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D, ={zeC:0<|z| <1}

Fix k > 2.
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Self-similar measures on C

D, ={zeC:0<|z| <1}

Fix k> 2. For A= (A1,..., M) €DK, t = (t1,..., 1) € CX and a
probability vector p = (p, ..., pk) denote

g,\,-,t,-(Z) =Xz+t, b= {g)\l,tp cee 7g>\k,tk}
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Self-similar measures on C

D, ={zeC:0<|z| <1}

Fix k> 2. For A= (A1,..., M) €DK, t = (t1,..., 1) € CX and a
probability vector p = (p, ..., pk) denote

g,\,-,t,-(Z) =Xz+t, b= {g)\l,tp cee 7g>\k,tk}

and let v = 1§ , be the corresponding self-similar measure, i.e. the
unique Borel prob. measure on C satisfying

k
V= E Pi&x;, V-
i=1
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Dimension

Fact/Definition
Self-similar measure v is exact dimensional, i.e. there exists o € [0, 2] such

that | =
im ogv(B(x,r))

=a forrv-a.e.x € C.
r—0 log r
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Dimension

Fact/Definition
Self-similar measure v is exact dimensional, i.e. there exists o € [0, 2] such

that | =
lim w =a forrv-a.e.x € C.
r—0 log r

We denote dimv = a.

milar measures on the plane
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Dimension

Fact/Definition
Self-similar measure v is exact dimensional, i.e. there exists o € [0, 2] such

that | =
im ogv(B(x,r))
r—0 log r

=a forrv-a.e.x € C.

We denote dimv = «. It agrees with Hausdorff/packing/information/...

dimensions.
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Dimension

Fact/Definition
Self-similar measure v is exact dimensional, i.e. there exists o € [0, 2] such

that | =
im ogv(B(x,r))
r—0 log r

=a forv-aexeC.
We denote dimv = «. It agrees with Hausdorff/packing/information/...
dimensions.
Similiarity dimension of »% ,
k
— > pilog pj

i=1

s(Ap) = —
— > pilog|Ai
=1

Fact: dimvf , < min{2,s()\, p)}
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Main result

Theorem (Solomyak-$ 2023)
Fix k > 2, distinct t1,...,tx € C and strictly positive probability vector

p:(Plv"'7pk)-
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Main result

Theorem (Solomyak-$ 2023)
Fix k > 2, distinct t1,...,tx € C and strictly positive probability vector
p=(p1,---,Pk)- There exists a set

EEC Ry ={A=(A1,...,\) €Df s\, p) > 2}
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Main result

Theorem (Solomyak-$ 2023)
Fix k > 2, distinct t1,...,tx € C and strictly positive probability vector
p=(p1,---,Pk)- There exists a set

EEC Ry ={A=(A1,...,\) €Df s\, p) > 2}

of zero Lebesgue measure such that v/} , is absolutely continuous (w.r.t to
2-dim Lebesgue) for every A € RY \ £F.
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Main result

Theorem (Solomyak-$ 2023)
Fix k > 2, distinct t1,...,tx € C and strictly positive probability vector
p=(p1,---,Pk)- There exists a set

EEC Ry ={A=(A1,...,\) €Df s\, p) > 2}

of zero Lebesgue measure such that v/} , is absolutely continuous (w.r.t to
2-dim Lebesgue) for every A € RY \ £F.

The proof extends the strategy of Saglietti-Shmerkin-Solomyak from R to
C.
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Previous results and overview of the method

1. Transversality
» Solomyak '95: {Ax, Ax 4+ 1} on R, almost sure a.c. for A € (1/2,1)

» Solomyak-Xu '03: {Ax, Ax + 1} on C, almost sure a.c. for
2712 < |\ <2 x575/8

» Neunhauserer '01, Ngai-Wang '05: {A1x, A\ox + 1} on R, almost
sure a.c. on a subset of the super-critical region
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Previous results and overview of the method

