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Introduction

GEOMETRIC DESINGULARIZATION OF CURVES
IN MANIFOLDS *) **)

STANISLAW LOJASIEWICZ |

1. INTRODUCTION

The article does not pretend to any originality. In the literature there exists a
number of descriptions of desingularizations in the case of curves. Deciding for this
description the author think it is worth looking in details into this fascinating topic
in an easily accessible case, namely — in the effects of multi blowings-up for curves
in manifolds and for coherent sheaves on 2-dimensional manifolds.

All the needed facts from analytic geometry can be find in the author’s books

[L1], [L2).

2, THE CANONICAL BLOWING-UP OF C" AT 0

The blow-up of C* at 0 is
M=1,={(z,A):zeA}CcC"xP, P=P, ;.
Taking the inverse atlas for C" x P
O x T3 ()
(2,C(wy, ..y (1], oy )) EC* X AP\ P({z, = 0})) = Gy. k=1,...,m,

2010 Mathematics Subject Classification. Primary 328xx, Secondary 14Hxx.

Key words and phrases. Resolution of singularities, curve, blowing-up, coherent analytic sheaf.

*) This article was published (in Polish) in the proceedings of X' Workshop on Theory
of Extremal Problems (1989) and has never appeared in translation elsewhere. To honor this
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The idea of the Lojasiewicz inequality - to compare the value
of an analytic function f at a point x to the distance of x to
the zero-set V(f)

(%)

Locally
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Remark 1. The inequality does not hold in C* class.

Remark 2. There are many variants of the Lojasiewicz
inequality: local, global, gradient etc.

Remark 3. The Lojasiewicz inequality in many variants was
studied by many mathematicians: B. Lichtin, T. C. Kuo, B.
Teissier, M. Lejeune-Jalabert, J. Risler, J. Bochnak, H.H.
Vui, J. Kollar, A. Ploski, J. Chadzynski, P. Tworzewski, S.
Spodzieja, M. Oka, K. Kurdyka,...

Remark 4. We consider the following variant of the
Y.ojasiewicz inequality.
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We will consider also a slight general setting:

Let FF =(F4,...,F,,):(C"0)->C™,0), m=>n, be a holomorphic
mapping in a neighborhood of 0< (" possessing an isolated
zero at 0« (C",

In the sequel F' denotes a finite mapping and f/ — an isolated
singularity.

Remark. Any fact concerning a finite mapping
F holds alsoforthe gradient mapping Vf = (aa_zi’ L )

2 0z,




The Lojasiewicz exponent of a finite mapping 1

Let 6>0. Consider the inequality

[ ClzI9< IF@&)I, ]

where C >0 1s a certain constant and |z | «< 1.

The optimal 6 in the above inequality (that is the smallest
one) is called the and denoted by -
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Let 6>0. Consider the inequality

[ ClzI9< IF@&)I, ]

where C >0 1s a certain constant and |z | «< 1.

The optimal 6 in the above inequality (that is the smallest
one) is called the and denoted by -

Example. Let F :=(z5 +2%,2,25). Then L(F)= % >ord F =2.

For a singularity f we define its_as

[ /) :=E(V/). j
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Example. Let, again, F :=(2%+25,2123). Then V(F;-F9)={(#>,

-12),(0,1),(¢,0)} so L(F)=max{3,3,2} = 7.
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Let F(z1,20,23):= (23, 28, 23 - 21 2). Then V(F1, F2) = {(0,
0,1)}, V(Fo,F3)={(¢,0,0)}, V(F1,F3)=1{(0,¢,0)}. Hence,

ordFoegp 3 2 3 .
MAX pev;; V(F,F) ~ora gy = MAX {T’T’T} =. while -
N Example (Ploski ’88) 4
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How to compute the exponent? General methods 14

» The above result does not extend to dimension n = 3:

Let F(z1,20,23):= (23, 28, 23 - 21 2). Then V(F1, F2) = {(0,
0,8)}, V(Fa, F3)={(¢,0,0)}, V(F1,Fs)={(0,¢,0)}. Hence,

dFo
MK gt V) ~ordg =10 ax {7, 77} il while -
N Example (Ploski ’88) 4

» A certain positive result of this kind: for /' =(F,...,F},):
(C",0)>(C™,0) we have (Chadzynski & Krasinski ’98)

\

ordFogp
ordp

(This result is not very useful in practice because one
must test infinitely many parametrizations ¢.)
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CONJECTURE I — I(f) on ,coordinate polar curves ”

Focusing on isolated singularities, we pose

Let f:(C",0)->(C,0) be an isolated singularity. Then

- - orde°<p)
l(f)_maxw A VGE,. L aazf)( ordg )’

A CONJECTURE I 4

» We are not aware of any counterexample to this.

