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§ Dirichlet’s integral formula∫ 1

0

tα−1(1− t)µ−1dt =
Γ(α)Γ(µ)

Γ(α+ µ)∫
t1>0,...,tn>0
t1+···+tn<1

tα1−1
1 · · · tαn−1

n (1−t1− · · ·−tn)
µ−1dt

=

∫ 1

0

tα1
1 dt1

∫ 1−t1

0

tα2
2 dt2 · · ·

∫ 1−t1−···−tn−1

0

tαn−1
n (1−t1− · · ·−tn−1−tn)

µ−1dtn

(tn = (1−t1− · · ·−tn−1)s)

=

∫ 1

0

tα1−1
1 dt1

∫ 1−t1

0

tα2−1
2 dt2 · · ·

∫ 1

0

(1−t1− · · ·−tn−1)
αn+µsαn−1(1− s)µ−1ds

=
Γ(µ)Γ(αn)

Γ(αn + µ)

∫ 1

0

tα1−1
1 dt1 · · ·

∫ 1−t1−···−tn−2

0

t
αn−1−1
n−1 (1−t1− · · ·−tn−1)

αn+µ−1dtn−1

=
Γ(µ)Γ(αn)

Γ(αn + µ)
× Γ(αn + µ)Γ(αn−1)

Γ(αn−1 + αn + µ)
× · · · × Γ(α1)Γ(α2 + · · ·+ αn + µ)

Γ(α1 + · · ·+ αn + µ)

=
Γ(µ)Γ(α1) · · ·Γ(αn)

Γ(α1 + · · ·+ αn + µ)



§ Integral transformation
m = (m1, . . . ,mn) ≥ 0 ⇔ m1 ≥ 0, . . . ,mn ≥ 0

|α| = α1 + · · ·+ αn, α+ c = (α1 + c, . . . , αn + c), m! = m1! · · ·mn!

xα = xα = xα1
1 · · ·xαn

n , (c− x)α = (c− x1)
α1 · · · (c− xn)

αn

Γ(α) = Γ(α1) · · ·Γ(αn), (α)m =
Γ(α+m)

Γ(α)
= (α1)m1 · · · (αn)mn∫

t≥0, |t|<1

tα−1(1− |t|)µ−1dt =
Γ(µ)Γ(α)

Γ(|α|+ µ)

(1− |x|)−λ =
∑
m≥0

(λ)|m|

m!
xm and e|x| =

∑
m≥0

xm

m!

Kµ,λ
x u(x) :=

1

Γ(µ)

∫
t1>0,...,tn>0
t1+···+tn<1

tλ−1(1− |t|)µ−1u(t1x1, . . . , tnxn)dt1 . . . dtn

Kµ,λ
x xα =

Γ(α+ λ)

Γ(|α+ λ|+ µ)
xα (µ ∈ C, α, λ ∈ Cn)

Kµ,λ
x : O0 → O0 (convergent power series)

Kµ,λ
x : u(x) =

∑
m≥0

cmxm 7→ Γ(λ)

Γ(|λ|+ µ)

∑
m≥0

(λ)m
(|λ|+ µ)|m|

cmxm



Another integral formula∫ c+i∞

c−i∞
t−α(1− s − t)−τ dt

t = (1− s)−α−τ

∫ c+i∞

c−i∞

(
t

1−s

)−α(
1− t

1−s

)−τ dt
t

(0 ≤ Re s < 1, 0 < c < 1− Re s)

= (1− s)−α−τ

∫ c+i∞
1−s

c−i∞
1−s

t−α(1− t)−τ dt
t

= (1− s)−α−τ

∫ c+i∞

c−i∞
t−α(1− t)−τ dt

t

•
1

+∞•
c

•
0

c+i∞ c+i∞
1−s

= (1− s)−α−τ (−e−τπi + eτπi)

∫ ∞

1

t−α(t− 1)−τ dt
t

= (1− s)−α−τ · 2i sin τπ
∫ 1

0

( 1u )
−α( 1u − 1)−τ du

u (u = 1
t )

