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Reminders

Mean ergodic theorem (MET) In a dynamical system (X, m, T) and f € L?(X) we
Reminders have limp Ane[o,N)f o T" = Pf where Ane[o,N)ﬁ = %\] Yneo,N) Ju> SO
A is the “average operator”, and Pf is the T-invariant part of f.

By the spectral theorem and using Weyl’s notation e(0) := 2™, MET is
a consequence of limy A,,c[o n) e(na) existing for every real « and
being equal O ifa ¢ Z and 1 if a € Z.
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rational & = a/q, (a,q) = 1,it’s A,c[o 5 e(r?a/q).
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Mean ergodic theorem (MET) In a dynamical system (X, m, T) and f € L?(X) we
Reminders have limp Ane[o,N)f o T" = Pf where Ane[o,N)ﬁ = %\] Yneo,N) Ju> SO
A is the “average operator”, and Pf is the T-invariant part of f.

By the spectral theorem and using Weyl’s notation e(0) := 2™, MET is
a consequence of limy A,,c[o n) e(na) existing for every real « and
being equal O ifa ¢ Z and 1 if a € Z.

MET along squares says limy A.,cponf © T exists for [ € L2(X). By the spectral
theorem, it’s a consequence of limy Ao Ny (#*) existing for every
«, which is true by Weyl’s result. For irrational a the limit is 0 and for
rational & = a/q, (a,q) = 1,it’s A,c[o 5 e(r?a/q).

We have MET along many other sequences, such as primes, and the limit for

irrational « is usually 0.
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Lets; < s < -+ <s, < ... be astrictly increasing sequence of positive integers.

We say S := (s,) is good if for every real a the sequence (Ane[l,N] e(sn(x))
converges. N
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Definition of a good sequence (set)

ASJ[ = AsGSf(S) = % ZSESf(S)

e(f) = e

Good
sequence

Letsi < <---<s5,<...bea strictly increasing sequence of positive integers.

We say S := (s,) is good if for every real a the sequence (Ane[l,N] e(sn(x))
converges. N

m Equivalently, the sequence (Ane[l,N] 55”,,4>N converges weakly. (A,ci n]sa is a
discrete probability measure on the torus T.)
We denote USa = th Ane[l,N} 53,10(-

m Equivalently (by the spectral theorem), in every dynamical system (X, m, T)

and f € L?(X) the sequence <Ane[1,le(T""x))N converges in L?-norm.
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Borel probability measures on T, jig, is a Borel probability measure on T.
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Main question

For a good set S = (s,), denote g, := limy A, c(1,N1%5,a- Being the weak limit of
Borel probability measures on T, jig, is a Borel probability measure on T.

Main Question

Main question

What can the limit measure ygq be?

m Can 5, be any Borel probability measure on T?
m What yg, actually can be depends on a.
m The case of rational and irrational « are very different.

m Note that, by Weyl’s result, the Haar-Lebesgue probability measure A of those
a € T for which pg, # A is 0.
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Main question

Fourier coefficients of a measure

m For a Borel measure v on T and continuous T — C function ¢, we use the
functional notation v(¢) = [, ¢ dv. In particular, v(eP) for p € Z is the pth
Fourier coefhcient of v.
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Fourier coefficients of a measure

m For a Borel measure v on T and continuous T — C function ¢, we use the
functional notation v(¢) = [, ¢ dv. In particular, v(eP) for p € Z is the pth
Fourier coefhcient of v.

m For the Haar-Lebesgue probability measure A on T we have A(e?) = 0 if
pEZ,p#0and A(e) = A(1) = 1.

m By Weierstrass’ approximation theorem, pis, = limy A,c (1 N1ds,a 15 @
consequence of the existence of limy A,y nj e (s,) for every p € Z. Note
that

psa(el) = HmAyep ny ef (sp) = Hm Aepy vy e(sup) = pispn(e)
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Main question

Fourier coefficients of a measure

m For a Borel measure v on T and continuous T — C function ¢, we use the
functional notation v(¢) = [, ¢ dv. In particular, v(eP) for p € Z is the pth
Fourier coefhcient of v.

