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Reeb relation

• W – compact connected smooth manifold of dimension n  2, M – closed,
• f : W → [a, b] – a smooth function with isolated critical points in IntW and
constant on connected components of ∂W (e.g. Morse function)

Definition (G. Reeb 1946 [37], A. Kronrod 1950 [20])

For x , y ∈W we say that x ∼ y if and only if they are in the same connected
component of f −1(c), for some c ∈ R. The quotient space R(f ) := W /∼ is
called the Reeb graph of f .



Applications

• computer graphics, Y. Shinagawa et al. 1991 [42],
• fundamental role in computational topology (see S. Biasotti et al. 2008 [2]),
• topological data analysis – mapper,
• singularity theory, foliation theory, the study of Morse functions ([1, 10, 40])
• in geometric topology? geometric group theory?



Good orientation of Reeb graphs

A good orientation of a graph Γ is the orientation induced by a continuous
function g : Γ→ R such that
is strictly monotonic on the edges

has extrema exactly in the vertices of degree one.

The function f : R(f )→ R such that f = f ◦ qf , where qf : W → R(f ) is the
quotient map, assigns a good orientation on R(f ).

Graph which not admit a good orientation (V. Sharko [41]).



Realization problems

Problem

For a given manifold W , which graph Γ can be realized as the Reeb graph of a
function f : W → R with finitely many critical points (or of a Morse function)?

Realization up to:

isomorphism of oriented graphs – unsolved for n  3,
orientation-preserving homeomorphism,

homotopy equivalence (up to cycle rank).

• The cycle rank of a graph Γ = its first Betti number β1(Γ).

Proposition (V. Sharko 2006 [41], Y. Masumoto and O. Saeki 2011 [29])

For a graph Γ with good orientation there exist a closed surface Σ and
f : Σ→ R with isolated critical points such that R(f ) is isomorphic to Γ.



S-good orientation of graph

Definition

A directed graph has an S-good orientation for S ⊂ Z0 if it is acyclic and all
its sources and sinks have degrees in S .

• A good orientation is a {1}-good orientation

Theorem (I. Gelbukh 2022 [12])

A connected non-trivial graph Γ admits an S-good orientation if and only if it
has no loops and each its leaf block has a non-cut vertex of degree in S .

• Thus Γ admits a good orientation if and only if it has no loops and all its leaf
blocks are K2.

• I. Gelbukh showed that Γ is the Reeb graph of a Morse–Bott function if and
only if it admits {0, 1, 2}-good orientation. In fact, any finite graph is
homeomorphic to a graph with {0, 1, 2}-good orientation.



Reeb graph as a subcomplex

Theorem (M. Kaluba, W. Marzantowicz and N. Silva 2015 [19])

There exist a graph Γ(f ) and an embedding ι : Γ(f )→W such that the
composition qf ◦ ι : Γ(f )→ R(f ) is a homotopy equivalence, which contracts
trees on critical levels to the points.

For a connected graph Γ, π1(Γ) ∼= Fβ1(Γ), where Fr is the free group of rank r .

Thus (qf )# : π1(W )→ π1(R(f )) ∼= Fβ1(R(f )) is surjective and

β1(R(f )) ¬ corank(π1(W )) ¬ β1(W ),

where corank(G ) is the maximum rank of an epimorphism G → Fr .
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Reeb number

Definition

The Reeb number R(W ) is the maximum cycle rank among all Reeb graphs of
functions on W with finitely many critical points.

In the calculation of R(W ) it suffices to consider simple Morse functions.

• A Morse function is simple if each critical value corresponds exactly to a one
critical point.

• Σg – orientable, Sg – non-orientable closed surface of genus g .

Lemma (K. Cole-McLaughlin, H. Edelsbrunner et al. 2004 [4])

Let f : Σ→ R be a simple Morse function on a closed surface Σ.
1 If Σ = Σg , then β1(R(f )) = g .
2 If Σ = Sg , then β1(R(f )) ¬

⌊
g
2

⌋
, where ⌊x⌋ is the floor of x .

Corollary (cf. Kaluba–Marzantowicz–Silva 2015 [19], I. Gelbukh 2018 [10])

R(Σg ) = g and R(Sg ) =
⌊
g
2

⌋
.
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Realization theorems for surfaces

If R(f ) is isomorphic to Γ0, then f : M → R has only two critical points.
Reeb Theorem asserts that M is homeomorphic to the n-dimensional
sphere. Conversely, Γ0 is the Reeb graph of a height function on S

n.