=
2πi(1− s)−α−τ

Γ(τ)Γ(1− τ)

∫ 1

0

uα+τ−1(1− u)−τdu

= 2πi
Γ(α+ τ)

Γ(τ)Γ(α+ 1)
(1− s)−(α+τ)



∫ 1
n+1

+i∞

1
n+1

−i∞
· · ·

∫ 1
n+1

+i∞

1
n+1

−i∞
t1−α(1− t1 − · · · − tn)

−τ dt1
t1

· · · dtn
tn

= (2πi)n
Γ(α1−1 + τ)

Γ(τ)Γ(α1)

Γ(α1 + α2−2 + τ)

Γ(α1−1 + τ)Γ(α2)
· · · Γ(|α| − n+ τ)

Γ(α2 + · · ·+ αn−1−n+1 + τ)Γ(αn)

= (2πi)n
Γ(|α|+ τ − n)

Γ(τ)Γ(α)
(τ = µ+ n)

(Lµ,λ
x ϕ)(x) :=

Γ(µ+ n)

(2πi)n

∫ 1
n+1

+i∞

1
n+1

−i∞
· · ·

∫ 1
n+1

+i∞

1
n+1

−i∞
t1−λ(1− |t|)−µ−nϕ(x1

t1
, . . . , xn

tn
) dt1

t1
· · · dtn

tn

Lµ,λ
x xα =

Γ(|α+ λ|+ µ)

Γ(α+ λ)
xα, Kµ,λ

x xα =
Γ(α+ λ)

Γ(|α+ λ|+ µ)
xα

x−λ′ ◦ Lµ,λ
x ◦ xλ′

= Lµ,λ+λ′

x , x−λ′ ◦Kµ,λ
x ◦ xλ′

= Kµ,λ+λ′

x

Lµ
x := Lµ,1

x , Kµ
x := Kµ,1

x

Kµ,λ
x

∑
m≥0

cmxm =
Γ(λ)

Γ(|λ|+ µ)

∑
m≥0

(λ)m
(|λ|+ µ)|m|

cmxm

Lµ,λ
x

∑
m≥0

cmxm =
Γ(|λ|+ µ)

Γ(λ)

∑
m≥0

(|λ|+ µ)|m|

(λ)m
cmxm



§ Examples

n = 1 : (Kµ
xu)(x) =

1

Γ(µ)

∫ 1

0

(1− t)µ−1u(tx)dt

=
1

Γ(µ)

∫ x

0

(1− s
x
)µ−1u(s) ds

x
(s = tx)

= x−µ 1

Γ(µ)

∫ x

0

(x− s)µ−1u(s)ds (Iµ0 u : Riemann-Liouville integral)

Kµ,λ1
x (1− x)−λ0 =

Γ(λ1)

Γ(λ1 + µ)

∞∑
m=0

(λ1)m
(λ1 + µ)m

(λ0)m
m!

xm

=
Γ(λ1)

Γ(λ1 + µ)
F (λ0, λ1, λ1 + µ;x) (Gauss HG)

Kµ,λ
x ex =

Γ(λ)

Γ(λ+ µ)

∞∑
m=0

(λ)m
(λ+ µ)mm!

xm

=
Γ(λ)

Γ(λ+ µ)
1F1(λ, λ+ µ;x) (Kummer Conf. HG)

Kµ,λ1,λ2
x,y (1− x− y)−λ0 =

Γ(λ1)Γ(λ2)

Γ(λ1 + λ2 + µ)

∑
i, j≥0

(λ1)i(λ2)j
(λ1 + λ2 + µ)i+j

(λ0)i+j

i!j!
xiyj

=
Γ(λ1)Γ(λ2)

Γ(λ1 + λ2 + µ)
F1(λ0;λ1, λ2;λ1 + λ2 + µ;x, y)



Lauricella hypergeometric series

FD(λ0,λ, µ;x) :=
∑
m≥0

(λ0)|m|(λ)m

(µ)|m|m!
xm =

Γ(µ)

