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Introduction

In this study, we present new non-associative algebraic hyperstructures
namely, multiloop, polyquasigroup, and polyloop. We extend this notion of
hyper-algebraic structures to coin a special class of polyloop called extra
polyloop. The first extra identity in classical loop theory was adopted to
conceptualize extra polyloop-1, which is characterized by any of seven
identities, which were found to be equivalent.
The flexibility law and some basic algebraic properties satisfied by each of
these equivalent identities were established. Another notion like
autotopism of extra polyloop-1 was also established. In a classical
algebraic structure, the composition of two elements is an element, while
in an algebraic hyperstructure, the composition of two elements is a set.
For any non-commutative (groupoid, quasigroup, loop), commutative and
non-commutative (polygroupoid, polyquasigroup, polyloop) can be
constructed.
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Preliminaries and Background of Study

extra loop [F. Fenyves [8, 9]

A loop (G, ·) is said to be an extra loop if and only if it satisfies the
identity (xy · z)x = x(y · zx) for all x, y, z ∈ G. Identities (i) - (iii) were
shown to be equivalent:

(i) (xy · z)x = x(y · zx)

(ii) yz · yx = y(zy · x)
(iii) (x · yz)y = xy · zy) ∀x,y,z ∈ G

Consequently, in the study of non-associative algebraic hyperstructures,
we present analogous results which characterize the extra polyloop-1
identity with seven other equivalent identities.
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Hypergroupoid, Hypergroup

In 1934, during the 8th Congress of Scandinavian Mathematicians, F.
Marty [10] characterized hypergroups as a natural generalization of the
idea of a group. The study of hyperstructure was further exhibited by P.
Corsini [4]. In [12], polyquasigroups and polyloops were introduced, and
extensively studied and some of their algebraic properties were
established.

Definition

Let H be a non-empty set and ◦ : H × H −→ P∗(H) be a hypero-
peration (multivalued operation). The couple (H,◦) is known as a
hypergroupoid.

Let G be a group and H be any subgroup of G. Then, G/H = {xH | x ∈ G}
becomes a hypergroup where the hyperoperation is defined in a usual
manner:

aH ◦ bH = {cH | c ∈ aH · bH} for all a, b ∈ G.
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Semihypergroup, Quasihypergroup, Hypergroup

Definition

An hypergroupoid (H,◦) is the pair of a non-empty set H with an hy-
peroperation ◦ : H×H→ P(H)\{;} defined on it. An hypergroupoid
(H,◦) is called a semihypergroup if

(i) it obeys the associativity law a ◦ (b ◦ c) = (a ◦ b) ◦ c for
all a, b, c ∈ H, which means that

⋃

u∈ a◦b
u ◦ c=
⋃

v∈ b◦c
a ◦ v

An hypergroupoid (H,◦) is called a quasihypergroup if

(ii) it obeys the reproduction axiom x ◦H = H = H ◦ x for
all x ∈ H.

An hypergroupoid (H,◦) is called an hypergroup if it is a semihyper-
group and a quasihypergroup.
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Hv-group

Definition

A hypergroupoid (H,◦) is called an Hv-group if it is a quasihyper-
group and it obeys the weak associativity (WASS) condition

(iii) x ◦ (y ◦ z)∩ (x ◦ y) ◦ z ̸= ; for all x, y, z ∈ H.

A hypergroupoid (H,◦) is called an Marty-Moufang hypergroup (Hm-
group) if it is a quasihypergroup and it obeys the Moufang identity

(iv) (x ◦ y) ◦ (z ◦ x) = x ◦ ((y ◦ z) ◦ x) for all x, y, z ∈ H.

We often see the reproduction axiom used in the form: Given a, b ∈ H,
there exist x, y ∈ H such that b ∈ a◦x and b ∈ y◦a. Hence, an hypergroup
(of Marty) is equivalent to a multigroup of Dresher and Ore [7]
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Hypergroup

Definition

A hypergroup is a couple (H,◦), where ◦ : H×H −→ P∗(H), such that
the following conditions hold for all x, y, z of H:

1 (x ◦ y) ◦ z= x ◦ (y ◦ z) for all x, y, z ∈ H which means that
⋃

u∈ x◦y
u ◦ z=
⋃

v∈ y◦z
x ◦ v

2 H ◦ x = x ◦ H = H, where

H ◦ x =
⋃

h∈H

h ◦ x and x ◦ H =
⋃

h∈H

x ◦ h

This condition is called the reproduction axiom.
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Polygroup

Definition [Davvaz [6]

A polygroup is a system℘=< P, ·, e,−1 >, where e ∈ P, −1 is a unitary
operation on P, ·maps P×P into the non-empty subsets of P, and the
following axioms hold for all x, y, z ∈ P:

(P1) (x · y) · z= x · (y · z),
(P2) e · x = x · e= x

(P3) x ∈ y · z implies y ∈ x · z−1 and z ∈ y−1 · x.

