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§ Dirichlet’s integral formula
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§ Integral transformation

m=(mi,...,mMp) >0 < mi >0,...,my >0
al=a1+ - +an, at+c=(a1+c¢,...,an+c), ml=mq!---m,!
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Another integral formula
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§ Examples
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Lauricella hypergeometric series
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Horn's series (confluent hypergeometric functions)
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§ More transformations
x — R(x) : a coordinare transformation of C”
(Lo 8) (@) 1= B(R(x))
y = (i, ..., x;, ) for a subset {iy,... i} C{1,...,n}
1 € C and X € CF we define
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§ Differential equations
Notation : 9 := L, J:=2d, 0;:= a%i, Vi = x;0;, Wlz]:= Clx] ® C|J]
n=1: KF=g "I} LF=1I "ot (Ijoll =171 1) =id)
Pz,0)lu=0 = P =>¢; ;09 € W[z] (37 € Z>o)
= mc,(P):=07°> ¢;;0(9 — p)? € W[z] (maximal § € Z>g)

Pu=0 = mc,(P)Ifu=0 (middle convolution)

General case : 2;0;(u(tz)) = (2:0;u(2)) | psta
(Vi K u)(x) = ﬁfo (1= [E)!" ™ its (O5u) (tz)dt = (KF0u)(x)

0i (1 — [t u(te)) = —(p — D1 = [t)* Pu(te) + (1 — )" 24(0u) (t2)
v, KPo; = (u— D)KF ! =2,K"0,

M/O (1 = [t)* u(te)dt = wz/O (1 = [t (Qsu)(tx)dt (T pr— p+1)
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Def. Suppose u(z) € Oy and P € C(x) ® Wz] satisfies Pu = 0. Define
RP € Wz] N (Clz] \ {0})P (deg, RP is minimal)
Choose minimal v € Z% so that

O"RP = Z Ca.30%P  (Cap € C).
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Then KE(O"RP)KFu(z) = 0 with

KE(Y Capd™0®) =Ry cap([J(E W1+ + 00+ p+n—1)) )9

LE(OYRP)LEu(x) = 0 with replacing P by (x;,0;) — (xj_l, —x;(¥; +1)) and

n

L“(Z Cae, 30V : Ran 3 (H rp(p—101 — - — ﬁn))ak) (=9 — 1)P

Remark. P, P, € W|z]
{UEOQ|P1’LL:O}:{O} — {uEOO\Pngu:O}:{uEOMPgu:O}

n=1: P, =9+ p = middle convolution = keeps irreducibility (u ¢ Z)
Generalcase : K¢ = Pi=01 4+ -+, +pu+m (meZ)=7

L= Pi=th+ -+ —p+m (meZ)=7




§ KZ (Knizhnik-Zamolodchikov) equation

ou Ai’y
" Oz T — X
i 0<v<q v
Vi

Ai,j:Aj,iEM(Na(C) (i7j6{0717‘°'7Q+1})7

M u (1=0,...,q)

q
Aii=Ap=A4,=0, A;g11:=— ZAz',u,
r=0

Aiy g, iy 1= Z Ai,,,z'y/ ({71,---,ikr € {0,...,qg+1}),

1<v<v’'<k

Compatibility condition (cf. [Ok]):
[A[,AJ] =0 ifINnJ=0orIcCJwithlI, JC{O,...,q—I—l}

We may assume M is homogeneous :

Ar=0 (#l=q+1)



S,42 acts on the space of KZ systems as the permutaions of the indices

L0 L1 iz Lg—2 Lg—1 Lq Lg+1
O M N M M M O
/ U/ U/ U/ U/
€T Y1 Y2 Yq—2 1 0 00

Rigid irreducible Fuchsian system

Z AZ
r — XI;
1=1 ¢

can be extended to a KZ equation M with x = 2y and A; = Ay ; (cf. [Ha])

n=q—1=2: Ao+ Ao1 + Aoz + A12 + A13 + A2z =0
(A()l, AOQ, A()g, Alg, A13> determines M

