classifying codimension two multigerms, with R. Oset-Sinha and R.
Wik-Atique, Math. Z. 278 (2014)

e We use Damon’s results to relate singularity of mappings and topology of
their discriminants.

Let (n+ 1,p + 1) be a nice pair of dimensions, F : (C™' 0) — (CP*',0) a
minimal stable map-germ and A(F) its discriminant.

(C™1,0) —F— A(F) c (CPH1,0)

I ]
(cr,0) — (CP,0)
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Simplicity

Are A.-cod 2 germs in nice-dimensions simple?

e Classifying codimension two multigerms, with R. Oset-Sinha and R.
Wik-Atique, Math. Z. 278 (2014)

e We use Damon’s results to relate singularity of mappings and topology of
their discriminants.

Let (n+ 1,p + 1) be a nice pair of dimensions, F : (C™' 0) — (CP*',0) a
minimal stable map-germ and A(F) its discriminant.

(C™1,0) —F— A(F) c (CPH1,0)

I ]
(cr,0) — (CP,0)

A hyperplane section H = i(CP) transversal to the discriminant V = A(F) c CP*'
away from the origin pulls back by F to an A-finite map-germ f : (C",0) — (CP,0). @
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The group Ky acts on the space of embeddings
i: (KP,0) — (KP*1.0), and

The cross-cap

. 2 3 _ 2 3
F(K,O)%(K7O), F(X,y)—(X,y,Xy—i—y),
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Simplicity

Proposition: (Oset-Sinha, R., Wik Atique, 2022).
Let (n+ 1, p+ 1) be a nice dimension. Then, all corank 1 .4,-cod 2
germs (n, p) are simple.
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Simplicity

Proposition: (Oset-Sinha, R., Wik Atique, 2022).
Let (n+ 1, p+ 1) be a nice dimension. Then, all corank 1 .4,-cod 2
germs (n, p) are simple.

Proposition

Let(n+1,p+ 1) be nice dimensions. If all stable germs
F: (K"™1,0) — (KP*+',0) admit a Ae-cod 1 hyperplane section, then
all Ag- cod 2 germs f : (K",0) — (KP,0) are simple.
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Simplicity

A non simple germ of A.-codimension 2.

Example: algebra B; 5 : (x° + y°, xy)
The stable corank 2 germ F : (K8, 0) — (K8, 0) given by

F(x,y,u) = (X34 y3 + Ui x + Uy + Usx® + ugy?, xy, u) =

where u = (uy, Uz, U3, Uy).
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A non simple germ of .4.-codimension 2.

Example: algebra B; 5 : (x° + y°, xy)

The stable corank 2 germ F : (K8, 0) — (K8, 0) given by
F(x,y,u) = (X34 y3 + Ui x + Uy + Usx® + ugy?, xy, u) =

where u = (uy, Uz, U3, Uy).

It does not admit a Ae-codimension 1 hyperplane section, but it admits
a section of codimension 2, Us + AUz + U2 = 0.
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Simplicity
A non simple germ of .4.-codimension 2.
Example: algebra B; 5 : (x° + y°, xy)
The stable corank 2 germ F : (K8, 0) — (K8, 0) given by
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The extra-nice dimensions

The extra-nice dimensions

Definition
(n, p) is in the extra-nice dimensions if for large enough k, there exists

a Zariski closed subset A c JX(n, p), A-invariant, cod (N) > n+ 2 such
that its complement JX(n, p) \ A is a finite union of A-orbits.
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The extra-nice dimensions

The extra-nice dimensions

Definition
(n, p) is in the extra-nice dimensions if for large enough k, there exists

a Zariski closed subset A c JX(n, p), A-invariant, cod (N) > n+ 2 such
that its complement JX(n, p) \ A is a finite union of A-orbits.

Extra-nice = nice. J
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The extra-nice dimensions

Theorem:

The pair (n, p) is in the extra-nice dimensions if and only if
(n+1,p+ 1) is in the nice dimensions and every stable germ

F: (K" 0) — (KP*' 0) admits a hyperplane A.-codimension 1
section f : (K",0) — (KP,0).
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The extra-nice dimensions

Theorem:

The pair (n, p) is in the extra-nice dimensions if and only if
(n+1,p+ 1) is in the nice dimensions and every stable germ
F: (K" 0) — (KP*' 0) admits a hyperplane A.-codimension 1
section f : (K",0) — (KP,0).

Corollary
(n, p) extra-nice = Ag-codimension 2 germs are simple. ’
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The extra-nice dimensions

Density of stable families

Theorem

The subset of 1-parameter locally stable families in

Cor (N x [0,1], PP), is dense <=> (n, p) is in the extra-nice
dimensions.
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Viaria Aparecida Soares H The extra-nice dimensions



The extra-nice dimensions

Density of stable families

Theorem

The subset of 1-parameter locally stable families in
Cor (N x [0,1], PP), is dense <=> (n, p) is in the extra-nice
dimensions.

Sketch of proof:
We consider an A-invariant stratification of J*(n, p) :
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Theorem

The subset of 1-parameter locally stable families in
Cor (N x [0,1], PP), is dense <=> (n, p) is in the extra-nice
dimensions.

