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Quantum Symmetries

Objectives:

Our aim is to study, in full generality, the notion of quantum
symmetry and isometry groups of graph C*-algebras, including
these associated with higher-rank graphs.

Why:

Graph C∗-algebras comprise a vast range of noncommutative
algebras, which are well known to have symmetries.

Examples: Mn(C), Toeplitz algebra, quantum sphere(s), SUq(2)
...



Quantum symmetries

Definition
A left action of a compact quan-
tum group A on a C∗-algebra B
is a unital ∗-homomorphism α
from B to B ⊗ A such that:

(idB ⊗∆)α = (α⊗ idA)α

(idB ⊗ ε)α = idB

and there exists a dense subal-
gebra B such that α restricts to
the right coaction of the canon-
ical dense Hopf-* subalgebra A

of A on B.



Quantum symmetries (2)

Definition
The quantum automorphism group of B in the category of
quantum transformation groups of B is a universal final object in
this category (if it exists).

Example

For a finite space B other than C(Xn) the quantum
automorphism group does not exist for the category of all
quantum transformation groups



Quantum symmetries (3)

States
Let φ be a continuous functional on the algebra B. We define
quantum automorphism group of the pair (B;φ) to be the
universal object in the category of quantum transformation
groups of the pair (B;φ). [Wang]

Isometry

Quantum isometry groups - spectral triples (B,H,D) and CQG
having a unitary representation on H that commutes with
D ⊗ idA. [Goswami, Bhomwick]

Filtration
Quantum symmetry group of a unital C*-algebra B equipped
with an orthogonal filtration. [Banica, Skalski]



Quantum symmetries of graph C∗-algebras.

Theorem:

The quantum symmetry of a
finite graph without multiple
edges coincides with the quan-
tum symmetry of the associated
graph C*-algebra, G+

aut(Γ).



Quantum symmetry of a graph (Banica)
Definition
Let Γ be a directed graph with adjacency matrix ε ∈ Mn({0,1}),
then:

C(G+
aut(Γ)) = C∗




uij = u∗
ij = u2

ij ,∑
k uik = 1 =

∑
k ukj ,∑

k uikεkj =
∑

k εikukj ,



Remark
A result by Joardar & Mandal [Quantum symmetry of graph
C*-algebras associated with connected graphs] shows that for
finite, connected graphs with no multiple edges or loops the
quantum automorphism group of the graph is a quantum
subgroup of the quantum automorphism group they consider
(linear faithful action).



Quantum Symmetries - objectives

Objective 1

Quantum symmetries of higher-rank graphs and quantum
graphs: extend the main result of Schmidt & Weber to
higher-rank graphs so as to arrive at a definition of the quantum
symmetry group of a higher-rank graph C*-algebra.

Possible extension, links to noncommutative graphs that appear
in the context of quantum channels?



Quantum Symmetries - objectives

Objective 2

KMS quantum symmetry groups: determine quantum
symmetry groups that preserve a family of KMS-states over
graph C*-algebras and provide conditions under which they are
isomorphic to each other as quantum groups.

Joardar & Mandal: Quantum symmetry of graph C*-algebras at
critical inverse temperature. Studia Math. 256 (2021), no. 1, 1–20
Invariance of KMS states on graph C*-algebras under classical and
quantum symmetry, Proceedings of the Edinburgh Mathematical
Society , Volume 64 , Issue 4 , November 2021 , pp. 762 - 778



Braided symmetries?

Braided quantum symmetries of graph C*-algebras,
arXiv:2201.09885 [Bhattacharjee, Joardar, Roy]

Thm: Let E be a finite, directed graph without sinks such that
the KMS state exists. Then there is a universal braided
compact quantum group acting linearly, faithfully on C∗(E) and
preserving the KMS state.



Quantum Symmetries - objectives

Objective 3

Quantum isometry groups: construct quantum isometry groups
of the graph C*-algebras and higher-rank graph C*-algebras.
Moreover, develop a theory of quantum automorphisms groups
preserving a given metric structure over graph C*-algebras.

Pask, Rennie, Sims: Noncommutative Manifolds from Graph and
k-Graph C*-Algebras, Commun. Math. Phys. 292, 607–636 (2009)



Some practical things:

A list with all relevant papers (and preprints) ?

THANK YOU !


