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Abstract. We consider locally strongly convex complete Blaschke hypersurfaces with
constant non-positive affine mean curvature and assume additional convexity properties
to prove that the hypersurfaces are affine maximal.

1. Introduction. The locally strongly convex, complete Blaschke hy-
persurfaces with constant non-negative affine mean curvature H are classi-
fied, namely:

e if H = const > 0 then the hypersurface is a hyperellipsoid;
e if H = 0 and the dimension is n = 2 then the hypersurface is an elliptic
paraboloid.

The classification is known for two notions of completeness, affine com-
pleteness and FEuclidean completeness. See [5, Chapter 2] and [7, Chap-
ter 5].

While in the foregoing two cases there exists a unique example in each
case, the situation is completely different when we consider locally strongly
convex, complete Blaschke hypersurfaces with constant negative affine mean
curvature, i.e. H = const < 0.

We know a large class of examples, namely the class of hyperbolic affine
spheres. There appear further examples in the literature (see [11], [2] and [9]);
the Calabi type construction in [2] shows that there are many such examples,
but one is far from any classification. Moreover, a new example in [9, (1.3)]
seems to indicate that there exist, besides the ones mentioned in [2], still
other types of Calabi type compositions.
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Considering the examples we would like to state the following conjecture:

CONJECTURE. Any affine-complete Blaschke hypersurface with constant
negative affine mean curvature is a hyperbolic affine sphere or a certain
composition of hyperbolic and possibly parabolic affine spheres.

Besides the study of examples there is another approach to the problem
due to A. M. Li and B. Wang; in [12, p. 384], they stated the following
problem and proved an existence result:

PROBLEM. Do there exist locally strongly convex, affine complete Blaschke
hypersurfaces with constant negative affine mean curvature that are not hyper-
bolic affine spheres? Give explicit examples. Classify all such hypersurfaces.

EXISTENCE THEOREM. Given a real constant H < 0 and a bounded
convexr domain 2 C R™ with prescribed boundary value data in terms of a
smooth strictly convex function ¢, one can construct a locally strongly con-

vex, Fuclidean complete hypersurface with constant affine mean curvature
H <0.

For the study of the foregoing Existence Problem see also [7, Chapter 6].
It is the aim of our paper to proceed with the study of complete Blaschke
hypersurfaces with non-positive affine mean curvature H. To understand the
role of other affine invariants in the context of this classification problem,
in [4] we investigated the role of the affine support function. In the present
paper we study additional global convexity conditions, expressed in terms
of the Euclidean Gaufi—-Kronecker curvature. The role of this invariant in
the unimodular geometry was first investigated by Grambow, a student of
Blaschke [3] (see also [10, Section 6.2]).

Notational convention. Consider R"! as standard Euclidean space and
at the same time as unimodular-affine space. The Euclidean structure is
given by the standard inner product

(,): R xR R

Let z : M = R® — R™! be a strictly convex hypersurface immersion;
it carries both the induced Euclidean structure and the unimodular-affine
structure as a so-called Blaschke hypersurface. We mark the invariants that
belong to the different structures as follows: the mark “E” stands for Fu-
clidean, while “e” stands for equiaffine = unimodular-affine.

2. Theorems. The following is our main result.

MAIN THEOREM 2.1. Consider a strictly convex hypersurface immersion
x: M =R" = R"! equipped with its Fuclidean and Blaschke structures.
Assume that:

e the Blaschke metric h(e) is complete;
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e the affine mean curvature satisfies H(e) = const < 0;

e the Fuclidean GaufS—Kronecker curvature K,(E) is bounded: sup K, (FE)
< 00, and K,(FE) is bounded positively away from zero, i.e. there exists
0 < e €R such that K,(E) > € >0 on M.

Then x(M) is affine-mazimal, i.e. H(e) = 0.

COROLLARY 2.2. In the preceding theorem, if n = 2 then the affine-
mazximal surface is an elliptic paraboloid (see |6, Chapter 5] or [, Chap-
ter 5]).

REMARK 2.3. (i) The general convexity assumptions for = (z is lo-
cally strongly convex) imply that K, (E) > 0 on M. Thus the assumption
K,(E) > e > 0 improves the local convexity properties of z(M).

(ii) If we modify the assumptions of the Main Theorem we get the follow-
ing result; its proof goes along the lines of the proof of the Main Theorem.