Γ(λ)
Kµ−|λ|,λ

x (1− |x|)−λ0

FA(λ0,µ,λ;x) :=
∑
m≥0

(λ0)|m|(µ)m

(λ)mm!
xm

=
Γ(λ)

Γ(µ)
Kλ1−µ1,µ1

x1
· · ·Kλn−µn,µn

xn
(1− |x|)−λ0

=
Γ(λ)

Γ(λ0)
Lλ0−|λ|,λ
x (1− x)−µ

FB(λ,λ
′, µ;x) :=

∑
m≥0

(λ)m(λ′)m
(µ)|m|m!

xm =
Γ(µ)

Γ(λ)
Kµ−|λ|,λ

x (1− x)−λ′

FC(µ, λ0,λ;x) :=
∑
m≥0

(µ)|m|(λ0)|m|

(λ)mm!
xm =

Γ(λ)

Γ(µ)
Lµ−|λ|,λ
x (1− |x|)−λ0

n = 2 ⇒ (FD, FA, FB , FC) = (F1, F2, F3, F4)



Horn’s series (confluent hypergeometric functions)

Φ2(β, β
′; γ;x, y) :=

∞∑
m=0

∞∑
n=0

(β)m(β′)n
(γ)m+nm!n!

xmyn

=
Γ(γ)

Γ(β)Γ(β′)
Kγ−β−β′,β,β′

x,y ex+y

Ψ1(α;β; γ, γ
′;x, y) :=

∞∑
m=0

∞∑
n=0

(α)m+n(β)m
(γ)m(γ′)nm!n!

xmyn

=
Γ(γ)Γ(γ′)

Γ(α)
Lα−γ−γ′,γ,γ′

x,y (1− x)−βey

Ψ2(α; γ
′, γ′;x, y) :=

∞∑
m=0

∞∑
n=0

(α)m+n

(γ)m(γ′)nm!n!
xmyn

=
Γ(γ)Γ(γ′)

Γ(α)
Lα−γ−γ′,γ,γ′

x,y ex+y



§ More transformations

x 7→ R(x) : a coordinare transformation of Cn

(Tx→R(x)ϕ)(x) := ϕ(R(x))

y = (xi1 , . . . , xik) for a subset {i1, . . . , ik} ⊂ {1, . . . , n}
µ ∈ C and λ ∈ Ck we define

Kµ,λ
y,x→R(x) := T−1

x→R(x) ◦K
µ,λ
y ◦ Tx→R(x)

Lµ,λ
y,x→R(x) := T−1

x→R(x) ◦ L
µ,λ
y ◦ Tx→R(x)

p =
(
pi,j

)
1≤i≤n
1≤j≤n

∈ GL(n,Z)

piν ,j ≥ 0 (1 ≤ ν ≤ k, 1 ≤ j ≤ n)

x 7→ xp = xp = (xp∗,1 , . . . , xp∗,n) =
( n∏
ν=1

xpν,1
ν , . . . ,

n∏
ν=1

xpν,n
ν

)
,

pm = (p1,∗m, . . . , pn,∗m) =
( n∑
ν=1

p1,νmν , . . . ,
n∑

ν=1

pn,νmν

)



(
T−1
x→xp ◦ Tx→(t1x1,...,tnxn) ◦ Tx→xpϕ

)
(x) = ϕ

(
x1

p∏
ν=1

tpν,1
ν , . . . , xn

n∏
ν=1

tpν,n
ν

)
,

(
Kµ,λ

(xi1
,...,xik

),x→xpϕ
)
(x)

=
1

Γ(µ)

∫
t1>0,...tk>0
t1+···+tk<1

tλ−1(1− |t|)µ−1ϕ
(
x1

k∏
ν=1

t
piν ,1
ν , . . . , xn

k∏
ν=1

t
piν ,n
ν

)
dt

(
Lµ,λ
(xi1

,...,xik
),x→xpϕ

)
(x) =

Γ(µ+ k)

