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the affine normal vector field

Let ¢ : U — RN*' be an immersion, where dim U = N.
D is the canonical affine connection on RN+1,
¢ is a vector field transversal to ¢(U).

¢ defines a connection V on U and symmetric bilinear form h
on TU by

Dxo. Y = 6.(VxY) + h(X, Y)E, ¥X, Y € X(U)

W. Domitrz Improper affine spheres



the affine normal vector field

h defines a volume element v, on U.

¢ defines a volume element ¢*©,, where O¢(-) = det(,§)

Theorem (Blaschke)

There exists a unique, up to sign, transversal vector field ¢ such
that vy, = $*©¢ and furthermore V($*©¢) = 0.

¢ is called the affine normal, or Blaschke normal vector field to
the hypersurface ¢(U) ¢ RV*1,
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Improper affine spheres

Definition

A hypersurface ®(U) ¢ RNt is an affine sphere if its affine
normal lines through each point of ®(U) intersect at one point,
called its center or else are mutually parallel.

The affine sphere is improper if affine normal vectors are
mutually parallel i.e. the center is infinity. Otherwise the affine
sphere is called proper.
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Abel Transon’s work on normal affine of a curve 1841.
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Abel Transon’s work on the affine normal of a curve
1841.
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Gheorghe Tzitzeica’s works on affine spheres
1908-09.
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Wilhelm Blaschke’s book 1923.
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Gaspard Monge’s work 1784.
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André-Marie Ampere work 1820.
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the Monge-Ampére equation

Let (¢ =(0,---,0,1) be a parallel vector field for the canonical
connection D on RN+1,

Proposition

The graph of a smooth function F : U — R (U c RN open) is an
improper affine sphere with the affine normal £ iff

det (f;’j) ¢ (1)
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Jorgens-Calabi-Pogorelov Theorem

If F: RN — R is a strictly convex smooth function satisfying

det (ZZXZ) _ @)

then F is a quadratic polynomial.
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Monge-Ampére equation in symplectic terms

Let V be an open subset of R?” with the canonical symplectic
formw =Y, dx; A dxjyp.

Let F: V — R be a smooth function and let Yr be the
Hamiltonian vector field of F.

Proposition

F satisfies the classical Monge-Ampeére equation (1) iff
det(DYE) = c, (3)

where DYF denotes the jacobian matrix of the map x — Yr(x).
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Improper affine spheres in symplectic terms

Let U c R?" be an open subset. Let an immersion
¢ U— R?*1 transversal to ¢ = (0,---,0,1) € R?" x R, where
the latter R2" carries the symplectic form w.

o(r) = (x(r),f(r)) € R®" x R, where x(r) € V C R?"is locally
invertible and f(r) = F(x(r)), for some F : V — R.

Let Yr(x) be the Hamiltonian vector field of F defined by
equation and let y(r) = Yr(x(r)).

A(r): T,U — T, U is defined by
Dy(r) = Dx(r) - A(r). (4)

Proposition

(V) is an IAS with the affine normal (0, ...,0, 1) if and only if
det A = ¢, for some constant c.
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The symplectic structructure of TV and contact

structure of TV x R

Let V be an open subset of R?” and let w be the canonical
symplectic form on V.

b:TVovi—w(v,)eTV

Let « be the canonical Liouville 1-formon T*V. Q =b*dais a
symplectic form on TV and # = dz + b*« is a contact form on
TV x R, where z is a coordinate on R.

Let F: V — R be a smooth function. Let Yr be the Hamiltonian
vector field of F

Proposition

AmapL:V 3 xw— (x, Ye(x), F(x)) € TV x R is a Legendrian
immersion to the contact space (TV x R, {0 = 0}).
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Center-chord improper affine spheres

Let Uy, U be open subsets of R", s = (sy, ..., Sp) € Uy and
t=(t,....th) € U>

Let 3: Uy — (R?",w), v: U, — (R2", w) be Lagrangian
embeddings, Ay = 5(Uy), Ao = ~v(Uo).