m For the Haar-Lebesgue probability measure A on T we have A(e?) = 0 if
pEZ,p#0and A(e) = A(1) = 1.

m By Weierstrass’ approximation theorem, pis, = limy A,c (1 N1ds,a 15 @
consequence of the existence of limy A,y nj e (s,) for every p € Z. Note
that

psa(el) = HmAyep ny ef (sp) = Hm Aepy vy e(sup) = pispn(e)

m According to Wiener’s theorem, the Borel measure v on T is continuous iff
lil’np APE[_p,p} \v(ef’) ’ = 0.
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Appreciating the question

psa = lHmy A, ey N10s,05 equivalently ps, (e) = limy A,y Ny e (sua) for every
p € 7.
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To appreciate the main question, note that for a given Borel probability measure v
on T and irrational « we can construct a set S C IN so that g, = v.
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p € 7.

To appreciate the main question, note that for a given Borel probability measure v
on T and irrational « we can construct a set S C IN so that g, = v.

This can be done in multiple ways. In case of a point mass, say, at 1/2, the
construction is particularly simple since all we need is to have lim, s,a = 1/2
mod 1 which can be aciheved since { na |n € IN } is dense mod 1.
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This can be done in multiple ways. In case of a point mass, say, at 1/2, the
construction is particularly simple since all we need is to have lim, s,a = 1/2
mod 1 which can be aciheved since { na |n € IN } is dense mod 1.

Definition (Representation of a measure)

Given a real number a and a Borel probability measure v, we say v is representable
at « if there is a good set S with pg, = v.

June 9, 2023 QROATVE Mairté Wierdl



Main question
Appreciating the question

psa = lHmy A, ey N10s,05 equivalently ps, (e) = limy A,y Ny e (sua) for every
p € 7.

To appreciate the main question, note that for a given Borel probability measure v
on T and irrational « we can construct a set S C IN so that g, = v.

This can be done in multiple ways. In case of a point mass, say, at 1/2, the
construction is particularly simple since all we need is to have lim, s,a = 1/2
mod 1 which can be aciheved since { na |n € IN } is dense mod 1.

Definition (Representation of a measure)

Given a real number a and a Borel probability measure v, we say v is representable
at « if there is a good set S with pg, = v.

So the limit measure g4 exists for every B.
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Results

Rational «

« is rational, @ = %, (a,q) = 1.
Vs,a/q = limN Ane[l,N}(ssﬂa/q’ ‘ugra/q(ef’) = lil’nN Ane[l,N] e(snpg).

}45,0/4 is supported on the set T, = { g ) 0<b<yg } of gth roots of unity.

For example, by the prime number theorem in arithmetic progressions, if s, is the
nth prime number then pg.,/, is the uniform probability measure on

{ g ‘O <b<gq (bg =1 } C Ty, 50 psargib/q} = ﬁq) for every b where ¢ is

Euler’s totient function.
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Rational «

a=q, (a,q) = 1.
HS,alq = limy Ane[l,N}&na/q

.uS,a/q(ep) = limy Ane[l,N} e(%p%).

m,={tlo<b<q}.
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Results

Rational «

a=q, (a,q) = 1.
HS,alq = limy Ane[l,N}&na/q

,uS,a/q(eP) = limy AnG[l,N] e(Snps)-

m,={tlo<b<q}.

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

Let v be any probability measure on Ty and f‘; € T,
Then v is representable at g, that is, there is a good set S so that pig,q/q = v.
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Results

Irrational «

Let « be irrational.