THEOREM 2.4. Consider a strictly convex hypersurface immersion x :
M = R" — R equipped with its Euclidean and Blaschke structures.
Assume that:

e the Blaschke metric h(e) is complete;
e the affine mean curvature satisfies H(e) = const < 0.

Then the Euclidean Gauf—Kronecker curvature K, (E) satisfies the condi-
tion
inf K, (F) = 0.

3. Blaschke hypersurfaces. We use the above Euclidean inner prod-
uct to describe duality in the affine case:

(, ) ROFD* Rl 5 R,

Regarding the affine calculus, by the same symbol V we denote the canonical
flat connections on R™™! and on R(+1)*,

Let M be a connected, oriented, differentiable manifold of dimension
n > 2. We use both the invariant Koszul and the standard local calculus.
We denote local coordinates by (x1,...,z,) and the associated GauB} basis
by 0; :=0/0x; fori =1,...,n.

We restrict ourselves to locally strongly convex hypersurface immersions
z : M — R with Blaschke normalization (Y,y), where y is the affine
Blaschke normal and Y is a conormal such that (Y, y) = 1 and (Y, dy(v)) =0
for all tangent vectors v on M. The triple (x,Y,y) is called a Blaschke
hypersurface in affine space R*t1.

The affine normal induces a unimodular volume form

W(vy, ..oy, vp) i=det(dz(vr), ..., dx(vy),y);
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here (v1,...,v,) is a local frame and det the determinant form fixing the
unimodular structure on R"*!:; w is compatible with the Euclidean structure
on z(M).

The unimodular geometry of the triple (z,Y,y) can be described in terms
of the induced volume form and further affine-geometric invariants defined
via the affine structure equations of Gauf and Weingarten:

Vodz(w) = dz(Vyw) + h(v,w)y,
dy(v) = dx(—B(v)).

Here and in the following, u, v, w, ... denote tangent vectors and fields. The
induced connection V is torsion free and Ricci symmetric (i.e. its Ricci tensor
is symmetric), A is bilinear, symmetric and definite; we choose the orienta-
tion of y such that h is positive definite; thus (M, h) is a Riemannian man-
ifold in this case; its Riemannian volume form equals the induced volume
form.

h is called the Blaschke metric; B is the affine shape or affine Weingarten
operator. The shape operator B is h-self adjoint. The affine mean curvature
is defined by H := %trace B.

All coefficients in the structure equations depend on the normalization;
they are invariant under the unimodular-affine group of transformations in
R™! (including parallel translations).

For further details we refer to [10, Chapters 3-4] and the beginning
sections in [5] and [6].

Notational convention. In a local notation we use components, adopt
the Einstein convention and raise and lower indices with the Blaschke met-
ric h. The notation V(h) in formulas indicates covariant differentiation; for
f € C°°, in local notation we use a comma, and we denote covariant deriva-
tives in terms of V(h) also by f;, fi;, etc.

3.1. Completeness of Blaschke hypersurfaces. There are different
notions of completeness for a Blaschke hypersurface; in our paper we need:

(i) A Blaschke hypersurface is called affine-complete if its Blaschke metric
h is complete.

(ii) A Blaschke hypersurface is called Euclidean complete if the ambient
affine space R™*! carries an additional Euclidean structure, and the
induced first fundamental form is complete; one easily verifies that this
notion does not depend on the special choice of the ambient Euclidean
structure on R™*!; moreover, this notion is affinely invariant.

THEOREM 3.1 (Completeness criterion; see e.g. [7, pp. 51-52]). Let x be
a locally strongly convex, Euclidean complete Blaschke hypersurface in R,
Assume that there exists a constant 0 < N € R such that the h-norm of the



BLASCHKE HYPERSURFACES 117

Weingarten operator B is bounded from above:
|Blln < N.
Then (M, h) is also affine-complete.

4. The maximum principle of Omori—Yau [13]. Let (M, h) be a com-
plete, non-compact Riemannian n-manifold with Ricci curvature bounded
from below: Ric > §h for some § € R. Let f € C?(M) be bounded from below.
Then there is a sequence {p; € M };en such that the following O-Y-relations
are satisfied:

(1) lim; f(p;) = inf(f),
(2) lim; ||grady,(f)l[(pi) = 0,

5. Proof of the Main Theorem. As above we consider R"*! as stan-
dard Fuclidean space and at the same time as unimodular-affine space with
respect to the given volume form in R™!. Let z : M = R® — R"*! be
a strictly convex hypersurface immersion; it carries both the induced Eu-
clidean structure and the unimodular-affine structure as a so-called Blaschke
hypersurface (see [5], [6], [8], [10]).

