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Commutant

Commutant of a loop, L:

C(L) = {x ∈ L ∶ ∀y ∈ L, xy = yx}

Semantic caution: commutator, Moufang center,
commutative center, etc.

The commutant of a loop need not be a subloop.

In Moufang loops, the commutant is a subloop.

Is it normal?
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(Basic) Inner Mappings, Normality

Translations :

xR(y) = yL(x) = xy

(Basic) Inner mappings :

T (x) = R(x)L(x)−1

L(x , y) = L(x)L(y)L(yx)−1

R(x , y) = R(x)R(y)R(xy)−1

A subloop is normal if it is invariant, as a set, under
the (basic) inner mappings.
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Nucleus, Doro Conjecture

Nλ(L) = { a ∈ L ∶ ∀x , y ∈ L, a ⋅ xy = a x ⋅ y}

Nµ(L) = { a ∈ L ∶ ∀x , y ∈ L, x ⋅ a y = x a ⋅ y}

Nρ(L) = { a ∈ L ∶ ∀x , y ∈ L, x ⋅ y a = xy ⋅ a }

Nucleus :

Nuc(L) = Nλ(L) ∩Nµ(L) ∩Nρ(L)

Conjecture (Doro):

If Nuc(L) = 1, then C(L) is normal.
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History, Drama

If commutants are always normal in Moufang loops,
then Doro’s conjecture is trivial. So there must be a
counterexample. Right?

A bit of a saga.

Talked to Zavarnitsine. Solved a few weeks later.

Classification and conjecture.
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Counterexamples, lots of them

A. Grishkov and A. Zavarnitsine. “Moufang loops
with nonnormal commutative centre”, Math. Proc.
Cambridge Philos. Soc., 2021.

Two different infinite families of counterexamples.
For any Moufang loop of exponent 3 which does not
satisfy the identity [[x , y], z] = 1 there is a Moufang
loop with nonnormal commutant. One family uses
groups with triality. Smallest example has order
36

= 729.

Będlewo, 29 June 2023 7 / 12



Counterexamples, lots of them

A. Grishkov and A. Zavarnitsine. “Moufang loops
with nonnormal commutative centre”, Math. Proc.
Cambridge Philos. Soc., 2021.

Two different infinite families of counterexamples.
For any Moufang loop of exponent 3 which does not
satisfy the identity [[x , y], z] = 1 there is a Moufang
loop with nonnormal commutant. One family uses
groups with triality. Smallest example has order
36

= 729.

Będlewo, 29 June 2023 7 / 12



Counterexamples, lots of them

A. Grishkov and A. Zavarnitsine. “Moufang loops
with nonnormal commutative centre”, Math. Proc.
Cambridge Philos. Soc., 2021.

Two different infinite families of counterexamples.

For any Moufang loop of exponent 3 which does not
satisfy the identity [[x , y], z] = 1 there is a Moufang
loop with nonnormal commutant. One family uses
groups with triality. Smallest example has order
36

= 729.

Będlewo, 29 June 2023 7 / 12



Counterexamples, lots of them

A. Grishkov and A. Zavarnitsine. “Moufang loops
with nonnormal commutative centre”, Math. Proc.
Cambridge Philos. Soc., 2021.

Two different infinite families of counterexamples.
For any Moufang loop of exponent 3 which does not
satisfy the identity [[x , y], z] = 1 there is a Moufang
loop with nonnormal commutant.

One family uses
groups with triality. Smallest example has order
36

= 729.

Będlewo, 29 June 2023 7 / 12



Counterexamples, lots of them

A. Grishkov and A. Zavarnitsine. “Moufang loops
with nonnormal commutative centre”, Math. Proc.
Cambridge Philos. Soc., 2021.

Two different infinite families of counterexamples.
For any Moufang loop of exponent 3 which does not
satisfy the identity [[x , y], z] = 1 there is a Moufang
loop with nonnormal commutant. One family uses
groups with triality.

Smallest example has order
36

= 729.

Będlewo, 29 June 2023 7 / 12



Counterexamples, lots of them

A. Grishkov and A. Zavarnitsine. “Moufang loops
with nonnormal commutative centre”, Math. Proc.
Cambridge Philos. Soc., 2021.

Two different infinite families of counterexamples.
For any Moufang loop of exponent 3 which does not
satisfy the identity [[x , y], z] = 1 there is a Moufang
loop with nonnormal commutant. One family uses
groups with triality. Smallest example has order
36

= 729.

Będlewo, 29 June 2023 7 / 12



Right Inner Mappings

In Moufang loops, L(x , y) = R(x−1, y−1). Also, if
c ∈ C(L), then cT (x) = c . Thus, the question of the
normality of C(L) is reduced to the question of
whether or not C(L) is invariant under each R(x , y).

Theorem

In a Moufang loop, L, if any one of x , y and z is in
C(L), then zR(x , y)3

= z .
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Equational

Fix a,b ∈ L, c ∈ C(L). Let

d = cR(a,b) = (ca ⋅ b)(ab)−1 = (ca ⋅ b)(b−1a−1)

Thus, the question of the normality of C(L)
becomes: is d ∈ C(L)? Explicitly: if e is an arbitrary
element in L, does d ⋅ e = e ⋅ d?
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Entirely equational

Theorem

Fix a,b, e ∈ L and c ∈ C(L); set d = cR(a,b) =
(ca ⋅ b)(b−1a−1).
1. If a,b, or c is a cube, then d = c .
2. If e is a product of cubes, then d ⋅ e = e ⋅ d .

Corollary

If L is generated by cubes, then C(L) is normal.
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Generalized Conjecture

Doro’s inspiration was Glauberman’s result (1968)
about Moufang loops with trivial nucleus, namely,
that their multiplication groups admit S3 as group of
automorphisms.

Generalized Conjecture :
“Nuc(L) = 1” lives or dies with “Mlt(L) admits
triality.”
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Dziękuję!

Thanks for your kind attention!
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