• Σ – a closed surface, Γ – a finite graph with good orientation

Theorem (Ł. M. 2018 [31])

For Γ ̸= Γ0 there exists a function f : Σ→ R with finitely many critical points
such that R(f ) ∼= Γ if and only if β1(Γ) ¬ R(Σ).

Theorem (Ł. M. 2018 [31])

There exists a Morse function f : Σ→ R such that R(f ) ∼= Γ if and only if

g  β1(Γ) + ∆2(Γ), when Σ is orientable of genus g ,

g  2β1(Γ) + ∆2(Γ), when Σ is non-orientable of genus g ,

where ∆2(Γ) is the number of vertices of degree 2 in Γ.
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sphere. Conversely, Γ0 is the Reeb graph of a height function on S
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• Σ – a closed surface, Γ – a finite graph with good orientation

Theorem (Ł. M. 2018 [31])

For Γ ̸= Γ0 there exists a function f : Σ→ R with finitely many critical points
such that R(f ) ∼= Γ if and only if β1(Γ) ¬ R(Σ).

Theorem (Ł. M. 2023 [33])

There exists a simple Morse function f : Σ→ R such that R(f ) ∼= Γ if and only
if ∆(Γ) ¬ 3 and

g = β1(Γ) and ∆2(Γ) = 0, when Σ is orientable of genus g ,

g = 2β1(Γ) + ∆2(Γ), when Σ is non-orientable of genus g ,

where ∆(Γ) is the maximum degree of a vertex in Γ.



Degree and index correspondence, n  3

Proposition (G. Reeb 1946 [37])

Let f : W → R be a simple Morse function, p a critical point and v := qf (p)
the vertex in R(f ) which corresponds to p. Then

deg(v) =


1 if ind(p) = 0 or n,

2 or 3 if ind(p) = 1 or n − 1,
2 in other cases.

ind(p) =

{
1 if deg(v) = 3 and degin(v) = 2,

n − 1 if deg(v) = 3 and degout(v) = 2,



Combinatorial modifications of Reeb graphs

• defined for Reeb graphs of simple Morse functions on n-manifolds, n  3.
• similar operations for orientable surfaces (E. Kudryavtseva 1999 [21] and
Fabio–Landi 2016 [8])



Canonical form of graph

• M – a smooth closed manifold of dimension n  3.
• Any simple Morse function on M can be modified
using a finite number of combinatorial modifications to
a simple Morse function whose Reeb graph is in
a canonical form.

• cf. similar fact for orientable surfaces, E. Kudryavtseva
1999 [21], B. Di Fabio and C. Landi 2016 [8].

Corollary

For any integer 0 ¬ k ¬ R(M) there exists a simple
Morse function f : M → R such that β1(R(f )) = k.

(a) the canonical graph;
(b) graph in a canonical from;
(c) graph not in a canonical form.



Reeb number and corank

Theorem (Ł. M. 2021 [32])

For a closed manifold M the following are equivalent:
(1) There exists a Morse function g : M → R (simple if M is not an orientable
surface) such that β1(R(g)) = r .

(2) There is an epimorphism π1(M)→ Fr .
(3) There exist disjoint submanifolds N1, . . . ,Nr ⊂ M of codimension 1 with
product neighbourhoods such that M \

⋃r
i=1 Ni is connected.

The equivalence of (2) and (3) was shown by O. Cornea 1989 [6] and for
combinatorial manifolds by W. Jaco 1972 [18]. I. Gelbukh 2018 [10] established
the equivalence of (1) and (2) for orientable manifolds.

Corollary

R(M) = corank(π1(M)).
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Realization theorem

Theorem (Ł. M. 2021 [32])

Let M be a smooth, closed n-manifold, n  3, and Γ be a finite graph with
good orientation such that β1(Γ) ¬ R(M). Then there exists a Morse function
f : M → R such that R(f ) is orientation-preserving homeomorphic to Γ. If
∆(Γ) ¬ 3, then f can be taken to be simple.

(5) (4) (6) (6) (11)

(4) (6) (6) (5) (6) (9)

(5)



Realization up to isomorphism

Theorem (O. Saeki 2022 [38])

Let M be a smooth, closed n-manifold, n  2, and Γ be a finite oriented graph
without loops such that β1(Γ) ¬ R(M). Then there exists a function f : M → R
with finitely many critical values such that R(f ) ∼= Γ.