» Below, we will give many examples in its favor. A fast one:

Example. For f(x,y,2):=x’z+y2°+y2+(2 y+3)x%y* we have
1(f)=6 and this exponent is achieved on the parametrization

<p(t):=(—t3-\/1—6t4+4t6 -t2,-3-13+2.t0)e V(aaf, gg)




(Semi-)Quasihomogeneous functions 16/41

Let /:(C",0)>(C,0) be a holomorphic function. We shall say:

» [ 1S shortly:

' : L 1,/d<(0,1/2]
or all monomials z%=27"-...-2%" appearing in f with
a non-zero coefficient we have a1/l1+...+a,l,=d

The numbers /4,...,/,, are The number d is the

_ of the polynomial f.

shortly

Let f:=(xz+y°)+x>. Then fﬁSQH(l'l 1 l).

’2°5°2
Example
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The following theorem holds (Krasinski, Oleksik & Ploski ’09
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The following theorem holds (Krasinski, Oleksik & Ploski ’09
for n < 3; Brzostowski ’14 and Abderrahmane ’15 for general
n):

Let feQH(1;/4,...,.[,) be an isolated singularity.

P I 7~

Kf)=-—+-1.

lmin

N Theorem :

» The above theorem holds also for SQH functions.

- 1) R -1
I CONJECTURE 1n this case.




CONJECTURE Il — K(f) as an invariant 4

{ 1(f) is a topological invariant of a singularity ]

CONJECTURE 11




CONJECTURE Il — K(f) as an invariant 4

{ 1(f) is a topological invariant of a singularity ]

CONJECTURE 11

Precisely:

If f and gare two singularities (isolated) %-topologically
equivalent i.e. g=fo®, where ®:(C",0) - (C",0) is a home-
omorphism, then 1(f)=1(g).
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An intuitive reason to believe this:m
OGRS . . b (1)) -1 5 Oh

degree of C'-%-determinacy of the germ f in O,
(Chang & Lu ’73, Teissier ’77, Bochnak & Kucharz ’79).

Thus, if ord(f —g)> |1(f)] + 1, then g is Y% -topologically equiv-
alent to f; moreover, for such f and g we have 1(f)=1(g) by
Ploski’s lemma so the conjecture holds in this important case.
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Results confirming this conjecture:

» dimension 2 (Teissier ’77); in this case, one can provide

a formula for 1(f) in terms of so-called”
_of the branches of the curve {f =0} and their

intersection multiplicities (Ploski ’01)

» SQH singularities of 3 variables
(Krasinski, Oleksik & Ploski ’09)

» If f,2:(C", 0)->(C,0) are two isolated hypersurface sin-
gularities that are 2 — £-bi-Lipschitz equivalent, that
1S g=Wof o®, where ®:(C",0)~> (C",0), P:(C,0)>(C,0)
are bi-Lipschitz homeomorphisms, then 1(f) =1(g)
(Bivia-Ausina & Fukui ’17).
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A weaker form of CONJECTURE II is:

‘(Teissier *77) If (f,) is a topologically trivial (holomorphic)\
deformation of a singularity f, then-for small
se(C.

\ f
In this direction, we have, for a_(fs)

of the germ fy:

» 1(f;)=21(fy) (Teissier’77, Ploski’10); this is so-called ,lower
semicontinuity” of the L.ojasiewicz exponent,

» 1(f;)=1(fp) for an SQH function f; (S. Brzostowski. ’14).
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» Iffor a holomorphic family {f;(z)} of isolated hypersurface
singularities we assume a somewhat stronger triviality
than the topological one, namely that it satisfies

B - [ (Teissicr 7).

Here, condition (c) means that for the family {f;} we have:

{ags.ff) $(21,...,2n)" (VZfS(Z)),}

where, as before, the bar “” designates integral closure of an
ideal (in the ring O,,,1 = C{s,z1,...,2z,}). Relaxing the above

requirement on {f;} to

Hwe get a condition equiv-
alent to u-constancy of the family (cf. Greuel ’86).
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One can also ask:

There 1s the following
answer (Ploski ’10 for full intersections; Rodak, Rozycki
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having constant intersection multiplicity for small s, then
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A Theorem :




The exponent in a family of mappings 2

One can also ask:

There 1s the following
answer (Ploski ’10 for full intersections; Rodak, Rozycki
& Spodzieja ’16 in general):

‘If (F,) is a deformation of a map-germ F:(C",0)~ (C™,0) ]
having constant intersection multiplicity for small s, then
L(F,) 2 L(F).