(xo, 1, T2, T3,Tyq) — (x,y,1,0,00)
Ty <> T1 — (x,y) < (y,x)
T = (zy) (50
To > T3 — (x,y) < (1—z,1—y)
X3 <> T4 — (az,y)H(%,i)
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A Ao2+Ai12  —Ao2 0 A Aops+Ais O —Aos
Ao = —A01 Ap1+A12 O , A1 = 0 Ais 0
0 Aio —Ao1 0 Api1+Ais
" Ass 0 " Ao1 Ao2 Aos
Aoy = 0 A03+A23 —Aos , Ags = — | Ao1 Aoz Aos
—Ap2  Aop2+Aa2s Ap1 Ao1 Aos
N Aoz —pu 0 0
Ay = Ao1  Ao2+Aopz+A23 0 (Cf [DR- Ha])
Aot 0 Ap2+Aps+A23
A A01-|-A13+A03 Ao2 0
A24 = A13—,u 0
Aoz  Ao1+Aiz3+Aos
" A01+A02+A12—|—,LL 0 Aos
Asq = Aog1+Ao2+A12+p Ags
0 Aq2
KMA =g 2 o KFog?, KFMu= ;ﬁ# , L := | ker Ag,

Yy
K;c”rl’)‘u(x,y) 0



KhrtLA yu(x,y)
Yy Yy—x

A

KA u(z,y) — KPAu(y, o ’ Kty = | grttrvu@y)
g @) = Kty )l g ey K N
Ky u(z,y)
ker A01
L := | ker A1 . invariant subspace for generic A and p (o > 1)
0
A A . A A x
Kg:y : u(a:,y) H(Kg’ u(x, 5)) ’yl—)g Xo <> T2, T3 <> T4
Yy
AOl + A02 —A02 0 . 0 0 0
Apr = —A12 Ap1 + A1z 0 , Ap2 = | A12 Ap2 t i Agg + A
0 0 AOl 0 0 0
Aop3 Ap2 0 . Apg + Aoy 0 0
Apg = | O A1g —p = A 0 |, Aosa = 0 Apgg + A4 + A —Agg — A
0 Ap2 Ao3 0 —Ap2 Ap2 + A12
A2+ Apg2 A4 + A Apgga — H — A 0 0
A12 = 0 0 0 y A13 = A12 A13 0
0 0 0 Aqo 0 Aqs
A1gq + Aog + A 0 —Aggq — A . —A12 + A —Ap2 —Aggq — A
Aq1gq = 0 A1q4 + Aoy 0 , Aoz = —A12 —Apg2 + A —Agg — A
—A192 0 A1o + A1g —A192 —Ap2 — Aoy
—p = A 0 0 X Ap1 + Ag2 + A12 + 1 0 Aggq + A
Aggq = 0 —Kk = A 0 |, Aszg= 0 Ao1 +Ap2 + A12 t 1 Azg + A
A1g Ap2 Aoy 0 0 Aol
ker A12
L := | ker Ao2 . invariant subspace for generic A and u

0



du

dx

A A A rigi 0 A B B
= w4+ L+ 2y gd> ¢ T u+ w4+ —u

x—y x—1 x oy x—vy y—1 Y
K, K&, K

/4

Ay+p A1 Ao
0 0 O

0 0 0 e 0 8
0 0 0/ ~ y 411 40
U +

_ 0 0 0 /454 0
T —1Y x—1 T
A1+B1 —-B; O Ao+Bo 0 —Bg
Ayo+“ B o “A, Ai+A, 0 0 A 0
0 0 0 ~ 0 0 A1 “ —Ay 0 Ao—I—Ay
T —1Y x—1 x
A,4B, —B; 0 o o o Ay A 0
—A1 Ay+4n 0 (Bo Ao+p A24> X Aljl_“ X
T —1y r—1 x
= —A, — By — B
= A, + Ao+ By
q+1

idx, M = 2N? = ) (N? — dim Zy;(n,c)Ao,i) = 2 & rigid
1=1



An example (Fi:p=q=r=1)