A polygroup is a special type of hypergroup.
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Polyquasigroup, Polyloop and Multiloop

Definitions

Let P = (G, ·) be a polygroupoid such that / : G × G → P∗(G) and
\ : G×G→ P∗(G).

(a) If (i) y ∈ x · (x\y) (ii) y ∈ x\(x · y) (iii) y ∈ (y/x) · x (iv)
y ∈ (y · x)/x) then (G, ·,\,/) will be called a
polyquasigroup.

(b) If x · e= e · x = x for all x ∈ G and (G, ·,\,/) is a
polyquasigroup, then (G, ·,\,/, e) will be called a
polyloop.

(c) x ∈ x · e= e · x for all x ∈ P and (P, ·,⧹,⧸) is a
polyquasigroup. Then (P, ·,⧹,⧸, e) will be called a
multiloop.

(d) (x · y) · z= x · (y · z) for all x, y, z ∈ P and (P, ·,⧹,⧸) is
a polyloop. Then (P, ·,⧹,⧸) will be called an
associative polyloop.

Oyeyemi Oluwaseyi Oyebola Characterization of extra polyloop-I July 1, 2023 10 /21



extra polyloop-1

Definition

Let (G, ·,/,\, e) be a polyloop, then (G, ·,/,\, e) is called an extra
polyloop-1 if it satisfies the identity

(xy · z)x = x(y · zx)

for all x, y, z ∈ G
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Main Results

We now present some results on the algebraic properties and
characterization of extra polyloop-1.

Theorem

Let (G, ·,/,\, e) be a polyloop then, (G, ·,/,\, e) is an extra polyloop-
1 iff any of the following is true in (G, ·,/,\, e) for all x, y, z ∈
G; X, Y, Z ⊆ G:

(i) (Xy · z)X = X(y · zX).

(ii) (xY · z)x = x(Y · zx).

(iii) (xy · Z)x = x(y · Zx).

(iv) (XY · z)X = X(Y · zX).

(v) (Xy · Z)X = X(y · ZX).

(vi) (xY · Z)x = x(Y · Zx).

(vii) (XY · Z)X = X(Y · ZX).
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Flexibility Laws for extra polyloop-1

Corollary

If (G, ·,/,\, e) is an extra polyloop-1, then the following are true in
(G, ·,/,\, e) for all x, y ∈ G; X, Y ⊆ G

(i) xy · x = x · yx

(ii) Xy · X = X · yX

(iii) xY · x = x · Yx

(iv) XY · X = X · YX

Remark

If the extra polyloop-1 (G, ·,/,\, e) in the Corollary is an extra loop,
then the flexibility law in (i) above is also true. The identities in
the Corollary, (i) - (iv) will jointly be called flexibility laws for extra
polyloop-1.
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Theorem

Let (G, ·,/,\, e) be an extra polyloop-1, then the following are true:
(i) (G, ·,/,\, e) is an inverse property polyloop (i.e. a ∈ ax · xρ and
b ∈ xλ · xb ∀ a, b, x ∈ G).
(ii) a ∈ aX · Xρ and b ∈ Xλ · Xb ∀a, b ∈ G; X ⊆ G.
(iii) Z ⊆ Zx · xρ and Y ⊆ xλ · xY ∀ x ∈ G and Y, Z ⊆ G.
(iv) Q ⊆ QX · Xρ and P ⊆ Xλ · XP ∀Q, P, X ⊆ G.

Proof

(i) Suppose (G, ·,/,\, e) is an extra polyloop-1, then we have that:

(xy · z)x = x(y · zx) (1)

Let e ∈ zx =⇒ z ∈ e/x = {xλ} =⇒ z = xλ then equation (1)
becomes:
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Proof Contd.

(xy · xλ)x = x(y · xλx).

=⇒ xy ⊆ (xy · xλ)x (2)

Let a ∈ xy =⇒ y ∈ x\a then (2) becomes:

x(x\a) ⊆ (x(x\a) · xλ)x

=⇒ aL̄xLx ⊆ (aL̄xLx · xλ)x

=⇒ a ∈ axλ · x =⇒ a ∈ a(xρ)λ · xρ

a ∈ ax · xρ (3)

Next, let e ∈ xy =⇒ y ∈ x\e= {xρ} =⇒ y = xρ

Putting this in (1) we have:

(xxρ · z)x = x(xρ · zx)

=⇒ zx ⊆ x(xρ · zx) (4)
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Proof Contd.