(2πi)k

∫ c+i∞

c−i∞
· · ·
∫ c+i∞

c−i∞
t1−λ(1− |t|)−µ−k

ϕ
( x1∏k

ν=1 t
piν ,1
ν

, . . . ,
xn∏k

ν=1 t
piν ,n
ν

)dt1
t1

· · · dtk
tk

with c = 1
k+1

(pm)i1,...,ik :=
( n∑
ν=1

pi1,νmν , . . . ,
n∑

ν=1

pik,νmν

)
,

Kµ,λ
(xi1

,...,xik
),x→xpx

m =
Γ(λ+ (pm)i1,...,ik)

Γ(|λ+ (pm)i1,...,ik |+ µ)
xm,

Lµ,λ
(xi1

,...,xik
),x→xpx

m =
Γ(|λ+ (pm)i1,...,ik |+ µ)

Γ(λ+ (pm)i1,...,ik)
xm



Kµ,λ
(xi1

,...,xik
),x→xp

∑
m≥0

cmxm =
Γ(λ)

Γ(|λ|+ µ)

∑
m≥0

(λ)(pm)i1,...,ik

(|λ|+ µ)|(pm)i1,...,ik
|
cmxm

Lµ,λ
(xi1

,...,xik
),x→xp

∑
m≥0

cmxm =
Γ(|λ|+ µ)

Γ(λ)

∑
m≥0

(|λ|+ µ)|(pm)i1,...,ik
|

(λ)(pm)i1,...,ik

cmxm

p = ( p1 p2
q1 q2 ) ∈ GL(2,Z) with p1, p2, q1, q2 ≥ 0. Put p̃ = p⊕ In−2 ∈ GL(n,Z).

K
µ,(λ1,λ2)

(x1,x2),x→xp̃x
m =

Γ(λ1)Γ(λ2)

Γ(λ1 + λ2 + µ)

(λ1)p1m1+p2m2(λ2)q1m1+q2m2

(λ1 + λ2 + µ)(p1+q1)m1+(p2+q2)m2

xm

Kµ,λ
x1,x→xp̃x

m =
Γ(λ)

Γ(λ+ µ)

(λ)p1m1+p2m2

(λ+ µ)p1m1+p2m2

xm

Kµ,λ
x,(x,y) 7→(x, xy )(1−x)−α(1−y)−β =

1

Γ(µ)

∫ 1

0

tλ−1(1−t)µ−1(1−tx)−α(1−ty)−βdt

=
Γ(λ)

Γ(λ+ µ)

∑
m≥0

(λ)m1+m2

(λ+ µ)m1+m2

(α)m1
(β)m2

m1!m2!
xm1ym2

=
Γ(λ)

Γ(λ+ µ)
F1(λ, α, β, λ+ µ;x, y)



§ Differential equations

Notation : ∂ := d
dx , ϑ := x∂, ∂i :=

∂
∂xi

, ϑi := xi∂i, W [x] := C[x]⊗ C[∂]
n = 1 : Kµ

x = x−uIµ0 , Lµ
x = I−µ

0 xµ (Iτ0 ◦ Iµ0 = Iτ+µ
0 , I00 = id)

P (x, ∂)u = 0 ⇒ ∂γP =
∑

ci,j∂
iϑj ∈ W [x] (∃ γ ∈ Z≥0)

⇒ mcµ(P ) := ∂−δ
∑

ci,j∂
i(ϑ− µ)j ∈ W [x] (maximal δ ∈ Z≥0)

Pu = 0 ⇒ mcµ(P )Iµ0 u = 0 (middle convolution)

General case : xi∂i
(
u(tx)

)
=
(
xi∂iu(x)

)
|x 7→tx

(ϑiK
µ
xu)(x) =

1

Γ(µ)

∫ 1

0

(1− |t|)µ−1xiti(∂iu)(tx)dt = (Kµ
xϑiu)(x)

∂i
(
(1− |t|)µ−1u(tx)