Sketch of proof:
We consider an A-invariant stratification of J*(n, p) :

Let AK(n, p) = {o € JX(n, p)|AX — cod(c) > n+ 2}.
@ Ais Zariski closed.
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The extra-nice dimensions

Density of stable families

Theorem

The subset of 1-parameter locally stable families in
Cor (N x [0,1], PP), is dense <=> (n, p) is in the extra-nice
dimensions.

Sketch of proof:
We consider an A-invariant stratification of J*(n, p) :

Let AK(n, p) = {o € JX(n, p)|AX — cod(c) > n+ 2}.
@ Ais Zariski closed.
@ Ais AK-invariant.
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The extra-nice dimensions

Density of stable families

Theorem

The subset of 1-parameter locally stable families in
Cor (N x [0,1], PP), is dense <=> (n, p) is in the extra-nice
dimensions.

Sketch of proof:
We consider an A-invariant stratification of J*(n, p) :
Let AK(n, p) = {o € JX(n, p)|AX — cod(c) > n+ 2}.
@ Ais Zariski closed.
@ Ais AX-invariant.
@ codA > n+ 2 < (n, p) is in the extra-nice dimensions.
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The extra-nice dimensions

When J%(n, p) \ A%(n, p) has finite number of .AX-orbits, the
stratification in J%(n, p) induces a stratification S(N, P) in JX(N, P).
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The extra-nice dimensions

When J%(n, p) \ A%(n, p) has finite number of .AX-orbits, the
stratification in J%(n, p) induces a stratification S(N, P) in JX(N, P).

We can go to global: F; N x [0,1] — P is a stable 1-parameter family
& JKF N x [0,1] — J¥(n, p) is transversal to the stratification S(N, P)
in JX(N, P).
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The extra-nice dimensions

When J%(n, p) \ A%(n, p) has finite number of .AX-orbits, the
stratification in J%(n, p) induces a stratification S(N, P) in JX(N, P).

We can go to global: F; N x [0,1] — P is a stable 1-parameter family
& JKF N x [0,1] — J¥(n, p) is transversal to the stratification S(N, P)
in JX(N, P).

The result follows from the Transversality theorem for families of
mappings.
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The extra-nice dimensions

The extra-nice dimensions

VEGEW: parecida soares H The extra-nice dimensions December 13, 2022 21/27



The extra-nice dimensions

¢ How to determine the extra-nice dimensions?
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The extra-nice dimensions

¢ How to determine the extra-nice dimensions?

Let F: (K™, 0) — (KP*',0), be stable and A(F)

Let Derlog(F) be the Op,1-submodule of 6,1, the module of vector fields in
(KP+1,0), defined by

Definition
Derlog(F) = {n € 0,1, tangent vector field to A(F)}
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Let F: (K™, 0) — (KP*',0), be stable and A(F)

Let Derlog(F) be the Op,1-submodule of 6,1, the module of vector fields in
(KP+1,0), defined by

Definition
Derlog(F) = {n € 0,1, tangent vector field to A(F)}

Let ¢ : (KP+',0) — (K, 0) be an equation defining A(F) and study sections of
#~1(0) = A(F) with respect to the Ry-equivalente, where V = A(F).
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The extra-nice dimensions

¢ How to determine the extra-nice dimensions?

Let F: (K™, 0) — (KP*',0), be stable and A(F)

Let Derlog(F) be the Op,1-submodule of 6,1, the module of vector fields in
(KP+1,0), defined by

Definition
Derlog(F) = {n € 0,1, tangent vector field to A(F)}

Let ¢ : (KP+',0) — (K, 0) be an equation defining A(F) and study sections of
#~1(0) = A(F) with respect to the Ry-equivalente, where V = A(F). We
denote a general section by G : (KP*'1,0) — (K, 0), or by

L: (KP+10) — (K, 0), when the section is a generic linear section.

EGEW: parecida soares H The extra-nice dimensions December 13, 2022 22/27



The extra-nice dimensions

¢ How to determine the extra-nice dimensions?

Let F: (K™, 0) — (KP*',0), be stable and A(F)

Let Derlog(F) be the Op,1-submodule of 6,1, the module of vector fields in
(KP+1,0), defined by

Definition
Derlog(F) = {n € 0,1, tangent vector field to A(F)}

Let ¢ : (KP+',0) — (K, 0) be an equation defining A(F) and study sections of
#~1(0) = A(F) with respect to the Ry-equivalente, where V = A(F). We
denote a general section by G : (KP*'1,0) — (K, 0), or by

L: (KP+10) — (K, 0), when the section is a generic linear section.