Define x : Uy x Up — R27 by x(s, t) = 1 (B(S) +7(1)).
and y : Uy x Up — R?"by y(s. 1) = 3 (+() = B(S)) ,

2
B and v are Lagrangian, so w(Xs,, ¥s;) = w(Xy, yy) = 0.

W(XS,'a Yt,) = w(/BS,'a ’W]) = w(’}/tp _ﬁS/) = W(Xl}'7.y5/)7
There exists function f : U; x U> — R satisfying

fsi = w(XSny)v ft,' = W(Xtiay)’for = 1’ , .
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Center-chord improper affine spheres

—In 0O
K2n: |: On In :|

Assume that the tangent spaces of Ny at 5(s) and of A\, at ~(t)
are transversal.

Then the immersion ¢(s, t) = (x(s, t), f(s, t)) is an immersion
with A(r) = A(s, t) = Kz, As a consequence,

¥2" = Image(¢) c R?"*' is an improper affine sphere with
Blaschke normal ¢ = (0,---,0,1)

()
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Special improper affine spheres

Let U be open subset of C". Let H : U — C be a holomorphic
map

H(z) = P(s,1) +iQ(s, 1), (6)
withz=s+it,z=(z,..,2n), S = (S1,.-,8n), t = (4, .., tn).
0Q _ (09 09y9Q _ (00 0Q)

as 831 REGLE at - at1 PREEY) aitn .
We define
x(s, 1) = (xU)(s, 1), x®(s, 1)) = (S, %‘3)
y(s,t) = (yV(s, 1),y ¥ (s, 1) = <t, 80)
0s
f(s,t) Ztk at (s, ).
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Special improper affine spheres

At points (s, t) such that

2°Q

the map ¢(s, t) = (x(s,t), f(s, t)) is an immersion with

A(r) = A(s, t) = Jop.

Y2 = Image(¢) c R?"*1 is an improper affine sphere with the
affine normal ¢ = (0,---,0,1).
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Other examples

Take n =2 and
11 0 O
01 0 O
A= 00 -1 O
00 -1 —1

f(X1, X2, X3, X4) = X1X3 + XoX4 + XoX3 @nd since A is not similar to
Ky or Jy, (x, f) is neither center-chord nor special.

If one considers the product of a center-chord IAS with a
special IAS, one obtains a new IAS.
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Theorem (M. Craizer, W.D., P. de M. Rios)

Any germ of a simple stable Legendrian singularity is realizable
as a center-chord IAS.

v

Theorem (M. Craizer, W.D., P. de M. Rios)

Any germ of a simple stable Legendrian singularity is realizable
as a special IAS.

v
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2-dimentional indefinite IAS

Let v, 3 € C>(R, R?) be regular periodic curves. Let

X(u,v) = W, Y(u,v) = 7(“);5(‘/).

and
flu,v) =

1 u , v ,
3 ([ et 00 - s+ [ det (#(00(0) - a)at)
For the pair (v, 8) we define the following map:

V:RxR (u,v) = (X(u,v), f(u,v)) e RExR.  (8)

Proposition

The map V defined in (8) is a parametrization of an improper
affine sphere. We will call it a center-chord or indefinite
improper affine sphere.

) = = =
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Singular points

Proposition

The center-chord improper affine sphere of the pair (v, 8) is
singular at (u, v) if and only ify'(u), 8'(v) are parallel.
A singular point (u, v) is degenerate if and only if both
~v(u), B(v) are inflection points.
A nondegenerate singular point (u, v) is
@ an intrinsic cuspidal edge (an Ax-point) if and only if
oy (U) # sgn (7/(u) - B(V)) s (V).
@ an intrinsic swallowtail (an Az-point) if and only if
i (u) = sgn (v/(u) - B'(V)) ka(v), and !, (u) # Kiy(v),
where' denote the derivative with respect to the
corresponding arc length parameter.
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Singular curvatures

Proposition

Let~, 8 be arclength parametrized regular curves. Let v denote
the curvature of a space curve 4 = WV o o (the image of the
singular curve). If (u, v) is a A>-point then

ks(U,v) = sgn(y"(u) - B"(v)) w(u, v),
ks(u,v)  =r(u,v)if(u,v)ext,

ks(u,v) = —r(u,v)if(u,v) e x .
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Negative cuspidal egdes ¥~
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the Gausian curvature