Epq.r ( iy ) Z Z P i=1(@)m [ 151 (B)n [Ties (Y) mtn2™y"

o @ T Y A= o))m T (1 = B5)n TTh (1 — Vi) min

/ . .
= CTI, Ko™ T, Ky I, Kay o8 (1= ) (1= )

m=0 n=0

1/

o« = ai o, B =85+ B W =k + vk, @) =81 =0

p q r

/7 /7 /7 1/ 124 12

Riemann scheme of KZ equation : (rank M = pq + qr + rp)

Aol z=y Ao2 1 z=1 Aoz i z=0 A0 z=co A1z @ y=1
[O]pq+(p+q—1)7’ [O]pr+(p+r—1)q [a;]q—F”’ [i]gtr [O]qr+(q+r—1)p
[_a// . /8//]7. [_a// . ’y//]q /BJ _l_ ’y]; /3.; _l_ ’Yk [_/3// _ ’y//]p
A3 y=0 Aas A1s t y=co Aoy Aszy )
[5;]p+7" [Ye]p+q 1B ]p+r [’Yllc]p—Fq [0]pq+qr+7"p—(p+q+r)+1
ai +v;, o+ B a; + Vi o + f; [—a" = B —~"]2 >

[—a’" — /8”]7" 1
[— 5// ’Y ]p 1
[— o’ ]q—l /

dx, M =2-2(q—1)(r—1)(g+7r+1) (rigdesg=r=1)
# solutions up to constant multiple at (0,0) with simple monodromy

— # eigenvalues of Aay4 with free multiplicity (= pq)



Involutive coordinate transformations

(ro, 21, T2, T3, T4) — (x,y,1,0,00)
T

($0,$1,£U2,.”I)3,ZC4) g (I2,$1,$0,$4,ZC3) — (xay) A (CEJ y

= blowing up of the singularities of M at the origin:

S 22041 X1 Ty TorT3 T34 T4 Yy = 00
O O O O !
(@,y) = (y2)  (Gy) I—z,1-y) (5,7) T Ay
y=1

(z,y) < (z,7)

T
<e |yl <C TN <e lyl>c 1Y y=0
(lol <e Iyl < Clal} & {lzl<e Iyl >0} ¥=0#———ri

r=9y=0 << =0

Theorem ([Oi]). In general  {i,j,k,s,t} ={0,1,2,3,4} =

a simple solution at ©; = x; = x), <> a simple solution along x, = x4

. : def . . . . .
A simple solution < It spans 1-dimenional space under local analytic continuation

Theorem([O-Ma]). irreducible & a;+ag, B;+085, ait+Bi+7, ap+Bi+vk € Z



spectral type (multiplicities of eigenvalues)

p=qg=r=1:Appell's I}

p=q=r=2, rank = 12

To T1 Xo T3 X4 | 1dx ro= x1=Y x93=1 x3=0 x4=00 1dx
o 21 21 21 21| 2| a (10)2  (10)2 441111 441111 | -8
x| 21 21 21 21 2 || 1 (10)2 (10)2 441111 441111 —8
xo | 21 21 21 21 2 || a2 (10)2 (10)2 441111 441111 —8
r3 | 21 21 21 21 2 rs | 441111 441111 441111 72111 | —124
rgy | 21 21 21 21 2 ry | 441111 441111 441111 72111 —124

p=g=r=3, rank =27 local solutions at a normally crossing point
Lo T To 3 Ty idx o Fy

0 (24)3  (24)3 6319 6319 | —54 o =xz;: 21 () ()
r1 | (24)3 (24)3 6319 631° | —54 o
zo | (24)3  (24)3 6319 6319 | _54 p=q=r=1: 2:Fi|T 1:G
zz | 6317 6319 631Y (19)223 | —730 on = zp: 21 e
gy | 6319 6319 6319 (19)223 —730 s

3 15 normally crossing singular points : {z; = x,;} A {z = x4}

D 6 points are multiplicity free = 6 sets of natural bases of local solutions

p=qg=r=2: 12112 112 112 112 112 3276 3216 3216 3296 3216 3216 715 715 715
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Thank you for your attention!
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