1. Transversality
» Solomyak '95: {Ax, Ax 4+ 1} on R, almost sure a.c. for A € (1/2,1)
» Solomyak-Xu '03: {Ax, Ax + 1} on C, almost sure a.c. for
2712 <N\ <2x575/8
» Neunhauserer '01, Ngai-Wang '05: {A1x, A\ox + 1} on R, almost
sure a.c. on a subset of the super-critical region
2. Hochman'’s theory
> Hochman '14: dim(vf ;) = min{1,s(), p)} on R for every A\ ¢ E
with dimp E < k-1

> Hochman '15: dim(vf ,) = min{2,s(\, p)} on C for every A\ ¢ E
with dimp E <2k —1
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R

Mx(u, a,...) = lim gy, 1, ©-- 08,1, (0)
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R

o0
Ma(ur, 2, = lim gy, e, 0000 8x,0,(0) = D A" My,
n=1
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R

oo

Ma(ur, 2, = lim gy, e, 0000 8x,0,(0) = D A" My,

n=1

If o = p®N, then Z e IV
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R

o0
Ma(ur, 2, = lim gy, e, 0000 8x,0,(0) = D A" My,
n=1

If o = p®N, then v§ , = Myp and terms in the sum above are
independent
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R

o0
Ma(ur, 2, = lim gy, e, 0000 8x,0,(0) = D A" My,
n=1

If o = p®N, then v§ , = Myp and terms in the sum above are
independent, hence £ , is an infinite convolution.
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R

o0
Ma(ur, 2, = lim gy, e, 0000 8x,0,(0) = D A" My,
n=1

If o = p®N, then v§ , = Myp and terms in the sum above are
independent, hence £ , is an infinite convolution. Fix r € N and write

00
P n—1
Uxe ™ E :)‘ tu,
n=1
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R
o0
Ma(uy, to,...) = n'i[go EXuy sty © 77 O 8Nyt (0) = Zl An_ltu,,~
n=

If o = p®N, then v§ , = Myp and terms in the sum above are
independent, hence £ , is an infinite convolution. Fix r € N and write

%) %) oo
D AT ey, =Y A e, > A,
n=1 rin

rtn
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» Shmerkin '14: {A\x + t1,..., Ax + tx} homogeneous case on R: a.c.
for A € (0,1) \ E with s(\,p) > 1, dimyE=0

Natural projection map: M, : {1,... .k} = R
o0
Ma(uy, to,...) = n'i[go EXuy sty © 77 O 8Nyt (0) = Zl An_ltu,,~
n=

If o = p®N, then v§ , = Myp and terms in the sum above are
independent, hence £ , is an infinite convolution. Fix r € N and write

%) %) oo
P n—1 _ n—1 n—1 P p
VN~ E AT, = g AT, + E ATy, ~ Vet ¥V ¢

n=1 rin

rtn
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p P p
Unt ~ Ve ¥V30 ¢

(1) By Hochman, dim yi’, ; = 1 for X outside of an exceptional set of

dimy zero (for r large enough)
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~ P x P

p
Ut At ¥ Vg

(1) By Hochman, dim l//\, - =1 for A outside of an exceptional set of
dimy zero (for r large enough)

(2) By Erdés-Kahane, for A € (0,1) \ E,dimy(E) = 0, 1%, , has power
Fourier decay, i.e. there exists o > 0 such that

V(&) = O(l¢1 )
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p P p
Unt ~ Ve ¥V30 ¢

(1) By Hochman, dim l//\, - =1 for A outside of an exceptional set of
dimy zero (for r large enough)

(2) By Erdés-Kahane, for A € (0,1) \ E,dimy(E) = 0, 1%, , has power
Fourier decay, i.e. there exists o > 0 such that

V(&) = O(l¢1 )

