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Morphisms of graphs

Definition

A homomorphism f : E → F of graphs is a pair of maps

(f0 : E0 → F 0, f1 : E1 → F 1)

satisfying the conditions:

sF ◦ f1 = f0 ◦ sE , tF ◦ f1 = f0 ◦ tE .

We call it proper iff both these maps are finite-to-one.

Definition

A path homomorphism of graphs is a map f : FP (E)→ FP (F )
satisfying:

1 f(E0) ⊆ F 0,

2 sF ◦ f = f ◦ sE , tF ◦ f = f ◦ tE ,

3 ∀ p, q ∈ FP (E) such that t(p) = s(q) : f(pq) = f(p)f(q).

We call it proper iff the above map is finite-to-one.
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Contravariant conditions

1 POG is the category of graphs and proper graph
homomorphisms.

2 TBPOG is the subcategory of POG whose morphisms
f : E → F satisfy the target-bijectivity condition:

∀ x ∈ F 1 : f−1(x) 3 e 7−→ tE(e) ∈ f−1(tF (x)) is bijective.

3 CRTBPOG is the subcategory of TBPOG whose
morphisms f : E → F satisfy

f
(
E0 \ reg(E)

)
⊆ F 0 \ reg(F ).
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Theorem (P. M. H., M. Tobolski)

A pushout-to-pullback theorem for Leavitt path algebras and graph
C*-algebras.
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Covariant conditions

1 IPG is the category of graphs and path homomorphisms of
graphs that are injective when restricted to vertices.

2 MIPG is the subcategory of IPG whose morphisms satisfy
f(e) � f(e′) ⇒ e = e′

when restricted to the sets of edges.

3 RMIPG is the subcategory of MIPG whose morphisms
satisfy the regularity conditions:

(A) For any v ∈ reg(E), the vertex f(v) emits |s−1
E (v)|-many

positive-length paths p1 , . . . , pnv
, nv := |s−1

E (v)|, whose all edges
begin at regular vertices. Also, we require that the set
FPf(v) := {p1 , . . . , pnv

} is constructed in the following way: we

take x ∈ s−1
F (f(v)) and either set it aside as a length-one element

of FPf(v), or extend it by all edges emitted from tF (x). Any thus
obtained path of length two, we either set aside as an element of
FPf(v), or extend it by all edges emitted from its end. Then we
iterate this procedure until we obtain the set FPf(v).

(B) For any v ∈ reg(E), the map f when restricted to s−1
E (v) is a

bijection onto FPf(v).
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Theorem (A. Chirvasitu, P. M. H., M. Tobolski)

A pullback theorem for graph C*-algebras.
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Main research objectives

Develop new and most general concepts of morphisms of
graphs that make the assignment of graph C*-algebras to
graphs either a contravariant functor turning pushouts of
graphs into pullbacks of graph C*-algebras, or a covariant
functor respecting limits.

Unify the pushout-to-pullback theorems by proving them for
higher-rank graphs allowing both sinks and infinite emmiters.
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First steps

Examples of non-injective pushouts with breaking vertices in
CRTBPOG.

Translate pushout conditions for relative graphs into pushout
conditions for induced graphs.

Extend the pushout-to-pullback theorem to higher-rank
graphs and Cuntz–Pimsner algebras.

Relax the covariant conditions by allowing shrinking single
loops at sinks, study examples.

Extend the CHT pullback theorem to higher-rank graphs
starting with trimmable graphs.
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