• But f has infinitely many critical points forming n-dimensional submanifolds!



Systems of hypersurfaces

• A system of hypersurfaces of size r in W is a sequence N = (N1, . . . ,Nr ) of
disjoint, proper (∂Ni = Ni ∩ ∂W ), framed submanifolds Ni of codimension 1.

• Denote by P(Ni ) ∼= Ni × [−1, 1] a product neighbourhood of Ni compatible
with the framing and by

W |N := W \
r⋃

i=1

IntP(Ni ) the complement of the system.

Definition (Extended Pontryagin–Thom construction)

A system N determines a map fN : W →
∨r

i=1 S
1
i and induced homomorphism

ϕN := (fN )# : π1(W )→ π1(
∨r

i=1 S
1
i ) =: Fr as follows:

fN maps (x , t) ∈ P(Ni ) into t ∈ [−1, 1]/{±1} = S1i and W |N to the basepoint.



Epimorphisms and independent systems

A system N = (N1, . . . ,Nr ) of hypersurfaces in W is

independent if W |N is connected,
regular if each Ni is connected.

Theorem (W. Marzantowicz and Ł. M. 2020 [28])

Any epimorphism ϕ : π1(W )→ Fr is induced by a regular and independent
system of hypersurfaces.

• Reeb epimorphism (qf )# : π1(W )→ π1(R(f )) ∼= Fr of a Morse function f –
induced by the quotient map qf : W → R(f ).
• Connected components of level sets corresponding to points on edges outside
some spanning tree of R(f ) form a regular and independent system N such
that ϕN = (pT )# ◦ (qf )#, where pT contracts T .

Problem

Which epimorphism π1(W )→ Fr can be represented as the Reeb epimorphism?
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Representation of epimorphism

Theorem (W. Marzantowicz and Ł. M. 2020 [28])

For an epimorphism ϕ : π1(W )→ Fr the following are equivalent:

ϕ = ϕN for an independent and regular system N without boundary;
ϕ is factorized through π1(W )/⟨π1(∂W )⟩π1(W ), where ⟨π1(∂W )⟩π1(W )

is the normal closure in π1(W ) of loops from ∂W ;

ϕ is represented as the Reeb epimorphism of a Morse function on W

Corollary

R(W ) = corank(π1(W )/⟨π1(∂W )⟩π1(W ))

is equal to the maximum size of an independent and regular system of
hypersurfaces without boundary in W .

Moreover, corank(π1(W )) is the maximum size of an independent and regular
system in W (W. Jaco 1972 [18]).
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(Strong) equivalence of epimorphisms

G

G

H

H
ϕ //

∼=��

ψ //

∼=��

equivalence

G

H

G

∼=��

ψ

++

ϕ

33

strong equivalence ≃

Theorem (Stallings–Jaco–Waldhausen–Hempel, [16, 17])

The Poincaré conjecture holds if and only if for each g  2 any two
epimorphisms π1(Σg )→ Fg × Fg are equivalent.

Theorem (R. Grigorchuk, P. Kurchanov and H. Zieschang 1992 [13, 14, 15])

If Σ is a closed surface, then the numbers p and q of p and q of equivalence
and strong equivalence, respectively, of epimorphisms π1(Σ)→ Fr are finite.
More precisely, if Σ = S2g , then

p = 2 and q = 2r if r < g = corank(π1(S2g )),

p = 1 and q = 2r − 1 if r = g ,

and p = q = 1 in other cases.
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Framed cobordism of systems of hypersurfaces

• Two systems N = (N1, . . . ,Nr ) and N ′ = (N ′1, . . . ,N
′
r ) of hypersurfaces in a

closed manifold M of the same size r are framed cobordant (as systems of
hypersurfaces) if there are r disjoint framed cobordisms Wi ⊂ M × [0, 1]
between Ni and N ′i . Equivalently, ϕN = ϕN ′ .

• Hfr
r (M) — the set of framed cobordism classes of all independent and regular

systems of hypersurfaces in M of size r .

• The natural map

Hfr
r (M)/Diff•(M) → Epi(π1(M),Fr )/≃

[N ] 7→ [ϕN ]

is surjective, and it is bijection for surfaces or hyperbolic manifolds.