Lemma (Shmerkin)
Let 71,7 be Borel probability measures on RY. Assume that dimn; = d
and 7» has power Fourier decay. Then 7 * 7, is absolutely continuous.
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> Saglietti-Shmerkin-Solomyak '18 {A1x + t1, ..., Akx + t}
non-homogeneous case on R:
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> Saglietti-Shmerkin-Solomyak '18 {A1x + t1, ..., Akx + t}
non-homogeneous case on R:

o0

—1
Problem: My(u1,u2,...) = > | I] Ay | tu, is not an infinite
n=1 =1

n
j=

convolution!
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> Saglietti-Shmerkin-Solomyak '18 {A1x + t1, ..., Akx + t}
non-homogeneous case on R:

00 n—1
Problem: My(u1,u2,...) = > | I] Ay | tu, is not an infinite
Jj=1

n=1

convolution!

Idea: decompose

= [ 1ae)

with nf\w) being infinite convolutions which are only statistically

self-similar.
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> Saglietti-Shmerkin-Solomyak '18 {A1x + t1, ..., Akx + t}
non-homogeneous case on R:

o0

n—1
Problem: My(uy,up,...) = > (H )\uj> t,, is not an infinite
n=1 \ j=1

convolution!

Idea: decompose

= [ 1ae)

with nf\w) being infinite convolutions which are only statistically
self-similar.

Extend dimension and power Fourier decay properties to nf\w) for
P-almost every w.
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Measures nf\w) can be realized in a

Class of random self-similar measures
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Measures nf\w) can be realized in a

Class of random self-similar measures

| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj('), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).
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Measures nf\w) can be realized in a

Class of random self-similar measures

| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj(i), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).

Let Q = /N
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Measures nf\w) can be realized in a

Class of random self-similar measures

| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj(i), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).

Let Q = /N and for w = (w1, w2,...) € Q

n— o0 n

Mo [T kgt = € Mo(u) = lim £{Do. - £len)
Jj=1
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Measures nf\w) can be realized in a

Class of random self-similar measures

| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj(i), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).

Let Q = /N and for w = (w1, w2,...) € Q

e} 00 n—1
Mo JIHL -k} = € () = lim A0 fled =% T TT A | £l
j=1 n=1 \ j=1
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Measures nf\w) can be realized in a

Class of random self-similar measures
| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj(i), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).

i

Let Q = /N and for w = (w1, w2,...) € Q

e} 00 n—1
Mo JIHL -k} = € () = lim A0 fled =% T TT A | £l
j=1 n=1 \ j=1

Set -
7 = ®pwj and n() = M, 7).
j=1
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Measures nf\w) can be realized in a

Class of random self-similar measures

| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj(i), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).

Let Q = /N and for w = (w1, w2,...) € Q

o0 [e’e) n—1
Mo JTHL -k} = € M) = lim fi0o- £l =3 | TT A, | 2l
j=1 n=1 Jj=1
Set -
ﬁ(w) — ®pwj and n(w) — nwﬁ(w)
j=1
Crucial:

n“) is an infinite convolution
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Measures nf\w) can be realized in a

Class of random self-similar measures

| - finite set, () = {ﬂ(i), e, fk(’_")} - homogeneous IFS on C

ﬂ(i)(z) =\z+ tj(i), j=1,..., ki with probabilities p() = (py)7 . ,p,((i)).

Let Q = /N and for w = (w1, w2,...) € Q

e} 00 n—1
Mo JTHL -k} = € M) = lim fi0o- £l =3 | TT A, | 2l

j=1 n=1 \ j=1
Set -

7 = @ py and 1) = 7).
j=1
Crucial:
n“) is an infinite convolution and () = Z ple) flw)plow)

ue{l,...;kuy }
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A triple £ = ((®1);c/, (p));e/,P) where P is a an ergodic
shift-invariant prob. measure on  is called a model.
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A triple £ = ((®1);c/, (p));e/,P) where P is a an ergodic
shift-invariant prob. measure on  is called a model.

They were introduced by Galicer, Saglietti, Shmerkin and Yavicoli to
study decomposition as above.
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A triple £ = ((®1);c/, (p));e/,P) where P is a an ergodic
shift-invariant prob. measure on  is called a model.

