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Superset: S = S0 ⊎ S1, even part S0, odd part S1, i.e., .
parity function p : S → Z/2 with Si = p−1 { i } for i ∈ Z/2. .

.
Supercardinality: #S0|#S1 .

.
Supermagma: Parity function .

p : (S, ·) → (Z/2,+);x 7→ |x| is a magma homomorphism. .
.

Terminology: supersemigroup, supermonoid, supergroup, etc. .
.

Quasigroup (Q, ·, /, \) has magmas (Q, ·), (Q, /), (Q, \), so a .
superquasigroup has supermagmas (Q, ·), (Q, /), (Q, \). .

.
In other words: the parity map p : (Q, ·, /, \) → (Z/2,+,+,+) is .
a quasigroup homomorphism: |x · y| = |x/y| = |x\y| = |x|+ |y|.
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Supersets T = T0 ⊎ T1 and T ′ = T ′
0 ⊎ T ′

1. .
.

Superproduct: .
.

T ×̂T ′ = [(T0 × T ′
0) ⊎ (T1 × T ′

1)] ⊎ [(T0 × T ′
1) ⊎ (T1 × T ′

0)]. .
.

Lemma: For t ∈ T and t′ ∈ T ′, have |(t, t′)| = |t|+ |t′|. .
.

Doubling: (cf. Chein loops, loops in Cayley-Dickson process, . . . ) .
Using the “’tautological” superset 1Z/2 : Z/2 → Z/2, have .

.
[(T0 × {0 }) ⊎ (T1 × {1 })] ⊎ [(T0 × {1 }) ⊎ (T1 × {0 })] .

.
from any superset T = T0 ⊎ T1. Creates new superquasigroups.
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Multiplication supergroups

Superset function f : (T0 ⊎ T1) → (T ′
0 ⊎ T ′

1) has a .
.

superset graph Gr f = (Gr f)0 ⊎ (Gr f)1 ⊆ (T0 ⊎ T1)×̂(T ′
0 ⊎ T ′

1). .
.

Function f is

{
even if Gr f = (Gr f)0
odd if Gr f = (Gr f)1

}
. (May not be either.) .

.
Theorem: Suppose that Q = Q0 ⊎Q1 is a superquasigroup. .

(a) If x ∈ Q is

{
even
odd

}
, then R(x) and L(x) are

{
even
odd

}
. .

(b) Each element of the multiplication group .
MltQ of Q is either even or odd. .

.

Multiplication supergroup MLTQ of superquasigroup Q
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Signed supermagmas

Consider a supermagma S = S0 ⊎ S1 of supercardinality 2k|2l. .
.

Subsuperset T = T0 ⊎ T1 of supercardinality k|l, .
elements (written as) x = +x = (+1)x, .

s.t. each element of S has form +x or −x = (−1)x with x ∈ T . .
.

Suppose (σx)(σ′x′) = (σσ′)xx′ in S, for σ, σ′ ∈ {±1 } and x, x′ ∈ T . .
.

Call S = (±T0) ⊎ (±T1) a signed supermagma with transversal T . .
.

Lemma: Supermagma fixed by products of transversal elements. .
.

Example: C2 = {±1 } ⊎Ø with transversal {1 } ⊎Ø or {−1 } ⊎Ø. .
.

Example: C4 = ⟨i⟩ = {±1 } ⊎ {±i } with transversal {1 } ⊎ { i }.
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.
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′|+|u′|)·|u|(t/u⊗ t′/u′), .

(t⊗ t′)\(u⊗ u′) = (−1)|t
′|·(|t|+|u|)(t\u⊗ t′\u′) .

.
for T ×̂T ′ as a transversal (with ∗ the usual superalgebra product .
formula) determine a signed superquasigroup structure on S×̂S′. .

.
Example: Quaternion group Q8 = C4×̂C4. .

.
Example: Dihedral group D4 = B4×̂B4 from the Boolean group .

(Klein Vierergruppe) B4 = {±1 } ⊎ {±i } on transversal
1 i

1 1 i
i i 1

.
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The quatedral loop

Quasigroup C′
4 := (⟨i⟩ , ·) with “scalar” product x · y = xy = ⟨x|y⟩, .

as superquasigroup C
/
4 = {±1 } ⊎ {±i } on transversal

1 i
1 1 −i
i i 1

.

Signed superquasigroup S = C′
4×̂C4 isotopic to loop (S, ∗), the .

.

.

quatedral loop:

∗ 1 i −1 −i e ie −e −ie

1 1 i −1 −i e ie −e −ie
i i −1 −i 1 ie e −ie −e

−1 −1 −i 1 i −e −ie e ie
−i −i 1 i −1 −ie −e ie e

e e ie −e −ie 1 −i −1 i
ie ie −e −ie e −i −1 i 1
−e −e −ie e ie −1 i 1 −i
−ie −ie e ie −e i 1 −i −1
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Quaternion group, quatedral loop, dihedral group

• Same center {±1 }, same central quotient/abelian replica C2
2 .

.
• Same character table (4 linears, 1 non-linear χ of dimension 2) .

.
• Same congruence lattice {0 } ⊕M3 .

.
• Respectively 6,4,2 elements of order 4 .

.
• Respective Frobenius-Schur indicators, expected value of χ(x2), .

are −1,0,1 for the nonlinear character.
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Theorem: The quatedral loop has multiplication group C2 ≀ C2
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Thank you for your attention! .
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