Proposition
The following formulas hold:
16
K(u,v) == ;
( (4+ Iv(u) - B)R)®
Kda — __2detl (), 5(v)) dudy,
(4+ Iv(u) - B)R)¥*
Kaa — _ 2t/ @ B g
(4+ I(u) - B)R)*2
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Genericity conditions for a pair of curves

~v1 U~yo € G satisfies the following conditions:

@ both v¢ and ~, are regular curves with only
non-degenerate inflection points and no undulation points,
and only transversal self-crossings,

@ ~1,72 have only transversal crossings,

@ if v1(s1),72(s2) is a parallel pair, then ~4(s1) or y2(sz) is not
an inflection point,

@ if v1(s1),72(s2) is a parallel pair, the points v1(S1), v2(S2)
are not inflection points, and
by, (1) = —sgn (74(81) - 75(S2)) Fing(S2), then
K., (81) # K., (S2), where «’ denote the derivative of the
curvature with respect to the corresponding arc length
parameter.
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Genericity conditions for a pair of curves (continuation)

@ the point v1(s1) + v2(s2) for any parallel pair v1(s1), v2(S2)
such that k., (s1) = —sgn (¥4(S1) - 75(S2)) K+, (S2) does not
coincide with the point 4 (uy) 4 ~2(v1) for any other parallel
pair.

@ there are at most finitely many distinct pairs (and no triples
etc.) of parallel pairs v1(uq),v2(v1) and 1 (uz), v2(v2) such
that 4 (u1) +v2(v1) = v1(U2) + ~2(v2) and
det (v4(w1),74(u2)) #O.

Then G is a generic subset of C>(S] U S}, R?) with Whitney
C* topology. Furthermore, IAS of a pair of curves 71, v2 such
that v U ~v2 € G has only cuspidal edges and swallowtails
singularities.
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Genericity conditions for a curve

~ in G satisfies the following conditions:

@ ~ is a regular curve with only non-degenerate inflexion
points and no undulation points,

@ ~ has only transversal self crossings,

@ if v(s1),7(s2) is a parallel pair of -, then v(s1) or v(s2) is
not an inflexion point,

@ if v(s1),7(s2) is a parallel pair of -y, the points v(s1),v(sz)
are not inflexion points of ~, the dot product ~/(s1) - 7/(s2)
is negative, and r(S1) = r+(Sz), then s (s1) # £ (s1),
where 7, denote the derivative of the curvature with
respect to the arc length parameter.
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Genericity conditions for a curve (continuation)

@ the point v(s1) + v(sz) for any parallel pair v(s1), v(s2) such
that k(1) = —sgn (7/(81) - 7/(s2)) £4(S2) does not coincide
with the point v(uy) + v(v1) for any other parallel pair.

@ there are at most finitely many distinct pairs (and no triples
etc.) of parallel pairs v(uy),v(v1) and y(u2), v(v2) such that
Y(u1) +v(v1) = y(u2) +~(v2) and det (v'(u1),~'(u2)) # 0.

Then G is a generic subset of C*°(S',R?) with Whitney C>

topology and IAS of v € G has only cuspidal edges, swallowtails
and Ay »-singularities
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A4 /o singularity - the Kowalczyk-Janeczko symmetric
butterfly
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A4 /o singularity - the Kowalczyk-Janeczko symmetric
butterfly
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Let v, 8 € C°(R,R?) be regular 27-periodic curves. Let

V(p,q) = (X(p,q).f(p,q)),

where

X(p,q)=X(p+ag,p—q), f(p,q)=f(lp+qg,p—q).

~ ~ 1 ~
V(p+2r,q) = ¥(p,q) + 5 (0.0.4, — As) ,

~ ~ 1 SO
¥(p,q+2r) = ¥(p,q) + 5 (0.0.A, + A5,

where /7\7 denotes the oriented area bounded by ~.
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Periodicity

Corollary

If A, and Az are incommensurable, then the set
D = \U(R X R) N {\U(Uo, Vo) = t(0,0, 1)“’ S R}

is dense in {V(up, vo) + (0,0, 1)|t € R} for any
(Uo, Vo) e R xR.