\ ’
In general, however, the above inequality _

Example. (Mc Neal & Némethi ’05) Let Fy(z1,29):=(sz1+
22 +25 2% -23):(C2,0)=> (C2,0). Then L(F,) = 4>2=L(F)),
although e(F,) =e(Fy). 7
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One of the most important numerical invariant of an isolated

singularity is its _ w(f). It is a topological

invariant of f.

(Kushnirenko ’76) gave an effective formula for u(f) in
terms of the Newton polyhedron (diagram) of / in the case
f 1s non-degenerate.

Arnold claimed that any “interesting invariant” of an iso-
lated singularity can be read off its Newton polyhedron in
non-degenerate case.

The _ is “an interesting invariant” of

an isolated singularity although we don’t know if it is a topo-
logical invariant.
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CONJECTURE III — the non-degenerate case 2

We pose

‘The Lojasiewicz exponent can be read off the Newton dia- |
gram for singularities non-degenerate in the sense of Kush-

nirenko.
CONJECTURE III .
» This is_(Lenarcik ’98).

» There exist some partial results in this direction for n >3
(Abderrahmane ’06, Fukui ’91, Oka ’18).

» The solution to must in particular involve
an accurate definition of an irrelevant face

of a Newton diagram.

N
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Brzostowski ’19 proved “first-half” of the | Conjecture III.

If f, 2:(@C",0) > (T, 0) are Kushnirenko non-degenerate iso- |

lated singularities with_ then

Hf)=Hg).

R Theorem 4

The “second-half” is to find the formula for 1(f).

» Loosely speaking, this theorem follows from the fact that,
after some preparations, we can join f and g by a piece-
wise linear curve (in the space of coefficients) along which,
locally, we have Teissier’s condition (c) satisfied.

» Hence, }(f)=1(g).




CONJECTURE III in dimension 3

We have the following theorem

\

JIf f:(C?3,0)->(C,0) is a Kushnirenko non-degenerate iso-
lated singularity, then

Wf)= max m(S)-1,

S — relevant facets

provided the set of relevant facets is non-empty.
\ Brzostowski, Krasinski, & Oleksik 20 r

» There is also a direct formula for 1 if the set of relevant
facets happens to be empty.



Ol

)
,0lg
max(o, ,0.,
m(S) =



S - not relevant
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Testing the hypotheses — Arnold’s zoo  soa

» In Arnold’s, Gusein-Zade’s & Varchenko’s book there
is given a full classification of singularities with Milnor
numbers @< 16 with respect to stable C*-%-equivalence.

» Sz. Brzostowski together with T. Rodak have calcu-
lated the values of t in these classes of singularities (for
modality <3).

» The numerical results are in favor of the conjectures:
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Conjecture 1. The exponents are always achieved on some
coordinate polar curves (in the coordinate system in which

the singularity has so-called normal form) —
Conjecture IT'In each class the value of t is one and the same
regardless of the value of the parameters —

Conjecture IIIThe value of the exponents can be read off the
Newton diagram (for n=3) as predicted above
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Modality 0
Class | Formula || t |Zeroes of | Parametrization | Why
1| A, e N B - [x =t¢] 1var.
2| Dy |Py+y |k |R-2] 2 [x=0,y=t] |2var.
3| E¢ | y*+x® |6 3 % [x=y=t] 2 var.
4| Er | xy+x® |T| £ 2 |[x=31y=-3¢*|2var.
5| Eg yY+x3 |8] 4 % [x=0,y=¢] 2var.
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Modality 1

Class| Formula w | t |Zeroes of] Parametrization Why
6| Ps |axyz+x®+y3+23| 8 | 2 a%,% [x=0,y=0,2=t] gh
7| X9 | ax®y*+x*+y* | 9 | 3 aix [x=0,y=t] 2var.
8| Jiw | yP+ax®y*+x® | 10 | 5 aix [x=0,y=t] 2var.
| Th q.r [XP+y?+2"+axyz f:_ql r-1 %,% [x=0,y=0,z=¢] ndg.
0| Eio | axy’+y™+x® | 12 | 6 aix [x=9a°t°,y=-3at?] |2var.
11| Eqs | ay®+xy®+x° | 13 % aix [x=-9¢°,y=-3t"] |2var.
12| By | axyS+yS+x® | 14 | 7 aix [e=/ = t3,y=t] 2 var.
18] Zq1 | axy*+y°+x’y | 11 | 4 aix [x=3a%t3,y=-3at?] |2var.
4 Zio |ax'yeytedy] 12 ] 5| |le=-3giy=-8q|2varn,

9*. For max(p,q,r)=r. Here %+$+%< 1.
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Modality 1 (cont.)