Let b ∈ zx =⇒ z ∈ b/x, then (4) becomes:

(b/x)x ⊆ x(xρ · (b/x)x)

=⇒ bR̄xRx ⊆ x(xρ · bR̄xRx)

=⇒ b ∈ x · xρb =⇒ b ∈ xλ · (xλ)ρb.

b ∈ xλ · xb (5)

Hence, by (3) and (5), we have that (G, ·,/,\) is an inverse property
polyloop.
The proofs of (ii)− (iv) follow.
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Proof Contd.

Putting Z = PR̄X in the last relation, we have:

PR̄XRX ⊆ X(Xρ · R̄XRX)

P ⊆ X · XρP =⇒ P ⊆ Xλ · (Xλ)ρP

=⇒ P ⊆ Xλ · XP

Corollary

If (G, ·,/,\, e) is an extra polyloop-1, then:
(i) aρ = aλ = ā (i.e. Jρ = Jλ = J) ∀ a ∈ G
(ii) Aρ = Aλ = Ā ∀ A ⊆ G

Proof

This follows from the Theorem.
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Autotopism of extra Polyloop-1

Theorem

Let (G, ·,\,/, e) be a polyloop, then (G, ·,\,/, e) is an extra polyloop-
1 if and only if (LX , R̄X , LX R̄X) is an autotopism of (G, ·,\,/, e) for all
X ⊆ G.

Proof

Let (G, ·,\,/, e) be a polyloop, then (G, ·,\,/, e) is an extra polyloop-1
iff

(Xy · z)X = X(y · zX)

=⇒ (yLX · z)RX = (y · zRX)LX .

Let A1 = (yLX · z)RX and A2 = (y · zRX)LX .
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Conclusion and Further Studies

It is worthy of note that the generalization of classical quasigroup and
loop is achieved by axiomatizing Polyquasigroup and polyloop. It was
evident that polyquasigroup and polyloop are birthed from a
non-commutative quasigroup and loop respectively.
A general sense of constructing extra polyloop, characterized by seven
equivalent identities will be investigated.
In future work, the extra polyloop will be investigated for other analogous
algebraic properties that were satisfied by the extra loop in the classical
sense. and this will further be investigated with and illustrated with
examples.

Oyeyemi Oluwaseyi Oyebola Characterization of extra polyloop-I July 1, 2023 19 /21



References

S.M. Anvariyeh, S. Mirvakili, B. Davvaz, θ ∗-Relation on hypermodules and
fundamental modules over commutative fundamental rings, Comm. Algebra
36 (2) (2008) 622-631.

S.M. Anvariyeh, S. Mirvakili, B. Davvaz, On Γ -hyperideals in
Γ -semihypergroups, Carpathian J. Math. 26(2010)11-23

S. M. Anvariyeh and S. Momeni, n-ary hypergroups and associated with
n-ary relations Bull. Korean Math. Soc. 50(2013) 507-524.

P. Corsini and B. Davvaz New connections among multivalued functions,
hyperstructures and fuzzy Sets, Journal of Mathematics and Statistics,
Jordan, 3(3), (2010) 133-150.

P. Corsini and V. Leoreanu, Applications of Hyperstructure Theory (Advances
in Mathematics), Kluwer Academic Publishers (2003).

Davvaz, B. (2013), Polygroup Theory and Related System, World Scientific
Publishing Co., Singapore.

Dresher, M. and Ore, O. (1938), Theory of Multigroups, American Journal
of Mathematics 60, 3, 705–733.

F. Fenyves, Extra loops I, Publ. Math. Debrecen, 15 (1968), 235-238.

F. Fenyves, Extra loops II, Publ. Math. Debrecen,16 (1969).

Oyeyemi Oluwaseyi Oyebola Characterization of extra polyloop-I July 1, 2023 20 /21



F. Marty, Sur une généralization de la notion de groupe, 8th Congress
Math, Scandenaves Stockholm, (1934) 45-49.

O. O. Oyebola and T. G. Jaiyeola, Non-associative algebraic
hyperstructures and their applications to biological inheritance,
Nonograffas Matematicas Garcia de Galdeano 42, (2019) 229-241.

O. O. Oyebola and T. G. Jaiyeola, On the Study of Polyquasigroups and
Polyloops, Submitted.

S. Spartalis, The Hyperoperation Relation and the Corsini’s partial or
not partial Hypegroupoids (A classification), Ital. J. Pure Appl. Math.
24(2008) 97-112.

T. Vougiouklis Hyperstructures and their Representations, Hadronic
Press Monographs in Mathematics, Palm Harbor Florida (1994).

Oyeyemi Oluwaseyi Oyebola Characterization of extra polyloop-I July 1, 2023 21 /21



THANK YOU FOR LISTENING!!!
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