.
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Periodicity

Let v € C>(R,R?) be a regular 27-periodic curve and 3 = ~.

U(p+2m,q) = V(pq)

¥(p.q+2r) = ¥(p.q)+(0,0,A)
X(p.q) = X(p.-q)
X(p,q) = X(p+m,m—q)
fp,q) + flp+mm—q)=5A,
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A center-chord IAS

Assume that a(u) = (cos(u),sin(u)), i.e., L is the unit circle in
the plane.

Then

- (157) (o(157)(57)
- () (o (159) (75

1
4

f(u,v) = —(v—u-+sin(u—v)).
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A center-chord IAS
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A special IAS

Consider v(z) = (cos(z),sin(z)). Then L is the unit circle in the
plane and
X(s,t) = cosh(t) (cos(s),sin(s)),

Y(s,t) = sinh(t) (—sin(s),cos(s)),

f(s,t) = %(sinh(Zt) _21).

W. Domitrz Improper affine spheres



A special IAS
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A center-chord IAS
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A center-chord IAS
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A center-chord IAS
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A special IAS
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A special IAS
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A center-chord IAS
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A center-chord IAS
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A nonconvex curve
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A center-chord IAS
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A center-chord IAS
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A center-chord IAS
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A center-chord IAS

=2 [

W. Domitrz Improper affine spheres



A center-chord IAS
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A center-chord IAS
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A center-chord IAS
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A center-chord IAS

Improper affine spheres



%
\

-chord IAS

A center

=S
Nk

A

/./,

%
5 ‘

(]
o
b4
Q
<
o
o
Q
c
=
t=
©
Py
@
o
o
=
o
E

W. Domitrz




Gauss-Bonnet formulas

Let ® be a parametrisation CC IAS whose set of singular points
Y admits at most peaks. If M C R x R be a closed bounded
region enclosed by a curve transversal to ¥, then

2mx (M) =
Sy KdA+2 [o. kdT — 2 [¢_ kdT
+ Jomom KT = Jopom- FgdT — Zpenull(tﬂaM)(za-i-(p) — ),
Jiy KdA + [, RgdT =
2m (X(M™) = x(M™)) + 2 (#P* — #P7)
+m (F#(ZNOM)T — #(XZNOM)™) + 7 (#Psy+ — #Poy-) - )
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Gauss-Bonnet formulas

dr is the arc length measure,

Y T (respectively ¥ ) is the positively (respectively negatively)
curved cuspidal edges of ¥,

P (respectively P~) is the set of positive (respectively
negative) peaks in M\ oM,

(XN oM)T (respectively (£ N OM)~, null(X N OM)) is the set of
positive (respectively negative, null) singular points in ¥ N oM,
Psu+ (respectively Pyy,-) is the set of peaks in the positive
(respectively negative) boundary.
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Gauss-Bonnet formulas

Let ~ be a generic curve. Then CCIAS satisfies the following
formula

/ KdA—l—Z/ lisd7+2/|/<;7|ds:0,
M >NMe ¥

where s is the arc-length parameter of .

W. Domitrz Improper affine spheres



Infexion points on the Wigner caustic on shell

Rysunek: A curve M with 8 inflexion points (the dashed line) and
branches of the Wigner caustic between inflexion points of M.
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Inflexion points on the Wigner caustic on shell

Theorem (W.D., M. Zwierzynski)

Let M be a generic regular closed curve. Let

S' 5 s+ f(s) € R? be a parameterization of M and let C be a
branch of the Wigner caustic which connects two inflexion
points f(t) and f(t2) of M. Then the number of inflexion points
of C and the number of inflexion points of the arc f((t, t;)) are
even.
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Symplectic and contacts forms

n
w=Y_dg; A dp

i=1

is the canonical symplectic form in R2".

n
Q=) dqndpi+dgAdp
i=1
is the canonical symplectic form in TR?" .
n
0=dz— pidg;+ gidp (9)
i=1

is the canonical contact form in TR2"” x R.
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Lagrangian and Legendrian maps