We now proceed to the proof of Theorem 2.1.

STEP 1. We consider z(M) as the graph of a strictly convex function
g: M =R" — R such that z(M) can be described by

p €R™ = (p,g(p)) € R"H.

The convexity condition implies that there exists b € R"* with [|b]|p = 1
such that b is nowhere tangential to the hypersurface. We choose the orien-
tation of b in such a way that b and the Euclidean normal p satisfy

0 < (,5) = llull - ] - cos(p1,b) = cos(, b) < 1
at each p € M.

STEP 2. It is well known that the Blaschke conormal Y (e) and the Eu-
clidean normal p(F) are related by (see [I, p. 165] and [3])

Ka(E)Y 042 Y () = u(B).
As above, K,,(F) denotes the Euclidean GauB—Kronecker curvature.
STEP 3. Consider the function f: M — R defined by
f(p) == (Y (e)(p),b).
The function f has the following properties:
o 0< f(p) = (Kn(E)(p)~ ) - cos(u(p),b) < (Kn(E)(p))~ /).
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e In terms of the Blaschke geometry, f satisfies the PDE (see [0 Sec-
tion 4.1.4])

Ale)f +nH(e)f =0,

where A := A(e) denotes the Laplace operator of the Blaschke metric.
e f is bounded above if and only if there exists 0 < e¢ € R such that
e < K, (E)(p) for all p € M.

STEP 4. We study consequences of the above PDE for f in terms of the
Blaschke geometry; we consider the case H := H(e) = const < 0.

o f-Af=-n-H-f2>0.
o AAf=(n-H)? f>0.

STEP 5. Define G: M — R by G := f- Af. Then:

o G =—nH-f?>>0, thus G is bounded below, and sup G < oo if and only
if sup f < oo; as already stated above, we have sup f < oo if and only if

K, (FE) is positively bounded away from zero.
e AG = (Af)?+ f-AAf =2(nH - f)?>0.

STEP 6. For an appropriate 0 < § € R define F' := +(G 4 6)~ /2. Then,
in terms of the Blaschke geometry, we have:

1)
2) &F = *%F?’ . OZG,

3) AF =3 . F5. |grad G|? — 1 - F3AG;
4) FAAG = 3||grad F||? — 1 - F*AG.

STEP 7. We discuss the consequences of the additonal convexity prop-
erty, namely that there exists € > 0 such that K,(E) > € > 0 on M. We
have the following equivalent conditions:

there exists € > 0 such that K,(E) > e >0 on M,
sup f < o0

sup G < 00;

inf F' > 0.

STEP 8. We apply the maximum principle of Omori—Yau to the func-
tion F'; thus assume that there exists a sequence {py}ren of points such
that

(1) Ty AF|p > 0
(ii) limy grad F|pg = 0;
(iii) limg F'|pg = inf F.
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The PDE for F' gives

0 <lim(F - AF) = lim 3 |lgrad F||> — 1 - F* . AG]

L
2

— L. (infF)*. lim(AG)
< _1

5 - (inf F)* - (2n*H)* -lim f2(py,) < 0.

As inf F' > 0, the foregoing calculation implies
lim (H f)>=o.

According to the assumptions we have
lim f2 = ngl(Kn(E)*Z/ (" +2) . cos?(u, b)) # 0

thus we finally arrive at H = 0. This finishes the proof of Theorem 2.1.
The preceding proof can be modified to get a proof of Theorem 2.4.

6. Examples. In [4] our interest was in the study of locally strongly
convex Blaschke hypersurfaces that are not hyperbolic affine spheres, but
that have constant negative affine mean curvature. Examples are listed in
[11], [2] and [9].

L. Vrancken [I1] gives a complete classification of all Blaschke surfaces
with the property that the equiaffine principal curvatures are constant and
the Blaschke metric is regular. Dillen and Vrancken [2] study certain types of
Calabi compositions. As already mentioned, Salah and Vrancken [9] present
a new type of example.
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