)
= −(µ− 1)(1− |t|)µ−2u(tx) + (1− t)µ−1xi(∂iu)(tx)

xiK
µ
x∂i = (µ− 1)Kµ−1

x = xνK
µ
x∂ν

µ

∫ 1

0

(1− |t|)µ−1u(tx)dt = xi

∫ 1

0

(1− |t|)µ(∂iu)(tx)dt (↑ µ 7→ µ+ 1)

= xi

∫ 1

0

(1− |t|)µ−1(1− t1 − · · · − tn)(∂iu)(tx)dt



xiK
µ
x∂iu = µKµ

xu+
n∑

ν=1

xi

Γ(µ)

1

xν

∫ 1

0

(1− |t|)µ−1
(
(xν∂iu)|x→tx

)
dt

= µKµ
xu+

n∑
ν=1

xi

xν
Kµ

x∂ixνu−Kµ
xu

= (µ− 1)Kµ
xu+

n∑
ν=1

Kµ
x∂νxνu = (µ+ n− 1)Kµ

xu+

n∑
ν=1

ϑνK
µ
xu

Kµ
x ◦ ϑj = ϑj ◦Kµ

x

Kµ
x ◦ ∂j = 1

xj
(ϑ1 + · · ·+ ϑn + µ+ n− 1) ◦Kµ

x

Def. Suppose u(x) ∈ O0 and P ∈ C(x)⊗W [x] satisfies Pu = 0. Define

RP ∈ W [x] ∩ (C[x] \ {0})P (degx RP is minimal)

Choose minimal γ ∈ Zn
≥0 so that

∂γRP =
∑

α, β∈Zn
≥0

cα,β∂
αϑβ (cα,β ∈ C).



Then Kµ
x (∂

γRP )Kµ
xu(x) = 0 with

Kµ
x (
∑

cα,β∂
αϑβ) := R

∑
cα,β

( n∏
k=1

( 1
xk

(ϑ1 + · · ·+ ϑn + µ+ n− 1))αk

)
ϑβ

Lµ
x(∂

γRP )Lµ
xu(x) = 0 with replacing P by (xj , ∂j) 7→ (x−1

j ,−xj(ϑj + 1)) and

Lµ
x(
∑

cα,β∂
αϑβ) := R

∑
cα,β

( n∏
k=1

(
xk(µ− ϑ1 − · · · − ϑn)

)αk
)
(−ϑ− 1)β

Remark. P1, P2 ∈ W [x]

{u ∈ O0 | P1u = 0} = {0} ⇒ {u ∈ O0 | P1P2u = 0} = {u ∈ O0 | P2u = 0}

n = 1 : P1 = ϑ+ µ ⇒ middle convolution ⇒ keeps irreducibility (µ /∈ Z)
General case : Kµ

x ⇒ P1 = ϑ1 + · · ·+ ϑn + µ+m (m ∈ Z) ⇒ ?

Lµ
x ⇒ P1 = ϑ1 + · · ·+ ϑn − µ+m (m ∈ Z) ⇒ ?



§KZ (Knizhnik-Zamolodchikov) equation

M :
∂u

∂xi
=
∑

0≤ν≤q
ν 6=i

Ai,ν

xi − xν
u (i = 0, . . . , q)

Ai,j = Aj,i ∈ M(N,C) (i, j ∈ {0, 1, . . . , q + 1}),

Ai,i = A∅ = Ai = 0, Ai,q+1 := −
q∑

ν=0

Ai,ν ,

Ai1,i2,...,ik :=
∑

1≤ν<ν′≤k

Aiν ,iν′ ({i1, . . . , ik} ⊂ {0, . . . , q + 1}),

Compatibility condition (cf. [Ok]):

[AI , AJ ] = 0 if I ∩ J = ∅ or I ⊂ J with I, J ⊂ {0, . . . , q + 1}

We may assume M is homogeneous :

AI = 0 (#I = q + 1)