(x,y): U— (TR2", Q) is a Lagrangian immersion,
(x,y,f): U— (TR?" x R, {0 = 0}) is a Legendrian immersion,

7 TR?" =R2" x R?" 5 (q,p, q,p) — (q,p) € R?",
7 TR? xR = R?"xR?"xR 3 (q,p, 9, p, 2) — (q,p, 2) € R?"xR.
The Lagrangian map is

mo(x,y): U— R

The Legendrian map is

Fo(x,y,f): U— R xR,
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Generating functions

A generating function of the Lagrangian submanifold £ and the
Legendrian submanifold £ is a function

g:R"xR">(q,q) — 9(q,9) €R,

satisfying

£={(@P.ap): 52 = p. 52 =), (10)
and
£={(@P.0.p.2): 52 = b g —p.2=0(a.q) = q-p}. (11
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Generating families

A generating family of the Lagrangian map = o L and the
Legendrian map 7 o L is a function
G:R"xR?" > (8,q,p) — G(B,q,p) € R satisfying

0G _0G . 0G .
£=1(@p.q.p):38: 55 =05, =p—5 =}

and

. . oG _o0G . 0G .
:{(qapvq7p’ ) HB 06 a%_pa_%_qaz_6(57Q7p)}‘

A generating family can be obtained from a generating function
by
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Generating families for center-chord IASs on shell

For a center-chord IAS, where L is defined by (u, dS(u)),

0ec(d.4) = 3S(q +4) ~ 3S(a—4)

is a generating function and

1 1
Geo(,9.P) = 58(a+8) — 5S(a— ) —p- 6.

is a generating family.

Gec(8, q, p) is an odd function of 5.
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Generating families for special IASs on shell

For a special IAS defined by the holomorphic function H taking
R" to R,

9sp(q.q) = Q(q.9)
is a generating function on shell and the generating family for
¢sp(L) on shell is given by

Gso(8,9,p) = Q(q,8) — p- 5, (12)

where Q is the imaginary part of H.

If HR™) C R then H(z) = H(Z). It implies that
Q(qv _B) = _Q(qv ﬁ)

Gsp(5, g, p) is an odd function of 3.
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Z>-symmetric in fibers Lagrangian submanifolds

Definition

A Lagrangian submanifold L of TR2" is Z,-symmetric in the
fibers if for every point (x, A) in L the point (—x, \) belongs to L.
The Lagrangian map =|, : L — R?" is Z,-symmetric if the
Lagrangian submanifold L is Z,-symmetric in the fibers.
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Dk m is the group of diffeomorphism-germs

(RK x R™M 0) — (RK x R™, 0), D% is the subgroup of odd
diffeomorphism-germs (R¥,0) — (R¥, 0) i.e. ¢ € D if
d(—x) = —d(x).

Definition

Two odd generating family-germs F, G of Z,-symmetric
Lagrangian submanifold-germs are fibred R°% -equivalent i
there exists a odd (in variables) fibred diffeomorphism-germ
Ve Diin i. e.

W(x, ) = (P(x,1),A(N)) and P|g, 1 € DP% for every A,

such that

F=GoV.
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Theorem on equivalence

Z»-symmetric Lagrangian map-germs are Zp-symmetrically
Lagrangian equivalent if and only if their odd generating
families are fibred R°%-equivalent.
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Singularities of odd functions

Definition

A smooth function-germ f at 0 on R™ is even if f(—x) = f(x)
and itis odd if f(—x) = —f(x).

ER®" is the ring of even smooth function-germs f : (R™,0) — R

£999 is the set of odd smooth function-germs
g: (R™ 0) — (R,0), which has a module structure over £5/¢".
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Singularities of odd functions

Definition

A diffeomorphism-germ ¢ : (R ,0) — (R™,0) is odd if
®(—x) = —(x). Denote by D% the group of odd
diffeomorphism-germs (R, 0) — (R™,0).

Definition

Let f,g € £999. We say that f and g are R°%-equivalent if
there exists ® € D% such that f = g o ¢.