Proposition

3 Ae-cod 1 hyperplane section of A(F) <= 3L : KP*! — K, such that
Mpi1 C DL(Derlog(A(F)))
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Fas:=(x°+ y® + uix + oy + tsx® + usy?, xy, u) = (X, Y, Us, ..., Us)

Lema

Derlog(A(V)) = Lift(Fs3), where
Lift(F) = {n € Op11|3€ € 041, such that DF () =no F}

3X 2U1Us + 6Y2 +4UsUs Y
2y X
| 2y —3U,U; — 5U,Y
Mm2s=1 oy, |° —3UUs — 5UsY
Us —4Us
Us —4U;
Uy SUsYP+ JeUsY
—guw (—3Ui + ZLR)Y
—2U,Y —2LY + 202 — 2U LB
Na56 = 31 , 3 o 9 A 27 3
"~ X+ §U2U4 —2Y° — §U3U4Y
—2Y X+ 3UiUs — £ U3
2 2712 1
—§U2+§U4 —§U3Y
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A(F) does not admit a .Ae-codimension 1 hyperplane section. A
generic section (with respect to analytic equivalence) is not linear. It is
a section of Ae-codimension 2, given by

G(X,Y,Uy,...,Us, Us) = Us + \Uy + U3,

with \ # 0, 1.
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Properties of Stable Discriminants in the nice dimensions.

Let A(F) c (KP+',0) be the discriminant of a stable map-germ
F: (K"™1,0) — (KP*', 0), where (n+1,p+ 1) is in the nice
dimensions.
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Properties of Stable Discriminants in the nice dimensions.

Let A(F) c (KP+',0) be the discriminant of a stable map-germ
F: (K" 0) — (KP*',0), where (n+ 1,p + 1) is in the nice
dimensions. Then:

@ A(F) is a quasihomogeneous algebraic variety ( Mather VI)
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Properties of Stable Discriminants in the nice dimensions.

Let A(F) c (KP+',0) be the discriminant of a stable map-germ
F: (K" 0) — (KP*',0), where (n+ 1,p + 1) is in the nice
dimensions. Then:

@ A(F) is a quasihomogeneous algebraic variety ( Mather VI)

@ The analytic type of a generic hyperplane section of A(F) is
constant if and only if the pair (n, p) is in the extra-nice
dimensions.
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Properties of Stable Discriminants in the nice dimensions.

Let A(F) c (KP+',0) be the discriminant of a stable map-germ
F: (K" 0) — (KP*',0), where (n+ 1,p + 1) is in the nice
dimensions. Then:

@ A(F) is a quasihomogeneous algebraic variety ( Mather VI)

@ The analytic type of a generic hyperplane section of A(F) is
constant if and only if the pair (n, p) is in the extra-nice
dimensions. (Can take linear normal form) (Oset-Sinha, R., Wik
Atique)
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Properties of Stable Discriminants in the nice dimensions.

Let A(F) c (KP+',0) be the discriminant of a stable map-germ
F: (K" 0) — (KP*',0), where (n+ 1,p + 1) is in the nice
dimensions. Then:

@ A(F) is a quasihomogeneous algebraic variety ( Mather VI)

@ The analytic type of a generic hyperplane section of A(F) is
constant if and only if the pair (n, p) is in the extra-nice
dimensions. (Can take linear normal form) (Oset-Sinha, R., Wik
Atique)

@ For any pair (n, p) in the nice dimensions, the topological type of a
generic hyperplane section is constant. (Damon )
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Conjecture: rigidity of bi-Lipschitz triviality outside the extra-nice dimensions
Suppose the pair (n+ 1, p + 1) is in the nice dimensions, and let

G : (KPt1,0) — (K, 0) be a family of generic sections to the
discriminant V = A(F) of a stable map F.
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Conjecture: rigidity of bi-Lipschitz triviality outside the extra-nice dimensions
Suppose the pair (n+ 1, p + 1) is in the nice dimensions, and let

Gt : (KP+1,0) — (K, 0) be a family of generic sections to the
discriminant V = A(F) of a stable map F.

Then bi-Lipschitz-R - triviality of G = (analytic) — Ry- triviality of
Gt.
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Conjecture: rigidity of bi-Lipschitz triviality outside the extra-nice dimensions
Suppose the pair (n+ 1, p + 1) is in the nice dimensions, and let

G : (KPt1,0) — (K, 0) be a family of generic sections to the
discriminant V = A(F) of a stable map F.

Then bi-Lipschitz-R - triviality of G = (analytic) — Ry- triviality of
G.

F3 3 again

The discriminant V = A(F) is weighted homogeneous of type (3,2,2,2,1,1;18).
Let L (X, Y, U) = Us + \U; be the generic family of linear sections.
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Conjecture: rigidity of bi-Lipschitz triviality outside the extra-nice dimensions
Suppose the pair (n+ 1, p + 1) is in the nice dimensions, and let

G : (KPt1,0) — (K, 0) be a family of generic sections to the
discriminant V = A(F) of a stable map F.

Then bi-Lipschitz-R - triviality of G = (analytic) — Ry- triviality of
G.

F3 3 again
The discriminant V = A(F) is weighted homogeneous of type (3,2,2,2,1,1;18).
Let L (X, Y, U) = Us + AU be the generic family of linear sections.

We can use the K*-action to find a control function p and a polynomial vector field
n € Derlog(V), n = % ,a;n;, such that the vector field

9 n
W = a‘i‘*

is continuous, leaves V invariant , is tangent to the level sets of Ly, but is not a
Lipschitz vector field.
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Thank you !
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