Sq+2 acts on the space of KZ systems as the permutaions of the indices
x0

x

x1

y1

x2

y2

xq−2

yq−2

xq−1

1

xq

0

xq+1

∞

Rigid irreducible Fuchsian system

du

dx
=

q∑
i=1

Ai

x− xi
u

can be extended to a KZ equation M with x = x0 and Ai = A0,i (cf. [Ha])

n = q − 1 = 2 : A01 +A01 +A03 +A12 +A13 +A23 = 0

(A01, A02, A03, A12, A13) determines M

(x0, x1, x2, x3, x4) → (x, y, 1, 0,∞)

x0 ↔ x1 → (x, y) ↔ (y, x)

x1 ↔ x2 → (x, y) ↔ (xy ,
1
y )

x2 ↔ x3 → (x, y) ↔ (1− x, 1− y)

x3 ↔ x4 → (x, y) ↔ ( 1x ,
1
y )



K̂µ
x : u(x, y) 7→ û(x, y) =

 xKµ+1
x

u(x,y)
x−y

xKµ+1
x

u(x,y)
x−1

xKµ+1
x

u(x,y)
x

 ,
∂û

∂xi
=
∑

0≤ν≤q
ν 6=i

Âi,ν

xi − xν
û

Â01 =
(

A01+µ A02 A03

0 0 0
0 0 0

)
, Â02 =

(
0 0 0

A01 A02+µ A03

0 0 0

)
, Â03 =

(
−µ 0 0
0 −µ 0

A01 A02 A03

)
Â12 =

(
A02+A12 −A02 0
−A01 A01+A12 0

0 0 A12

)
, Â13 =

(
A03+A13 0 −A03

0 A13 0
−A01 0 A01+A13

)
Â23 =

(
A23 0 0
0 A03+A23 −A03

0 −A02 A02+A23

)
, Â04 = −

(
A01 A02 A03

A01 A02 A03

A01 A01 A03

)
Â14 =

(
A23−µ 0 0
A01 A02+A03+A23 0
A01 0 A02+A03+A23

)
(cf. [DR, Ha])

Â24 =

(
A01+A13+A03 A02 0

0 A13−µ 0
0 A02 A01+A13+A03

)
Â34 =

(
A01+A02+A12+µ 0 A03

0 A01+A02+A12+µ A03

0 0 A12

)

K̂µ,λ
x := x−λ ◦ K̂µ

x ◦ xλ, K̂µ,λ
x u =

(
Kµ+1,λ

x
xu(x,y)

x−y

Kµ+1,λ
x

xu(x,y)
y

Kµ+1,λ
x u(x,y)

)
, L :=

kerA01

kerA02

0





K̂µ,λ
y : u(x, y) 7→ K̂µ,λ

x u(y, x)
∣∣
(x,y) 7→(y,x)

, K̂µ,λ
y u =

Kµ+1,λ
y

yu(x,y)
y−x

Kµ+1,λ
y

yu(x,y)
x

Kµ+1,λ
y u(x,y)


L :=

kerA01

kerA12

0

 : invariant subspace for generic λ and µ (x0 ↔ x1)