L'R°% g is the tangent space to the R°%-orbit of g at g.
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Singularities of odd functions

Let g € £999. The tangent space LR°%g to the R°%-orbit of g
at g is the £5/°"-module generated by {xjg—g =1, ,m}.

A function-germ F € £, is an odd deformation of f € £99 if
Flrmy 0y = f and for any fixed \ € RX the function-germ

Flrmx(x) € £999. The space R¥ is called the base of the odd
deformation F and k is its dimension. )
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Singularities of odd functions

Theorem (W. D., Miriam Manoel, Pedro de M. Rios)

Letg € £°999. Then
(a) A k-parameter deformation G of g is R°%-versal if and only
if

o9 . . 0G
E%dd:g%ven{xjai:,’jgm}+R{(w|RmX{o}:€§k}.

(b) If W C £9%9 s a finite dimensional vector space such that
£09d — | RO g W, and if hy, ..., hs € £999 is a basis for W,
then G(x, \) = g(x) + Y7 Aihj(x) is @ R°%-miniversal
deformation of g.
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Singularities of odd functions

Definition

Odd deformations F, G € £, are fibred R°%-equivalent if
there exists a fibred diffeomorphism-germ ¥ € D, s.t.
W(x,A) = (P(x,A),A(N), Plrmypy € DI, VA € RK, and
F=GoV.

Mk("dd) is the £8"e"-submodule of £999 generated by
XKt Ky K > 0,88 Ky - + K = K
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Singularities of odd functions

Proposition

g € £999 js finitely R°%-determined if and only if
MHK(©edD) | Roddy for some odd positive integer k .

If g € £999 js a germ of a submersion than g is R°%-equivalent
to the following germ (X1, -+ , Xm) — Xi.

Let g € £999 with a singular point at 0. If m > 3, then g is not
RO% _simple.
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Singularities of odd functions

Theorem (W.D., Miriam Manoel, Pedro de M. Rios)

Let g € £999. Then g is R°%-simple if, and only if, g is
RO% _equivalent to one of the following function-germs at 0:

A2k/2: X’—>X2k+17 fork=1,2,---

For k > 1, R°%-miniversal deformation of Ay > is

Kk
GO AL M) = XPHT Y T
j=1
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Singularities of odd functions

Theorem (W.D., Miriam Manoel, Pedro de M. Rios)

Let g € £2%9. Then g is R°%-simple if, and only if, g is
RO% _equivalent to one of the following function-germs at 0:

+ .
D2k/2' (

X1, X2) > X2xp £ X551 fork =2,3, -
Ego: (Xq,%2) — X3 + X3
g/2 1 (X1, X T+ X,

£ 3 4
J10/2. (X1,X2) = X7 £ X1X5,

. 3, .7
Eizjz i (X1,X2) = X7 + X3.
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Singularities of odd functions

The R°%-miniversal deformation of the odd-simple map-germs
are given by:

Dg:k/z : F(X17X27A17"' 7)‘k)E

K
X2xp £+ X251 4 Ayxq + Z x5 3.
i—2
E8/2 : F(X1,X2,)\1,"' a>\4) =
X3+ X3 4+ MxXq + AaXo + Aaxy X2 + Mg X3,
7T X 2

J1i0/2 : F(X17X25)‘17"'7)\5)E

X13 :|:X~|X§ 4+ A Xq + doXo + )\3X12X2 + )\4X22X1 + )\5X§.
Eiop + F(x1,X2, M1, , Xe) =

X34 X5 4 MxXq + AaXo + AaX1 X2 + AaX3 + A5 X1 X5 + NeX5.
T+ X 2 2
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Relation between the generating families.

Assume L is the graph of the analytic function dS(s), where

(oo}
=> as’, aeRr

Take then .
= Z aka.
k=0
Then
9cc(9, Q) = —igsp(q,iq).
If
9cc(a, 9 Z boji1(q 2]+1
then .
950(. ) = S (~1Vbaja (@),
j=0
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The realization theorem

Gee(8,9,P) = 9ec(q,8) —p - .

Gsp(3,9,p) = 9sp(q, 3) — p - B.