Hfr
r (S2m)/Diff•(S2m) =

{
{[N0], [NJ ] : ∅ ̸= J ⊂ {1, . . . , r}} for r < m,

{[NJ ] : ∅ ̸= J ⊂ {1, . . . , r}} for r = m,

where S2m|NJ is orientable, but (S2m|NJ) ∪ P(Nj) is non-orientable only for
j ∈ J, and S2m|N0 is non-orientable for r < m.
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Reeb epimorphisms

Theorem (W. Marzantowicz and Ł. M. 2020 [28]; cf. O. Saeki 2022 [38])

Let Γ be a finite connected graph with good orientation and ∆1(Γ)  |π0(∂W )|,
and let ϕ : π1(W )→ π1(Γ) be an epimorphism. Then there is a Morse function
f : M → R such that R(f ) is orientation-preserving homeomorphic to Γ and
under this identification the Reeb epimorphism of f is equal to ϕ.
Moreover, if W is not a surface and ∆(Γ) ¬ 3, then f can be taken to be simple.

Theorem (W. Marzantowicz and Ł. M. 2020 [28])

Let Σ be a closed surface, ∆(Γ) ¬ 3 and let ϕ : π1(Σ)→ Fr be an epimorphism.
Then ϕ is the Reeb epimorphism of a simple Morse function on Σ if and only if

β1(Γ) = g , when Σ is orientable of genus g .

1 = 1 (no requirements), when Σ is non-orientable of odd genus.

β1(Γ) = g , or β1(Γ) < g and ψ belongs to a unique strong equivalence
class of epimorphisms represented by systems of hypersurfaces whose
complement is non-orientable, when Σ is non-orientable of even genus 2g .



Reeb epimorphisms
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1 = 1 (no requirements), when Σ is non-orientable of odd genus.

β1(Γ) = g , or β1(Γ) < g and ψ belongs to a unique strong equivalence
class of epimorphisms represented by systems of hypersurfaces whose
complement is non-orientable, when Σ is non-orientable of even genus 2g .



Topological conjugation of Morse functions

• Functions f1, f2 : M → R are topologically conjugate if there exist a
self-homeomorphism h : M → M and an orientation-preserving homeomorphism
η : R→ R such that f1 = η ◦ f2 ◦ h.

• The map h induces a homeomorphism h : R(f1)→ R(f2), which is in fact an
isomorphism of oriented graphs if fi are simple Morse functions.

Theorem (E. Kulinich 1998 [22], V. Sharko 2003 [40])

Let Σg be a closed orientable surface of genus g . Two simple Morse functions
are topologically conjugate by h : Σg → Σg if and only if their Reeb graphs are
isomorphic through h.



Non-orientable surfaces

• f : Sg → R – a simple Morse function on non-orientable surface of genus g ,
• equip R(f ) with two signs + / − at each vertex of degree 3 near two incoming
or outgoing edges, which correspond to the way of attaching the 1-handle.

Theorem (D. Lychak and A. Prishlyak 2009 [23])

Two simple Morse functions on a closed non-orientable
surface are topologically conjugate if and only if their
Reeb graphs are isomorphic and it is possible to obtain
identical signs on their equipped Reeb graphs by uses of
the following operation:
• choose an edge and reverse signs on its ends.
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Strong-equivalence for non-orientable surfaces

• f : Sg → R – a simple Morse function on non-orientable surface of genus g ,
• equip R(f ) with two signs + / − at each vertex of degree 3 near two incoming
or outgoing edges, which correspond to the way of attaching the 1-handle.

• There is 2r equivalence classes of graphs with signs in
the initial form with r cycles,

• the case with only pluses corresponds to an orientable
surface.

Theorem (W. Marzantowicz and Ł. M. 2020 [28])

Let f1, f2 : S2g → R be simple Morse functions on a
closed non-orientable surface of genus 2g such that
β1(R(f1)) = g = β1(R(f2)). Then they are topologically
conjugate if and only if their Reeb graphs are isomorphic
and their Reeb epimorphisms are strongly equivalent.
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Topological conjugation, framed cobordism and strong
equivalence

• Fix a graph Γ with good orientation and points a1, . . . ar , r = β1(Γ), on
different edges outside a spanning tree T ⊂ Γ.

• M(M, Γ) – the set of simple Morse functions f : M → R such that R(f ) ∼= Γ.