K̂µ,λ
x,y : u(x, y) 7→

(
K̂µ,λ

x u(x, x
y )
)∣∣

y 7→x
y
: x0 ↔ x2, x3 ↔ x4

Â01 =

A01 + A02 −A02 0
−A12 A01 + A12 0

0 0 A01

 , Â02 =

 0 0 0
A12 A02 + µ A24 + λ
0 0 0


Â03 =

A03 A02 0
0 A14 − µ − λ 0
0 A02 A03

 , Â04 =

A04 + A24 0 0
0 A04 + A24 + λ −A24 − λ
0 −A02 A02 + A12


A12 =

A12 + µ A02 A24 + λ
0 0 0
0 0 0

 , A13 =

A04 − µ − λ 0 0
A12 A13 0
A12 0 A13


Â14 =

A14 + A24 + λ 0 −A24 − λ
0 A14 + A24 0

−A12 0 A12 + A14

 , Â23 =

−A12 + λ −A02 −A24 − λ
−A12 −A02 + λ −A24 − λ
−A12 −A02 −A24


Â24 =

−µ − λ 0 0
0 −µ − λ 0

A12 A02 A24

 , Â34 =

A01 + A02 + A12 + µ 0 A24 + λ
0 A01 + A02 + A12 + µ A24 + λ
0 0 A01



L :=

kerA12

kerA02

0

 : invariant subspace for generic λ and µ



du

dx
=

Ay

x− y
u+

A1

x− 1
u+

A0

x
u

rigid−−→ ∂u

∂y
=

Ay

x− y
u+

B1

y − 1
u+

B0

y
u

K̂µ
x , K̂µ

y , K̂µ
x,y−−−−−−−−−→

dû

dx
=

(
Ay+µ A1 A0

0 0 0
0 0 0

)
x− y

û+

(
0 0 0
Ay A1+µ A0

0 0 0

)
x− 1

û+

(
−µ 0 0
0 −µ 0
Ay A1 A0

)
x

û

dû

dx
=

(
Ay+µ B1 B0

0 0 0
0 0 0

)
x− y

û+

(
A1+B1 −B1 0
−Ay A1+Ay 0
0 0 A1

)
x− 1

û+

(
A0+B0 0 −B0

0 A0 0
−Ay 0 A0+Ay

)
x

û

dû

dx
=

(
Ay+B1 −B1 0
−A1 Ay+A1 0
0 0 Ay

)
x− y

û+

(
0 0 0
B0 A0+µ A24

0 0 0

)
x− 1

û+

(
A0 A1 0
0 A14−µ 0
Ay A1 A0

)
x

û

A14 = −Ay −B0 −B1

A24 = Ay +A0 +B0

idxxM := 2N2 −
q+1∑
i=1

(N2 − dimZM(N,C)A0,i) = 2 ⇔ rigid



An example (F1 : p = q = r = 1)

Fp,q,r

(
α β γ

α′ β′ γ′ ;x, y
)
:=

∞∑
m=0

∞∑
n=0

∏p
i=1(αi)m

∏q
j=1(βj)n

∏r
k=1(γk)m+nx

myn∏p
i=1(1− α′

i)m
∏q

j=1(1− β′
j)n

∏r
k=1(1− γ′

k)m+n

= C
∏p

i=2 K
1−α′

i−αi,αi
x

∏q
j=2 K

1−β′
j−βj ,βj

y

∏r
k=1 K

1−γ′
k−γk,γk

x,y (1− x)α1(1− y)−β1

α
′′
i := αi + α

′
i, β

′′
j := βj + β

′
j , γ

′′
k := γk + γ

′
k, α

′
1 = β

′
1 = 0

α
′′

=

p∑
i=1

α
′′
i , β

′′
=

q∑
j=1

β
′′
j , γ

′′
=

r∑
k=1

γ
′′
k

Riemann scheme of KZ equation : (rankM = pq + qr + rp)
A01 : x=y A02 : x=1 A03 : x=0 A04 : x=∞ A12 : y=1

[0]pq+(p+q−1)r [0]pr+(p+r−1)q [α′
i]q+r [αi]q+r [0]qr+(q+r−1)p

[−α′′ − β′′]r [−α′′ − γ′′]q βj + γ′
k β′

j + γk [−β′′ − γ′′]p

A13 : y=0 A23 A14 : y=∞ A24 A34

[β′
j ]p+r [γk]p+q [βj ]p+r [γ′

k]p+q [0]pq+qr+rp−(p+q+r)+1

αi + γ′
k αi + βj α′

i + γk α′
i + β′

j [−α′′ − β′′ − γ′′]2
[−α′′ − β′′]r−1

[−β′′ − γ′′]p−1

[−α′′ − γ′′]q−1


idxxM = 2− 2(q − 1)(r − 1)(q + r + 1) (rigid ⇔ q = r = 1)

# solutions up to constant multiple at (0,0) with simple monodromy

= # eigenvalues of A24 with free multiplicity (= pq)



Involutive coordinate transformations

(x0, x1, x2, x3, x4) → (x, y, 1, 0,∞)