,uS,rx = limN Ane[l,N]danw
Hsa(er) = limy A,cp Ny e(supa)-
m Ifs, = n,n?, |’ logn| or the nth prime number then g, = A, since

psq(e’) = 0 for every nonzero p € Z.
m Can we get the limit measure to be something other than A?

m Let us try absolutely continuous measures.
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Example: how to have an interval to be the RN derivative

LetI C T be an interval, and let v = —=1; - A.
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Let I C T be an interval, and let v = ﬁ]ll - A
For a given irrational &, Let us define the set S C IN by

S={nneNnxeecl modl}
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Let I C T be an interval, and let v = ﬁ]ll - A
For a given irrational &, Let us define the set S C IN by
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SoifI = (A,B) and « = v/2 — 1, then

(I)Szx 3041'41 X 6w B4uc 2u
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Results

Example: how to have an interval to be the RN derivative

Let I C T be an interval, and let v = ﬁ]ll - A
For a given irrational &, Let us define the set S C IN by

S={nneNnxeecl modl}
SoifI = (A,B) and « = v/2 — 1, then

(I)Szx 3041'41 X 6w B4uc 2u 1

Writing S as a sequence s < 52 < ..., fgp = limy A, (3 N10s,p €Xists for every B
and pg, = ﬁ]l [+ A as can be seen by using Weyl’s uniform distribution theorem.
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Irrational «

Let « be irrational.

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

For every good sequence S = (s,) the limit Borel probability measure ps is continuous.
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Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

For every good sequence S = (s,) the limit Borel probability measure ps is continuous.

As a consequence, by Wiener’s theorem, limp A ,c(_p p)[ps, (€?)]| = 0.
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Irrational «

Let « be irrational.

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

For every good sequence S = (s,) the limit Borel probability measure g is continmous.

As a consequence, by Wiener’s theorem, limp A ,c(_p p)[ps, (€?)]| = 0.

Theorem (Lesigne-Wierdl)

If the Borel probability measure v is Rajchman, that is, limy ) o0 v(e?) =0, then v can be
represented at w.
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Results

Irrational «

Let « be irrational.

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

For every good sequence S = (s,) the limit Borel probability measure g is continmous.

As a consequence, by Wiener’s theorem, limp A ,c(_p p)[ps, (€?)]| = 0.

Theorem (Lesigne-Wierdl)

If the Borel probability measure v is Rajchman, that is, limy ) o0 v(e?) =0, then v can be
represented at w.

So a Rajchman measure can be represented at every irrational a.
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Main question

Non-Rajchman measures, 0 — 1 law
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Main question

Non-Rajchman measures, 0 — 1 law

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

If the Borel probability measure v is non-Rajchman then there is a set A C T with
A(A) = 1 so that v cannot be represented at any o € A.

June 9, 2023 ROTVE Mairté Wierdl



Main question

Non-Rajchman measures, 0 — 1 law

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

If the Borel probability measure v is non-Rajchman then there is a set A C T with
A(A) = 1 so that v cannot be represented at any o € A.

We have a “0 — 1” law: Rajchman probability measures can be represented at every
irrational &, so on a set A with A(A) = 1, while non-Rajchman probability
measures can be represented on a set A with A(4) =0
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If the Borel probability measure v is non-Rajchman then there is a set A C T with
A(A) = 1 so that v cannot be represented at any a € A.

We have a “0 — 1” law: Rajchman probability measures can be represented at every
irrational &, so on a set A with A(A) = 1, while non-Rajchman probability
measures can be represented on a set A with A(A) = 0 (4 = @ might be possible,
who knows?!).

June 9, 2023 ROTVE Mairté Wierdl



Main question

Non-Rajchman measures, 0 — 1 law

Theorem (Lesigne-Quas-Rosenblatt-Wierdl)

If the Borel probability measure v is non-Rajchman then there is a set A C T with
A(A) = 1 so that v cannot be represented at any a € A.

We have a “0 — 1” law: Rajchman probability measures can be represented at every
irrational &, so on a set A with A(A) = 1, while non-Rajchman probability
measures can be represented on a set A with A(A) = 0 (4 = @ might be possible,
who knows?!).

Theorem (Cuny-Parreau)

There is a good set S and an irrational « so that pig . is non-Rajchman.
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Results

Limit in Wiener-Wintner’s theorem

Interlude.

Wiener-Wintner

June 9, 2023 QROTVE

Mité Wierdl



Results

Limit in Wiener-Wintner’s theorem

Interlude.