M(M, Γ)/t.c. → Hfr
r (M)/Diff•(M) → Epi(π1(M),Fr )/≃

[f : M → R] 7→ [N = (N1, . . . ,Nr )] 7→ ϕN

Ni = q−1f (ai )



Corank of a finitely generated group

• corank(G ) – the maximum r for which there exists an epimorphism G → Fr .

corank(G ) ¬ rankZ Ab(G )

• For a closed surface Σ
corank(π1(Σ)) =

⌊
2− χ(Σ)
2

⌋
.

• Basic properties:

corank(G ∗ H) = corank(G ) + corank(H),

corank(G × H) = max{corank(G ), corank(H)}.
• For the short exact sequence 1→ N → G → H → 1 of finitely generated
groups:

corank(H) ¬ corank(G ) ¬ corank(N × H).

Problem

Find an algorithmic method of calculating the corank.

• J. Stallings 1992 [43] proposed to use systems of hypersurfaces – we are not
aware of such method.
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Algebraic description of Hom(G ,Fr)

There is a description of the structure of the set Hom(G ,Fr ) in terms of
Makanin–Razborov diagrams [26, 36, 3, 39]. They come from the studies of
sets of solutions to equations defined over a free group.

All homomorphisms G → Fr are encoded into a finite diagram of groups, where
each edge represents a proper quotient map and groups at the ends of branches
are free.

G

. . .L11

. . .

L1k1

. . .L21 L2k2 L2t L2s

. . . . . .L31 L3k3

q1

yy %%

�� �� �� ��

�� ��

η1
""

η0
""

Every ϕ ∈ Hom(G ,Fr ) is M–R factorized through some branch of the diagram,
i.e. it can be written as the composition of quotient maps qi , modular
automorphisms ηi ∈ Mod(Li ) and some Lk → Fr , for Lk a free group.



Reeb graphs with corank cycles

Problem

How to find/construct a function f : M → R such that
β1(R(f )) = corank(π1(M))? What are necessary conditions for such f ?

• For brevity, let’s call such a function maximal.

• ki – the number of critical points of index i of a simple Morse function f .

• If f has exactly two extrema, then the number ∆2(R(f )) of vertices of
degree 2 in R(f ) is equal to

∆2(R(f )) = k1 + . . .+ kn−1 − 2β1(R(f ))



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)
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If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Definition

By ∆2(M) we denote the minimal number of vertices of degree 2 in Reeb
graphs of simple Morse functions on a manifold M.

• ∆2(Σg ) = 0, ∆2(S2k) = 0 and ∆2(S2k+1) = 1.



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Example (M = T n – the n-dimensional torus)

(1) ∆2(T
n)  2(n − 1),

(2) ∆2(T
n)  2n − 4,

(3) ∆2(T
n)  (n + 1)− 4 = n − 3.



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Example (M = Lp#Lq, the connected sum of 3-dim. lens spaces, (p, q) = 1)

(1) ∆2(Lp#Lq)  2 · (2− 0) = 4,
(2) 2  rankR H1(M,R) + rankR H2(M,R),
(3) ∆2(Lp#Lq)  4− 2 = 2.



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Example (M = Σg × Sn−2, n  3)
(1) ∆2(Σg × Sn−2)  2(2g − g) = 2g ,

(2) ∆2(Σg × Sn−2)  4g + 2− 2g = 2g + 2,

(3) 3+ 2− 2g − 2  cat(Σg × Sn−2)− 2g − 2.



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Example (RPn and Σ – the Poincaré homology sphere)

(1) ∆2(RPn)  2,
(2) ∆2(RPn)  n − 1,

(3) ∆2(RPn)  (n + 1)− 2.

(1) ∆2(Σ)  2,
(2) ∆2(Σ)  0,
(3) ∆2(Σ)  4− 2 = 2.



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Problem

Can (3) be better than (2) and (1) or not? In particular, does the following
inequality hold?

max{ 2 rank(π1(M)),
n−1∑
i=1

rankR Hi (M,R) } cat(M)− 2



Degree 2 vertices

Proposition

If f : M → R is a simple Morse function on a closed n-manifold M, then
∆2(R(f )) ∼= χ(M) mod 2,

∆2(R(f ))  2(rank(π1(M))− corank(π1(M))), (1)

∆2(R(f )) 
n−1∑
i=1

rankR Hi (M,R)− 2 corank(π1(M)), (2)

∆2(R(f ))  cat(M)− 2 corank(π1(M))− 2. (3)

Example (Σ ̸= Sn – a homology sphere)

(1) ∆2(Σ)  rank(π1(Σ))  2,
(2) ∆2(Σ)  0,
(3) ∆2(Σ)  cat(Σ)− 2  4− 2 = 2.