(x0, x1, x2, x3, x4) ↔ (x2, x1, x0, x4, x3) → (x, y) ↔ (x, x
y )

⇒ blowing up of the singularities of M at the origin:

(x, y) 7→

S5 3

(y, x)

x0 ↔ x1

(xy ,
1
y )

x1 ↔ x2

(1− x, 1− y)

x2 ↔ x3

( 1x ,
1
y )

x3 ↔ x4

y = 0

y = 1

y = ∞

x = 0 x = 1 x = ∞

x = y
↓

↑
(x, y) ↔ (x, x

y )

{|x| < ϵ, |y| < C|x|} ↔ {|x| < ϵ, |y| > C−1}
x = y = 0 ↔ x = 0

Theorem ([Oi]). In general {i, j, k, s, t} = {0, 1, 2, 3, 4} ⇒
a simple solution at xi = xj = xk ↔ a simple solution along xs = xt

A simple solution
def⇔ It spans 1-dimenional space under local analytic continuation

Theorem([O-Ma]). irreducible⇔ αi+α′
i′ , βj+β′

j′ , αi+βj+γ′
k′ , α′

l+β′
j+γk 6∈ Z



spectral type (multiplicities of eigenvalues)
p = q = r = 1 : Appell’s F1

x0 x1 x2 x3 x4 idx

x0 21 21 21 21 2

x1 21 21 21 21 2

x2 21 21 21 21 2

x3 21 21 21 21 2

x4 21 21 21 21 2

p = q = r = 2, rank = 12

x0 = x x1 = y x2 = 1 x3 = 0 x4 = ∞ idx

x0 (10)2 (10)2 441111 441111 −8

x1 (10)2 (10)2 441111 441111 −8

x2 (10)2 (10)2 441111 441111 −8

x3 441111 441111 441111 72111 −124

x4 441111 441111 441111 72111 −124

p = q = r = 3, rank = 27

x0 x1 x2 x3 x4 idx

x0 (24)3 (24)3 6319 6319 −54

x1 (24)3 (24)3 6319 6319 −54

x2 (24)3 (24)3 6319 6319 −54

x3 6319 6319 6319 (19)223 −730

x4 6319 6319 6319 (19)223 −730

xi = xj : 21

p=q=r=1 :

xk = xℓ : 21

local solutions at a normally crossing point

2 1

2 1

2F1

2F1

G2

F1

F1

2

1

2

2

↔2 : F1 1 : G2

∃ 15 normally crossing singular points : {xi = xj} ∧ {xk = xℓ}
⊃ 6 points are multiplicity free ⇒ 6 sets of natural bases of local solutions

p=q=r= 2: 112, 112, 112, 112, 112, 112, 3216, 3216, 3216, 3216, 3216, 3216, 715, 715, 715



[14 + 14 + 1 + 1 + 1 + 1] ∧ [14 + 14 + 1 + 1 + 1 + 1] : 112

6 : 4214 ∧ 4214

4 4 1 1 1 1

4 4 1 1 1 14214

H4 H1

4214
H4

x = 0 :

y = ∞ :

[α′
i]q+r βj + γk

[βj ]p+q α′
j + γk

H1

4

1

8 :

H1

H4

↔

4

4

4 :

H4

H4

Hm : mFm−1

([3214] + [12]) ∧ [31 + 31 + 1 + 1 + 1 + 1] : 3216

6 : (10)2 ∧ 4214

10 2

4 4 1 1 1 14214

H4 H1

(10)2

T H2

3 3

T = 713, 3214, 3214x = 1 :

y = ∞ :

10

4

2 :

H4

T

3

10

1

4 :

H1

T

2

4

2 :

H2

H4

[7 · 13 + 12] ∧ [7 + 2 + 1 + 1 + 1] : 715

3 : (10)2 ∧ 7213

10 2

7 2 1 1 17213

(10)2

T H2

7

10

7

1 : 7

T

10

2

1 :

T

10

1

2 :

T

2

2

1 :

H2

2

1

1 :



Thank you for your attention!
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