Class Formula w| t|Zeroes off Parametrization Why
15| Zis | axy®+yS+xly |13|5| 2 =y 2t2y=t]  [2var.
16| Wi | ax?y>+y°+x* [12]4 aix [x=0,y=t] 2var.
17| Wi | ayb+xy*+x? 13? aix [x=-4¢t*y=41°] 2var.
18| Q10 | axy>+y*+x°+yz?|10|3 %,% [x=3 vat?,y=-3t%,2=0]| sqh
19| Q11 | az’+x23+x3+y%2 11% a%,% [x=3%3y=0,2=-3¢?] | sgh
20| Q12 |axy*+y +x’+yz* |12|4 %,% [x=—\/_7?at2,y=t,z=0] sgh
21| S11 |axz+x*+x2%+y%2(11|3 %,% [x=2t,y=0,2=—2at?] | sqh
22| S1o |az’+x22+x%y+y%2 12? a%,% [x=16¢*,y=16%°2=-8¢3]| sqh
23| Up | axyz?+z*+x3+y° (12]3 a%,% [x=0,y=0,z=¢] sqh
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Modality 2
Class| Formula u t |Zeroes of| Parametrization | Why
. b3 b2
24 J30 cxy +y2+bx2y3+a3 16 8 9 o= Y = g fOT 070 2var.
’ 0x [x=27 vet’,y=—3¢2] for b=0
25 J3’p x3+x2y3+ay?*P 16+p 8+p % [x=0,y=t] 2var.
3 [x=3t2(9ct-2d)3,y=-3t(9ct-2d)]
26| iy |cxyS+yT+da?yP+ady| 15 6 — for c20vd=0 |2 Var.
0x [x=0,y=t] for c=0Ad=0
27 Zl,p 3y+x2y3+ay’tP 15+p 6+p % [x=0,y=t] avar.
28 WlO x*+ax?y3+y8 15 5) ai [x=0,y=t] 2var.
i X
29| W,, | «*+%3+ay®*? | 15+p [5+p ai [x=0,y=t] 2var.
’ X
# 3, .2 4 9 Jd 3,1 19242 A
30 W1,2q—1 (P +x2)2+axy**? |14+2q 5+4q E= [x=t +5a0t2 724 y=-1 | |2var.
31 Wl#zq (3 +x?2+ax?y®*? |15+2q|5+q ai [x=t°+7a0(-1)%29*3+ ... y=-1]|2 Var.
’ X

Here a:=(ag+a1y), p,q>0.
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Modality 2 (cont.); here a:=(ag+a1y), p,g>0

Class| Formula u |t zer Parametrization Why
[ tz(t+4a1\fa%—3)2 1 t(t+4a1\’a%—3)
X=—% Y= ’
8 [2_ 3 4 2_qy,2
32| @y | 2B+yz2+axdy+xyt | 14 | 5 ai,ai (t+2aga1+2a1ag-5)%a] (t+2agar+2aryap=3ay Joof
’ vz 2=0] for a1#0
[x=(—ao+\/a%—S)tz,y=(—ao+\/a%—S)t,z=O] for a1=0
33 Q2’p x3+y22+x2y2+ay6+p 14+p [5+p a%,% [x=0,y=t,z2=0] ndg.
0 d 1 1
34 Sl,O x2z+y22+y°+ay’z 14 |4 == [x=0,y=t,z=—§a1t3—§a0t2] sqh
35 Sl,p x’z+y22+x2y?+ay®*P | 14+p |4+p a%,% [x=0,y=t,z=0] ndg.
1 2q+2_ 43 2 ,_1 2q+3
x==ao(=1)1t°9"°+¢°, y==t“,z=-ao(-1)9t°4 ]for 1<q
36 S# | x?z+y22+y3z+axy3t?|13+2¢ 1+q i,i [ 2 2 nde.
h2al 2 7|ox70z [x=—%a%t5-%aot4+t3,y=—tz,z=—%a%tG—%aozﬁ] for g=1 s
——13 —1)\1+q4+2q —1)9+29+2 ,— 2
37 sz x2z+y22+y3z+ax?y?*|14+2qld+q ai,ai . \/1+2a0( I 2,y4 ' 506, AE:
»4q X’ dz z=(—1)q(—a0t q+ +Ct1t q+ )]
-1 1 9 -1 2. 1 1 3 -1 3
[y=(—=+= nt* x=(=5 ag+-—5—=< Nt°,2== ag(-1+n)t°]
38)| U 10 | xB+xrxydray’z 14 ; a%,% C 12 18 18 12 sqh
’ forn=y-3 a3+1 and a3+1/3
[x=(_1)q(a0t2q+2_a1t2q+4),y=_t2,
39|\U, ,,_,| x3+x22+ay3+ayl*22 [13+2¢|3+q|-2, 2 nde.
121 I ki z=—t3\/1-3a(2)t4q'2+6a0a1t4q—3a%t4Q+2] s
40 U1,2q xSxz?+xyd+ay’tiz |14+2q|+q a%,a% [x=%a0(-1)qt2q+3,y=—t2,z=—%a%t4q+3+t3] ndg.
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Modality 2 (cont.); here a:=(ag+a1y)