Reeb graphs of orientable 3-manifolds

Moreover, if M is an orientable 3-manifold with Heegaard genus g(M), then

2g(M)  ∆2(R(f ))  2(g(M)− corank(π1(M))). (4)

• If f has only two extrema, then k1 = k2  g(M). Thus a Morse function with
k1 = g(M) has the minimal number of critical points for Morse functions on M.

Corollary

The following are equivalent:
(1) There is a maximal simple Morse function on M with minimum number of
critical points.

(2) ∆2(M) = 2(g(M)− corank(π1(M))).
(3) Any simply Morse function f : M → R with exactly two extrema and

∆2(R(f )) = ∆2(M) is maximal and has the minimum number of critical
points.
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Reeb graphs of orientable 3-manifolds

Theorem (Ł. M. 2023 [33])

For orientable 3-manifolds

∆2(M) = 0 if and only if M = #g S2×S1.

∆2(M) = 2 if and only if M = (#g S2×S1)#Lp, where Lp is a lens space.

• If M1 and M2 have equality ∆2(Mi ) = 2(g(Mi )− corank(π1(Mi ))), then

∆2(M1#M2) = ∆2(M1) + ∆2(M2).

Problem

Is it true that
∆2(M#N) = ∆2(M) + ∆2(N)?
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Group presentation invariant

• P = ⟨x1, . . . , xn | r1, . . . , rm⟩ – a group presentation with rank(P) = n
generators and m relators ri = ri (x1, . . . , xn). It has deficiency def(P) = n −m.

• For a finitely presented group G , def(G ) = max(def(P)) over all P ∼= G .

Theorem (D. Epstein 1961 [7])

If M is a closed orientable 3-manifold, then def(π1(M)) = 0

Definition

Define Ω = Ω(P) to be the minimum positive number such that for
1 ¬ i ¬ min{n − Ω,m} the relator ri can be written as a word in only first
Ω+ i − 1 generators, i.e. ri = ri (x1, . . . , xΩ+i−1).
For n  rank(G ),

Ωn(G ) := min {Ω(P) : G ∼= P, def(P) = def(G ) and rank(P) = n} .
and

Ω(G ) := min
n

Ωn(G ).
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Definition

Define Ω = Ω(P) to be the minimum positive number such that for
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and

Ω(G ) := min
n

Ωn(G ).

Example (G = π1(Σ) for the Poincaré sphere Σ)

⟨a, b, c | a2 = b3 = c5 = abc⟩ write as
P1 = ⟨a, b, c | a−1bc, b−3abc, abc−4⟩, so Ω(P1) = 3.

⟨b, c | (bc)2 = b3 = c5⟩ write as P2 = ⟨b, c | b−2cbc, bcbc−4⟩, so
Ω(P2) = 2.
P3 = ⟨b, c , d | d , b−2cbc, bcbc−4⟩, so Ω(P3) = 2.
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1 ¬ i ¬ min{n − Ω,m} the relator ri can be written as a word in only first
Ω+ i − 1 generators, i.e. ri = ri (x1, . . . , xΩ+i−1).
For n  rank(G ),

Ωn(G ) := min {Ω(P) : G ∼= P, def(P) = def(G ) and rank(P) = n} .
and

Ω(G ) := min
n

Ωn(G ).

Example (G = π1(Σ) for the Poincaré sphere Σ)

⟨a, b, c | a2 = b3 = c5 = abc⟩ write as
P1 = ⟨a, b, c | a−1bc, b−3abc, abc−4⟩, so Ω(P1) = 3.
⟨b, c | (bc)2 = b3 = c5⟩ write as P2 = ⟨b, c | b−2cbc, bcbc−4⟩, so
Ω(P2) = 2.
P3 = ⟨b, c , d | d , b−2cbc, bcbc−4⟩, so Ω(P3) = 2.