They were introduced by Galicer, Saglietti, Shmerkin and Yavicoli to
study decomposition as above.

The following extend results of Saglietti, Shmerkin and Solomyak to the
plane.

Theorem (Solomyak-S)
Assume P(#®1) > 1) > 0 and P()\,, ¢ R) > 0.
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A triple £ = ((®1);c/, (p));e/,P) where P is a an ergodic
shift-invariant prob. measure on  is called a model.

They were introduced by Galicer, Saglietti, Shmerkin and Yavicoli to
study decomposition as above.

The following extend results of Saglietti, Shmerkin and Solomyak to the
plane.

Theorem (Solomyak-S)
Assume P(#®“1) > 1) > 0 and P(\,, ¢ R) > 0. If the model satisfies
the exponential separation condition, then

dim ) = min{2, sdim(X)} for P-a.e. w € Q.
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Theorem (Solomyak-S)

Fix 8; € C\ {0}, i € I. If P is Bernoulli and ¥y = ((q>§"’),-€,, (p(’));GI,IP’)
are models as above, such that ¢E\i) has linear part A%, then for P-a.e. w €
Q, nf\w) has power Fourier decay for A € D, \ E(w) with dimy(E(w)) < 1.
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Theorem (Solomyak-S)

Fix 8; € C\ {0}, i € I. If P is Bernoulli and ¥y = ((q>§"’),-€,, (p(’));GI,IP’)
are models as above, such that ¢E\i) has linear part A%, then for P-a.e. w €
Q, nf\w) has power Fourier decay for A € D, \ E(w) with dimy(E(w)) < 1.

» Similar result on the line with translation parameter was proved by
Kaenmaki and Orponen
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One of the main difficulties

Hochman proves for self-similar measure v on C

Exponential separation + dim(v) < min{2, s(\, p)}
4

v is saturated on a 1-dim subspace V/, i.e.dim(vy ) =1 for v-a.e. x € C
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One of the main difficulties

Hochman proves for self-similar measure v on C

Exponential separation + dim(v) < min{2, s(\, p)}
4

v is saturated on a 1-dim subspace V/, i.e.dim(vy ) =1 for v-a.e. x € C

On the other hand, if there there is a map f(z) = Az + t with A ¢ R in
the system, then by self-similarity

v is saturated on V = v is saturated on W = A\71V
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One of the main difficulties

Hochman proves for self-similar measure v on C

Exponential separation + dim(v) < min{2, s(\, p)}
4

v is saturated on a 1-dim subspace V/, i.e.dim(vy ) =1 for v-a.e. x € C

On the other hand, if there there is a map f(z) = Az + t with A ¢ R in
the system, then by self-similarity

v is saturated on V = v is saturated on W = A\71V

and
v is saturated on V and W,V # W = dimvy =2
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Problem for models:

n“) is saturated on V = 7{°“) is saturated on W = )\JllV
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Problem for models:
n“) is saturated on V = 7{°“) is saturated on W = )\JllV
Solution: we prove that if 1 < o = dim 77(“’) < 2, then
dim(projyn“)) > o — 1+« for every V € RP.

for some k > 0.
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Problem for models:
n“) is saturated on V = 7{°“) is saturated on W = )\JllV
Solution: we prove that if 1 < o = dim 77(“’) < 2, then
dim(projyn“)) > o — 1+« for every V € RP.

for some k > 0. This excludes saturation on any 1-dim subspace.
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Problem for models:
n“) is saturated on V = 7{°“) is saturated on W = )\JllV
Solution: we prove that if 1 < o = dim 77(“’) < 2, then
dim(projyn“)) > o — 1+« for every V € RP.

for some k > 0. This excludes saturation on any 1-dim subspace.

Actually, we have to prove this for finite scale entropy and for a positive
proportion of small-scale components of 7(“), uniformly in V.

This is a preparation to apply Hochman's inverse theorem for entropy to
measures 77(“’).
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Thank you for your attention!




