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. Real a,l,%eémcu'o vourietie s

DEFINITION 14

By a reol a,t,cu;ebm/co vamie,t\} we mean o seb
X in R™, for some m, that can be writtem,
as X =)<1\X,_ , wWhere X‘ , Xy ore al%ebwi;o
sets im R™. I odther wo'rd/s? X ts a Zorisku
r,ac,au% closed, set im IR

Example 1.2
(i) Unit m-sphere 3™
S = (%) 5 rsX YE R x2+ax? =11,
@) Real Fm&@dtiva =S pouCe P*(R):
we ud/w:fl);a PUR) with the E'm,a%e
of the we

(n+1)2 ¥ X ]
(P%R)‘"’RW” 5 (KO:...:XW)H<m>OéEs% :
0 0&3.4.,%



2. Qc%ww functions

Let : X—R be o function defined on
a 2ol ca,bzaeEJmLc vam)e/tat XS R"™

DEFINITION 2.4

(L) Lf (S me%w[,a/r al xOGX Y there exist
om QL%@!?TOLO set Z< IRM'> with x, € X\Z)
omd Two po momial Tunctions
PQ:R—[R such that

Q000 and Q)DL forall kXN,

(LL) < s regqulosr (o reqular on X) if g
) d g . )

LS «‘e,%wl,aﬂ‘ atl e/vvwa Fomt im X,
GLORAL REPRESENTATION

9 LS 'r-e%wl,m on X i there excst two
Po{,«ém,omial, Sumctions P Q: R R such that

QuY£0 amd @(x) =7 for all x€ X,



3, Re%wta/r LS

let §: X—Y be o map betweem meal alg@bmio
vorieties XSR™. YER'. Then

P2ty X—Y SR
DEFINITION 3.1

The map § is coulled frg%u,Ler i+ The compo-
ments §,..,7p are m%wl,cw ?wnctiom.[a

Comvemtvon 3.2

Umless ex PLGO(:‘{}L% stoted. dtherwise | we consider
w0l azbﬁfbm@c, voriebies emdowed with the
Ewclideom 'LOPO'EO%‘\(/{.

Notativon 3.3
RX,Y):= the set of all reqular maps X—Y
€ (X,Y):=the set o} all conmtinuons S X—Y
RIX, NS TX,Y)
EX.Y) s endowed with the OOfmFao't—oFm

to pobaﬂg
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4. Gemeral a,Pmema:tm probﬂexm,
Let X amd Y be real aig@bm,{:c, varelies .
PROBLEM Y|

Which covbmons Mmaps F:X—Y cam be
wPmeManwL bué 'I‘G(()le,ad"ﬁﬂafsr}.

Eﬁ;LMthb which contimuwons mMaps -F.'X—-?'Y
be

o The OLOSME (R(X)\/) olf (R,(X)Y)
L "C(X,Y\?

E)ca/m,pl,e, 4.2

() ROGRF) =C(X,R) by the Welersbrovss

@) Let Y=10ey)e R y*=x>-13. Note that
Y s o read am,ozl,%fw submomifold of [R,l
that vs OLL‘?'?&O'WLOTPLL!:C/ JEo . We have

RERN=RR,Y) = the constamt maps .




5. Ma]os i bo sph?ﬂ‘es

THEOREM 51 (Bochmak-K, 2022)

Let X be a real algebraic vaniety | and FeCXF).
Then the ?ouowf/n,% conditions are @@vwww:

@) FeR(X,9.
() § is homeotopic To a. regular magp.

Thists a sFeoiml COSe, o}f owr main theorem
that Wil be discuwssed later

COROLLARY 5.2

I} & comtunaows vap & X—>3F s mull horo—

topic, Then PeR(X,S).
EXCUWLP{/E, 33 (Eloo‘wz,a/k“\ﬂ> 1988
R($'xS, 3% =the mull how.,otoFl:c, maps




6. Ma,\os betweem sthb

CONJECTURE 6.1
RE™® =C(F", ).

This cow&e,otwr& has beew studied sincee at
least 1980s or evem 19605 (im the 19605
the muainm veloted auestion waos whether ever
combimuouws mMasp T3P s kowwfol:zioto
a reqular ma’P) 1T ts stoll L [ open.
lvt, Ou%" paper, we hoae the ?o&omgx cesult
THEOREM 6.2 (Bochmak-K  2022)

R(3™S) =€(S™ S*) in each of the ?ou,om%
CASLS .

(i) p€il, 2,4y,

(i) m-pg?

(110) H€m-p<5 with possible exceplion for
the pairs (9,5), (7,3), (11,6), (10,9, ,3).
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7. Linear real ai%ebmc %m‘:)s
Ma;tn(fRY:'the, set of all real mxm mabrices
2
Mat, (RY=R"

GL%(\R§={F\€ Mat, (R): oLd:(ﬁ)#O} LS
ool a/l,%ebm{,c vam‘,d;g

DEFINITION 7.1

A linear real algebraic groub G is a Sub%’mu,()
o} GL, (R), for SoAMe mn, swch that

G=GL,. (RNZ §or some Ol%ebraic, st

7 < Malk, (R).