Group presentation invariant

Theorem (Ł. M. 2023 [33])

Let f : M → R be a simple Morse function on an orientable closed 3-manifold
M with ki critical points of index i and k0 = 1. Then

Ωk1(π1(M)) ¬ k1 − β1(R(f ))
and

∆2(M)  2(Ω(π1(M))).

Lemma

If G is a non-trivial, non-free, torsion-free group, then Ω(G )  2.

Corollary

If π1(M) is torsion-free and g(M) = corank(π1(M)) + 1  2, then ∆2(M)  4,
and so there is no maximal Morse function with minimum number of critical
points.

• For example, the Heisenberg manifold M = H(3,R)/H(3,Z) has ∆2(M) = 4.
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S1-bundles over a surface

• Let Me be a circle bundle over Σg with Euler number e ∈ Z, e.g.
M0 = S1×Σg . Then corank(π1(Me)) = g .

• Moreover, g(Me) = 2g + 1 for e ̸= ±1 and

∆2(Me) = 2(g(Me)− corank(π1(Me))) = 2g + 2

• If e = ±1, then g(M±1) = 2g and for h = Πi [ai , bi ]

π1(M±1) = ⟨a1, b1, . . . , ag , bg | [ai , he ] = [bi , h
e ] = 1⟩,

• A word xi1 . . . xik in a free group Fn = ⟨x1, . . . , xn | ⟩ is cyclically reduced if it
is reduced and xik xi1 ̸= 1.

Theorem (Freiheitssatz, W. Magnus 1930 [24, 25] )

If r is a cyclically reduced word in Fn that contains xi , then every non-trivial
element of the normal closure of r also contains xi .
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S1-bundles over a surface

Theorem (Ł. M. 2023 [33])

Ω2g (π1(M±1)) = 2g .

Sketch of the proof.

For h = Πi [ai , bi ]

π1(M±1) = ⟨a1, b1, . . . , ag , bg | [ai , he ] = [bi , h
e ] = 1⟩,

so we have the quotient map ϕ : π1(M±1)→ π1(Σg ) such that ϕ(h) = 1.

Fixing generators a1, b1, . . . , ag , bg of F2g and the canonical quotient
ψ : F2g → π1(M±1), the normal closure of h in F2g is equal to ker(ϕ ◦ ψ). So
any relator of π1(M±1) in F2g is also contained in the normal closure of h. By
Freiheitssatz each such relator needs all generators.

In general, one needs to prove that all generating sets of π1(M±1) of rank 2g
are Nielsen equivalent.



S1-bundles over a surface

Theorem (Ł. M. 2023 [33])

Ω2g (π1(M±1)) = 2g .

Sketch of the proof.

For h = Πi [ai , bi ]

π1(M±1) = ⟨a1, b1, . . . , ag , bg | [ai , he ] = [bi , h
e ] = 1⟩,

so we have the quotient map ϕ : π1(M±1)→ π1(Σg ) such that ϕ(h) = 1.

Fixing generators a1, b1, . . . , ag , bg of F2g and the canonical quotient
ψ : F2g → π1(M±1), the normal closure of h in F2g is equal to ker(ϕ ◦ ψ). So
any relator of π1(M±1) in F2g is also contained in the normal closure of h. By
Freiheitssatz each such relator needs all generators.

In general, one needs to prove that all generating sets of π1(M±1) of rank 2g
are Nielsen equivalent.



S1-bundles over a surface

Theorem (Ł. M. 2023 [33])

Ω2g (π1(M±1)) = 2g .

Sketch of the proof.

For h = Πi [ai , bi ]

π1(M±1) = ⟨a1, b1, . . . , ag , bg | [ai , he ] = [bi , h
e ] = 1⟩,

so we have the quotient map ϕ : π1(M±1)→ π1(Σg ) such that ϕ(h) = 1.

Fixing generators a1, b1, . . . , ag , bg of F2g and the canonical quotient
ψ : F2g → π1(M±1), the normal closure of h in F2g is equal to ker(ϕ ◦ ψ). So
any relator of π1(M±1) in F2g is also contained in the normal closure of h. By
Freiheitssatz each such relator needs all generators.

In general, one needs to prove that all generating sets of π1(M±1) of rank 2g
are Nielsen equivalent.



S1-bundles over a surface

Theorem (Ł. M. 2023 [33])

Ω2g (π1(M±1)) = 2g .

Sketch of the proof.