Theorem (Wiener-Wintner)

Let (X, m, T) be a dynamical system, and E a measurable set.
Then limy A,cjo Ny LE(T"x) e(np) exists for a.e. x and every B.
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Results

Limit in Wiener-Wintner’s theorem

Interlude.

Theorem (Wiener-Wintner)

Let (X, m, T) be a dynamical system, and E a measurable set.
Then limy A,cjo Ny LE(T"x) e(np) exists for a.e. x and every B.

So if T is ergodic and m(E) > 0 then for a.e. x the set S := {n| T"x € E } is a good
set.
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Results

Limit in Wiener-Wintner’s theorem

Interlude.

Theorem (Wiener-Wintner)

Let (X, m, T) be a dynamical system, and E a measurable set.
Then limy A,cjo Ny LE(T"x) e(np) exists for a.e. x and every B.

So if T is ergodic and m(E) > 0 then for a.e. x the set S := {n| T"x € E } is a good
set.

What is g ?
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Results

Limit in Wiener-Wintner’s theorem

Interlude.

Theorem (Wiener-Wintner)

Let (X, m, T) be a dynamical system, and E a measurable set.
Then limy A,cjo Ny LE(T"x) e(np) exists for a.e. x and every B.

So if T is ergodic and m(E) > 0 then for a.e. x the set S := {n| T"x € E } is a good
set.

What is g ?

Well, if T is ergodic and m(E) > 0 then S = S(x) has positive density for a.e. x:
d(S) = limy Ao Ny Ls(n) = m(E). It’s not difficult to see that then pg g is
absolutely continuous with respect to A for every B, so, in particular, it’s Rajchman.
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Remaining questions
Single o
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Remaining questions
Single o

Remaining Question (For single «)

W hich continuwous Borel probability measures can be represented at some irrational a?
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Remaining questions
Single o

Remaining Question (For single «)

W hich continuwous Borel probability measures can be represenled at some irrational a?

m If the continuous Borel probability measure v is invariant with respect to
multiplication by both 2 and 3 and v # A then, it cannot be represented at an
irrational a.

So if every continuous Borel probability measure can be represented at an
irrational &, then a continuous, “x2 x 3” invariant measure is the
Haar-Lebesgue measure, and hence Furstenberg’s conjecture holds.
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Remaining questions
Single o

Remaining Question (For single «)

W hich continuwous Borel probability measures can be represenled at some irrational a?

m If the continuous Borel probability measure v is invariant with respect to
multiplication by both 2 and 3 and v # A then, it cannot be represented at an
irrational a.

So if every continuous Borel probability measure can be represented at an
irrational &, then a continuous, “x2 x 3” invariant measure is the
Haar-Lebesgue measure, and hence Furstenberg’s conjecture holds.

m There is no magical & where potentially every continuous measure can be
represented: for every irrational « there is a continuous measure which cannot
be represented at a.

June 9, 2023 QROTVE Mairté Wierdl



Remaining questions
All «
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Remaining questions
All «

Remaining Question (All «)

Given a collection A C T ofuc’s and a good sequence S, what can be the corresponding
collection of limit measures { pigqo |a € A}?
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Remaining questions
All «

Remaining Question (All «)

Given a collection A C T ofuc’s and a good sequence S, what can be the corresponding
collection of limit measures { pigqo |a € A}?

By the easier direction of Lyons characterization of Rajchman measures (already
observed by Rajchman), for every good set S and Rajchman measure v we have
v{a|pse # A} = 0. In particular, since A is Rajchman, A{a | pgo #A} =0
(Weyl’s result).
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Remarks on the proof

Definition (Weight, weighted average)

m We say a sequence w = (w(n)), oy is a weight if w(n) > 0 for every n € IN.
m For a given non-identically 0 weight w, the w-weighted average A\‘:/e[l len of

the sequence (f,) e is defined by

w -~ 1
Al nfn = Y, win)

ne[1,N]
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Remarks on the proof

Theorem (Lesigne-Wierdl)

Let « be irrational.