Example 7.2
S0 < 0 )< GL,, (R).
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g Homo%em,eows Spaces

Let G be a limear real ai%abmxc %mwp)
Y a real a/l/%e,bm vm&ta

PEFINITION 8.1
Y isa G~vwri,e,’c% i} G octs on Y, amd the map

GxY—Y, (a,,\é)f—aw%t
LS N‘&gwbﬁn“.
DEFINITION 8.2

Y is o ko'm,oqv/me,ws Space for G of Y is

a G- vam,d?g omd, G acks bramsbtwaba on Y.
Exoum,]:n{/@ 8.3

LY G isa lfwmo%@we,oms Space for G.
(i) 9 s a h,omo%%&mbs space jor O ().
(i) PURY is a komogmwu,s Space Yo Olm+1).



q. Maps mto homo%mwws spaces
THEOREM 9.1 (BooWk-K>2022)thh/NL)

Let XY be real O«L%&b'm,t)c vometies . Assume
that Y s @ komo%meows space fort- some
Limeos teal ol/%ebm ?(m\a Th/m> Lor
a contimuous map XY, the Mowbnj
conditions are ?/%bLLVO«LE/YLt:

@) FERX)Y).

M s homdlopic o a w%wtwr mop.

| will give @ briel outline of The P’I‘OO'F ot
this Theorew. Bub -Ft-,’l‘s't> some PTQ/FWM

LS m,cesscmg.
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10. Domf/naiiim% Spravys
let Y be @ ms&n%wlﬂm weol, Ol%&bro/w V{ML&%.
DEFINITION 10|

(L) As for Y “sa reg wlout map 5:YxR™—Y
such that 5(13,0) Y ¥orr0uU, 86Y

W) A sproy s Yx[R™"—Y us d@mma:bunq i
Jor every Folm,t 3e‘( The mMmap
Sly, - YR, v > S(y,v)

Us @ submerston of O€ R™

(it Y is @ malleable VME)? g b admts
@ dom(m/aii&ng Sproy Tort

sowme m),
Exa;m,PLe 10.2 (trivial)

The map
s:R*xR*™—R", <‘3>v3**‘>"d”
LS @ d,om&na:t&w,% sFmé Jf-o'r R™.
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1. Maps imto malleable varieties
THEORE 1.l (Bochmak-K , 2022)

Let XY be real wlﬁebm,dc vorteties. Assume
that the va;mld;% Y is malleable. Them,
Lo o conlimuows map §: X—Y, the
following cond.(tloms ore ec‘(wiva/bmt:

@u) -PE @(X)Y)
() § ¢s hometopic o a me%u,bad‘ AP,
Sketch of !o'roo}’,

@\=>(b) sa a?/vz,wa,[ -?a,c)t it is kmowm thatl
Lor some Oompa/c:f; set K<S X the imclutsion
map K—=X s o hofm,otoloéj anl,mce.

1§ Re®RY{Y) ts close to §5 them Rl s
close to flg v 'E(K)YX) S0 'HK os homotopie
to kly . It follows that § vs homotopic toh.
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1. Mops imto moalleable varteties (comtimued)

(LY=>(a). For sc}mP{(,cL , We assume that
X ¢s rvz,o'\rbsfm,%u/taﬂ* amd co'mpa/o't_ let
F: Xx[0,11—Y be o homo‘to% swch That
R is a regulor map and F =§. Her,
for tel0,11) we defime F : X—Y bg
R, (x) = F(x, ).

Then there exists a dmnf/na)tf,n% S
s:Y xR =Y For Y amd a continuwows
"map frz:)(" [0,11— R™ such that

s(Fi,0),m(,8) =Fx,t) Jor all (,1)€ Xx[0,!]

(the quooY- o} this assertion Us rather Low,%,
amd. techmical). Im lowrtiadofg

5 (F 63, mG¢,10) = Fx, N =40) for all xeX.

1$8: X—=R™ is a w{/ﬂ/rmaf close to
the o X—R™ :\i%i———-sn?(x)\))th&m %:X_*T
defimed, b%,

g.(<) =5 (F (), p60)) For all x€ X
s @ me%ulnm map close o L. u
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12. Homo]fémwm Spa.Ces are malleable
vomMelies

PROPOSITION 12.\ (Bochmak-K, 2022)

Let Y be a howwzaemzo%s space Yor a Limear

real aiaebm,l‘,c, Grous G. Then Y is au
wmalleable vom)e/tg.

Prool. Let m:=dimG amd let G be the
amred wcible component o} G that contoums
the meutral element e of G. %
Cln,e,vov{/f,o‘a’s theorem (145K) , Gy is a
wnirational VM@JC& This meams that
there exist a Zariske opem set USR"
amd, & 'r‘e%ul,aﬂ“ map - U—GC, with LF(U)
Zoriskt demse in G, Thuws, for some Foi'wt
we U, the dertvatinve

d,wx_f T, U= R%—e-T‘f(w) G, = Tt{,(mG

LS am Lsmo*rloh/ﬁsm. Usf/rug Tromslations
(5"1/ [Rn omd Im GX we RSSUMEL
thaot u=0€U amd Yw)=e, so

d,onft R*—T.G

'S am CSOmer\th/Sfm. Defime
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cCJU
h,: {Rn_"""> R% 5 I'b('l)'): I+ o2 7

where ¢ 70, Clearly, the dertvotive
olok: R*—R™
is am isomorphism. Moreover,
h(RMYSU
if e s s@%ch% small. The comFosi‘tP/
G:= poh: R*—G
s @ regubar map, and the derivotive
oLO%: R —T.G
(s om Csomo'rpifuﬁsfm.
it follows that the regular map
5:Yx[|R™—Y s(y,0) =g(ody
is a olommaivn% spray for X



(5

The wse of dowm@ft&w,g Sprays was
i%sFimd bg Gromov's work? vm
complex. geomebng, Jwrther developed
bg; ﬁ_—foms'bgmé’ amd. others.