For h = Πi [ai , bi ]

π1(M±1) = ⟨a1, b1, . . . , ag , bg | [ai , he ] = [bi , h
e ] = 1⟩,

so we have the quotient map ϕ : π1(M±1)→ π1(Σg ) such that ϕ(h) = 1.

Fixing generators a1, b1, . . . , ag , bg of F2g and the canonical quotient
ψ : F2g → π1(M±1), the normal closure of h in F2g is equal to ker(ϕ ◦ ψ). So
any relator of π1(M±1) in F2g is also contained in the normal closure of h. By
Freiheitssatz each such relator needs all generators.

In general, one needs to prove that all generating sets of π1(M±1) of rank 2g
are Nielsen equivalent.



S1-bundles over a surface

Combining
Ωk1(π1(M)) ¬ k1 − β1(R(f ))

and
Ω2g (π1(M±1)) = 2g .

Corollary

Any simple Morse function f : M±1 → R with the minimum number of critical
points has no cycles in its Reeb graph, i.e. β1(R(f )) = 0, and ∆2(R(f )) = 4g .

However, if we increase the number of critical points by 2, then there exists a
simple Morse function f ′ such that β1(R(f ′)) = g = corank(π1(M±1)) and

∆2(R(f ′)) = ∆2(M±1) = 2g + 2.
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C 2-topology

Theorem (Ł. M.)

For any f ∈ C∞(M,R) there is a number δ > 0 such that
β1(R(f )) ¬ β1(R(g)) for all functions g which are δ-close to f in C 2-topology.
In particular, the subspace of maximal smooth functions f ∈ C∞(M,R) is open.

Corollary

There is an embedding M ⊂ RN such that the set of points p, for which
Lp : M → R given by Lp(x) = ||x − p||2 is maximal, has a positive measure.

Problem

Is it true for any embedding M ⊂ Rn? How to define a subset P of RN such
that Lp is maximal for almost all p ∈ P?
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Thank you!
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[24] W. Magnus, Über diskontinuierliche Gruppen mit einer definierenden Relation (Der
Freiheitssatz), J. Reine Angew. Math. 163, 141–165 (1930).

[25] W. Magnus, A. Karrass and D. Solitar, Combinatorial group theory: Presentations
of groups in terms of generators and relations, Dover Publications, 1976.

[26] G. S. Makanin, Equations in a free group, Math. USSR Izvestiya 21 (1983), no. 3,
483–546.

[27] J. Martinez-Alfaro, I. S. Meza-Sarmiento and R. Oliveira, Topological
classification of simple Morse Bott functions on surfaces, Contemp. Math. AMS 675
(2016), 165–179.

[28] W. Marzantowicz and Ł. P. Michalak, Relations between Reeb graphs, systems of
hypersurfaces and epimorphisms onto free groups, preprint (2020), arXiv:2002.02388.



References V

[29] Y. Masumoto and O. Saeki , A smooth function on a manifold with given Reeb
graph, Kyushu J. Math. 65 (2011), No. 1, 75–84.

[30] F. Memoli and O.B. Okutan, The distortion of the Reeb quotient map on
Riemannian manifolds, preprint (2018), arXiv:1801.01562.

[31] Ł.P. Michalak, Realization of a graph as the Reeb graph of a Morse function on a
manifold, Topol. Methods Nonlinear Anal. 52 (2018), no. 2, 749–762.

[32] Ł.P. Michalak, Combinatorial modifications of Reeb graphs and the realization
problem, Discrete Comput. Geom. 65 (2021), 1038–1060.

[33] Ł.P. Michalak, Reeb graph invariants of Morse functions and 3-manifold groups,
preprint (2023), https://www.researchgate.net/publication/367568801 Reeb graph
invariants of Morse functions and 3-manifold groups.

[34] J.W. Milnor, Lectures on the h-cobordism theorem, Princeton University Press, 1965.

[35] J.W. Milnor, Topology from the differentiable viewpoint, The University Press of
Virginia, 1965.

[36] A. Razborov, On systems of equations in a free group, Math. USSR Izvestiya 25
(1985), 115–162.

https://www.researchgate.net/publication/367568801_Reeb_graph_invariants_of_Morse_functions_and_3-manifold_groups
https://www.researchgate.net/publication/367568801_Reeb_graph_invariants_of_Morse_functions_and_3-manifold_groups


References VI

[37] G. Reeb, Sur les points singuliers d’une forme de Pfaff complètement intégrable ou
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