Class | Formula | u | 1 | Zeroes of | Parametrization Why
agt’ apt? |
41| Eig | ©*+y0+axy’ |18] 9 aix [ =_(a1t(2)+3)4’3’=‘a1?2+3: for ap+0 ovar.
[x=% \%t‘l,y:t_ for ap=0

42 Elg 3+xy +ayl 19 % aix [x=8—11t7,y=—ét2: 2var.
43 | FEop SB+ylliaxy® 2010 % [x=% \/Wt‘l,y:t] 2var.
44 Z17 By+ySraxy® | 17| 7 % [x=%\/—3 a1t2+3a0t5,y=-t2] 2var.
45 Zlg x3y+xyS+ay® 18 % % [x=9¢°,y=-3¢] 2var.
46 Z19 3y+yd+axy’ 19| 8 aix [x=—% \/Mtfi,y=—t2] 2var.
47 W17 xt+xy®+ay” 17 % % [x=-2¢°,y=21%] 2var.
48 ng +yT+ax?yt | 18] 6 % [x=0,y=t] 2var.
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Modality 2 (cont.); here a:=(ag+a1y)

Class| Formula |u |t |Zeroes of] Parametrization Why
35 2
[x=——20 y=—20 _ >=0] for ag£0
49 Q16 x3+y22+y7+axy5 16 6 aix,aiz (a1t2+3)3 a1t2+3 th
[y=t,x= —%a1t3,z=0] for ap=0
13 3 9 1 1
50| Q17 | xP+yz2+xyS+ay® |17 = — [y=—§t2,x=—ﬁt5,z=0] SQh
51| Q18 |x3+yz2+yB+axy® |18|7 %,% [x=%\/—3a0—3a1tt3,y=t,z=0] th
14 3 9 1
52 Slg Zz+y22+xytray®| 16 = —— [x=t5,y=t3,z=—§t7] th
Jd o
53| St7 |x2z+yz2+y8+ay*z| 17| 5 — [x=0,y=t,z=—%a0t3—%a1t4] SQh
54| Uqg |«P+x22+y°+ax?y?|16| 4 aix’a% [x=0,y=t,2=0] sqh
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Modality £ -1

Class Formula u ' |zer| Parametrization Why
55 Jp0 porbatyteythe( L0 e )ey? el 6k-2 | 3k-1 | 2 lx=§(-b+\[b2—3zj’f‘jcjtﬂl)tk,y:t]2var.
56| oJp i x3+x2yk+(zj’f‘=‘§ajyf)y3k+i 6k+i-2(8k+i=1 2. [x=0,y=t] 2var.
5711 Egp, x3+y3k+1+(zjkz-gajyj)xy2k+1 6k 3% a% -x=§mtzk”,y=t2- 2var.
58 E6k+1 x3+xy2k+1+(2f;§ajﬂ)y3k+2 6k+1 3k+% a—i - [x=%i\/§t2k+1,y=t2] - 2var.
59| g0 x3+y3k+2+(zjltgajyj)xy2k+2 6k+2 | 3k+1 a% -x=§,/—Zf;gajtzjt2k+2,y=t2- 2var.
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 Thanks for your attention!
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