R°%-versal deformations of Ay o, Ay )2 (for m=1) and Df/2,

D§/2 D8 /29 Eg)» (for m = 2) are realizable as generating families

Gec and Gep.
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The realization theorem

Gee(8,9,P) = 9ec(q,8) —p - .

Gsp(3,9,p) = 9sp(q, 3) — p - B.

R°%-versal deformations of Ay, As o (for m = 1) and D

42’
D§/2 D8 /29 Eg)» (for m = 2) are realizable as generating families
Gec and Gep.

R°%-versal deformations of Ay o for k > 2 (and for m = 1) and
Doy o for k > 4, Jj, J2 @nd Eqz)o (for m = 2) are not realizable
as generating families G or Gep.

W. Domitrz Improper affine spheres



Realizations of A>/» and Ay, singularities

Proposition
Q@ 11SC)(0) +# 0, Gee and Gsp, are R°%-equivalent to the R°%
versal deformation of Ay 5.
Q 11S®)(0) =0, S®(0) # 0, S®)(0) # 0, Gee and Gy, are
R°%-equivalent to the R°% versal deformation of Ay 5.
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A4 p-singularity of a special IAS
- the Janeczko-Roberts symmetric butterfly
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A4 p-singularity of a special IAS

- the Janeczko-Roberts symmetric butterfly
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A4 p-singularity of a special IAS
- the Janeczko-Roberts symmetric butterfly
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A4 p-singularity of a center-chord IAS
- the Janeczko-Roberts symmetric butterfly
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A4 p-singularity of a center-chordl IAS

P
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Realizations of D, , singularities

i+j
=22 (0.0)
99100,
1

5 S030G5.

) 1 1 1
i§S= éss,ocﬁ + 532,1C712C72 + 531,2% % +

A(j3S) is the discriminant of /3 S

Assume A(j2S) # 0.
Q@ IfA(ES) > 0, G and Gy are R°%-equivalent to the R°%
versal deformation of D, ,.
Q IfA(S) <0, Gec and Ggp are R°%-equivalent to the R°%

versal deformation of Djj/z.

v

W. Domitrz Improper affine spheres



g

8271 81 2~ 83,080’3 p S§,080,3 - 4'83,082,1 81 2 + 38:2371
v T2 =
2(83,081 2 S§71) 837081 2= 831
n n S B rk
Oo.n = k=0 (k) Sk« . n=57,
’ (Ss0r1 — 12)"
. 51812530505 . S63S30 4503521512+ 3S7,
— Py = ’
2(80,382,1 - 8‘1272) 301382’1 — 81272
1o () Sk.n_kFE
Ono = 2 k=0 (i) Sk.n—kT{ . n=57,

’ (SosFt — 2)"

51 =S30S12—S51; 02 =S0351— S5,
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Realizations of Dgﬁ/z singularities

IfA(j2S) =0, thens; < 0,i=1,2.

Assume A(j3S) = 0.

Q /151005 <0o0rdy 059 <0, G is R°%-equivalent to the

R4 versal deformation of D:{/Z, while Ggp, is

R°%-equivalent to the R°% versal deformation of D 12
Q If1-005>00rdy 050 >0, G is R°%-equivalent to the

R°% versal deformation D 12, While Gsp is R0 _equivalent

to the R°% versal deformation of D6+/2.
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Realizations of Dy, singularities

Assume A(j3S) = 0.
Q /f61 <0,005=0andog7 >0o0rd <0,050=0and
070 > 0, Gee and Gsp are R°%-equivalent to the R°%

versal deformation of Dgr/z.

Q If61 <0,005=0andog7 <0o0rd, <0,050=0and
070 < 0, Gee and Gsp are R°%-equivalent to the R°%

versal deformation of D8 /-
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Realizations of Eg/, singularities

Assume A(j$S) = 0. If

5
5 _
61 =0, S30#0, E <k> Sk5—k(—S2,1)4(S30)°* # 0,
k=0

or
>, (5
02=0, Soz#0,) <k> Sks-k(—S12)(S03)* " #0,
k=0

then Ggc and Gsp are R°%-equivalent to the R°% versal
deformation of Eg .
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