If the Borel probability measure v is Rajchman, that is, limy,|_,o, v(e?) = 0, then v can be
representea’ at a, so there is a good set S with USa = V.
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Remarks on the proof

Theorem (Lesigne-Wierdl)

Let « be irrational.

If the Borel probability measure v is Rajchman, that is, limy,|_,o, v(e?) = 0, then v can be
representea’ at a, so there is a good set S with USa = V.

m For a given Rajchman v, we first construct a w so that the w-weighted averages
converge to v: We use Fejér’s kernel for the Fourier series of v to get the
: g w 2 : w —
weight w so that limy Anew\” d,p exists for every B and limy Anew\” O = V.
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Remarks on the proof

Theorem (Lesigne-Wierdl)

Let « be irrational.

If the Borel probability measure v is Rajchman, that is, limy,|_,o, v(e?) = 0, then v can be
representea’ at a, so there is a good set S with USa = V.

m For a given Rajchman v, we first construct a w so that the w-weighted averages
converge to v: We use Fejér’s kernel for the Fourier series of v to get the
: g w 2 : w —
weight w so that limy Anew\” d,p exists for every B and limy Anew\” O = V.
m We then randomly “construct” a good S which represents v at w, that is,
Hs.a = V, using w as “expectation”. We show that almost every set S satisfies

limpy (A\Se sy P — A\;”E[LN](SW) = 0, where S(N) = SN [1,N].
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Remarks on the proof

Theorem (Lesigne-Wierdl)

Let « be irrational.
If the Borel probability measure v is Rajchman, that is, limy,|_,o, v(e?) = 0, then v can be
representea’ at a, so there is a good set S with USa = V.

m For a given Rajchman v, we first construct a w so that the w-weighted averages
converge to v: We use Fejér’s kernel for the Fourier series of v to get the
: g w 2 : w —
weight w so that limy Anew\” d,p exists for every B and limy Anew\” O = V.
m We then randomly “construct” a good S which represents v at w, that is,
Hs.a = V, using w as “expectation”. We show that almost every set S satisfies

limpy (A\Se sy P — A\;”E[LN](SW) = 0, where S(N) = SN [1,N].

m The good set S representing v can be taken to be a subset of your favorite set:

the set of squares, primes, or randomly generated set.
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X2 X3

Let « be irrational, and v be a continuous Borel probability measure which is invariant with
respect to multiplication by 2 and 3. Suppose that for a good set S we have g, = v.
Thenv = A.

m Suppose, indirecte, that v # A. Then there is p € Z, p # 0, so that v(e?) # 0.
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X2 X3

Let « be irrational, and v be a continuous Borel probability measure which is invariant with
respect to multiplication by 2 and 3. Suppose that for a good set S we have g, = v.
Thenv = A.

m Suppose, indirecte, that v # A. Then there is p € Z, p # 0, so that v(e?) # 0.
m Since v is assumed to be X2 x 3-invariant, for every j, k we have

V(epzfak) = v(e”). But we have ﬂslp2j3ka(e) = USu (epzfsk) = v(ef).
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X2 X3

Let « be irrational, and v be a continuous Borel probability measure which is invariant with
respect to multiplication by 2 and 3. Suppose that for a good set S we have g, = v.
Thenv = A.

m Suppose, indirecte, that v # A. Then there is p € Z, p # 0, so that v(e?) # 0.
m Since v is assumed to be X2 x 3-invariant, for every j, k we have

v(e!?3") = v(eP). But we have Mo sk (@) = s (") = y(er).
m By Furstenberg’s theorem, the set {pZJBL’zx ’], ke } is dense in T, so

\usp(e)| = [v(e?)| > 0 for a dense set of B, namely for B of the form

B = p23*a. But pigp(e) = 0 for a dense set of B as well (the set of such B is of
A-measure 1 by Weyl’s theorem). Since the function ¢(B) := |usp(e)| isa
limit of continuous functions, this is impossible (by Baire’s theorem).
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