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Forms representable by integral binary quadratic forms
by

Purrap A, LumoNArD and Eexynru S. Wintiams* (Ottawa)

In memory of the late Professor L.J. Mordell

X, Introduction. By a form we Shall mean. »n. integral binary guadratic
form in the indeterminates X and ¥. This paper concerns the representa-
bility of a given form by forms of diseriminant D, where D ig the discrimi-
nant of a guadratic field (in fact, of the field Q(l/f), where ¢ denotes
the field of rationals).

If f(X, Y) is a given form, and g(X, X¥) is a form of disecriminant.
D, we say that f(X, Y) is representable by g(X, ¥) if there exist rational
integers p, ¢, v, 8 with ps—qr % 0 guch that
X, Y) =g(pX+qY,rX+sY).

If guch integers exist, we call {p, ¢, r, 8) & representation of f by g.
From (1.1), a necesgary condition for the representability of f by some
¢ of diseriminant D is
diserim(f(X, ¥)) = discrim (g(pX +¢¥, rX+sY))
= (ps — gr)2diserim(g (X, ¥)) = D&*.
From now on, we fix D and assume that f(X,¥Y) = aX* +bXY +c¥*
is a given form of discriminant Dk, where % is a positive integer. (Note
that ¢ and ¢ mnst be non-zero.) _

Tor those discriminants. D given by

(1.2) —D =3,4,7,8,11,19, 43, 67, 163

one of ug [5], extending results of Mordell [2] (gee also [8]) and Pall [4]
(see algo [6]), hay determined necessary and sufficient conditions for
a positive-definite form of discriminant D%* to be representable by a pos-
itive-definite form of discriminant D, as well ag the number of such repre-
sentations. We extend these results to all field dizcriminants .D, replacing
the wse of unique factorization in the ring of integers of Q(l/f)_) by a rela-

#* Resoarch supported under National Research Council of Canada grant A-7233.
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tionship between certain ideals of this ring and representations of f(X, ¥)
by forms of diseriminant . The way in which these ideals arigse is given
in Lemma 2.2, and their use in counting representations is shown in
Lemma 3.1. The majn results of the paper are contained in. § 4.

We conclude this introduction by giving some notation to be used
throughout. Suppose I i an ideal of the ring of integers of @ (V.D), with
‘norm. given. by N(I) = [a| (recall f(X, ¥) = aX*+bXY +¢¥* is given).
An ideal basis {oy, a,} of I i8 daid to be a-ordered if

’ ' =
Uy Uy = Oy Oy == a]/D,

where the dagh (') denotes quadratic conjugation. If {a,, a,} is such a basis
for I we write I = [a,, a;]. For any ideal basis {ay, a,}, either T = [a,, a,]

or I =Jay, vy] (ot both). Moreover, applying strietly umimodular -

trangformations to a given a-ordered hasis yields all a-ordered bases
of I. If T = [y, a,], we agsociate with this bagis the form

1 ’ ’ ’ ) r
(_1-3) ’ " {(azccl)X2~|—(a1a2—|—a1a2)XY—[—(a2(x2) I{2},

which is-integral because II’ = (a), where I' denotes thc conjugate ideal
of I, and which is of discriminant

(ayay -+ oy as)* — dagoyaga’
az

‘We say that the g- ordered bsums {al, az} of I leads to the form (1.3), and
write :

= D.

: 1 ’ * ' . '
101 ap} — 2 {(alal)_xg+ (g0 + 0y a) XY (g ) YZ}-

In gemeral, given an ideal I of norm |a| and a form IX*4+mXY +aY?
of diseriminant D, we say that I leads fo IX*+mXY+n¥? (written
I>IX*+mXY +nY¥% if I possesses an a-ordered basis {a,, a;} such that
{00y ap}>IX* 4+ mXY --a¥" It is easy to show that bases of strictly
equivalent ideals of norm |a] lead to (properly) equivalent forms of
digériminant 1. _

A representation. (p, g, 7, 8) of f(X, ¥) by a form g(X, ¥) of discrim-
inant.D will be called proper it ps-—qr = k, and improper if ps — qr = —Fk,

I (pyq,7, %) is a given proper represantamon of f by the form LX, -
+mXY +nY’, we define a clasg Of propel repregentations corresponding

to (p,sq,7,8) by
ity
y 8

gi?(p, g, 7, 8) ={(1’I’ g, 7, ¢h (fr %:)
where 4. is a proper aatomorph of IX2+4-mX ZY~|—n172}.
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Finally, let d = GCD(a, b, ¢). It iz also nseful to define classes of
representations of d by LX° +mX ¥ +nY> If (v, v) is such a representation,
with '

_ 4 = lu?+ muv -+ no?,
we - define ity class by

e

(w, v) xl(u', ') T m—;/p_@, - a(zu+m—‘/ﬂ )’

where § iz a unit of the ring of integers of Q(l/j)-)}

2. Preliminary lemmas, Let f(X,Y) = aX*+bX Y +¢Y* be a form
of discriminant D%, k>0, d = GCD(a,b,c), and h = }(b—kVD),
go that b = ac. g

Levma 2.1, (i). &/d and B'[/d are integers of Q(l/_-D—).

(if). If E = (a, R), then N(K) = N(K') = |a|d.

‘Proof. (i). k/d and #'/d lis in Q(Vﬁ) and satigfy the monie integral
gnadratic equation
' b ae
P2 —tt+— = 0.
a + az
(i), Using (i), we have

B |
KK’ = (a*, ah, ol , W) = (ad) (i,i,i,ﬁ) = (ad),

iniplies the existence of rational integers r, s, and 1 satisfying
1=r2 +s(-}i—|- ﬂ)—e—tfm
d 4 4 d ‘

Levwa 2.2, Suppose (p, 4,7, 8} 48 a proper repr'esemam'on of f by the
form 1X*-4+-mXY +n¥* of disoriminant D, that is, '
2.1) aX2+bXY Jo¥? '

= E(PX-I-q:V)’-{“m(PX+QY)(*‘”X+3Y)+%(TX+8Y)”
with ps—-qr = . I’hen

ap == Ip +—§ m—}—fﬁ) and oy = w.aﬂ—l—wg-(mhl/ﬁ)
are integers of Q(Vﬁ) such that
(i) the ideal I = (o, ay) has N(I) = |a|, and I = [ay; 4],
(i) o = pay+ray, b = ga;+sa, (30 I|{a, b)), ‘
(if) {ay; o} > iX2 L mXY +n¥?,
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Proof. It is trivial to verify that ¢, and a, are indeed integers of
QD).
(i) As D is a field diseriminant, an integral basis for Q(Vd) is {1, e},
where w = (6——}—1/5)/2, with
0, if D =0(modd),
L, # D =l{modd).

Moreover, m = 2, -+ ¢ for gome inbeger m,. It is easily shown that for
rational integers @, ®s, Y1, Ya,

& =

(@1 + Y1) oy + (g -+ Ya @) g
= (931 + (g -+ ey - ﬂf‘/z) ay -k (@ — Ty — M1 Ya) g
Purthermore, appealing to (2.1}, we have

alag_alal_z( (45}« 3 or + 22|V

= (lp* - mpr - nr?) VD =aVD.
Thus I hag {ay, a,} a8 & basis, N(I) =
follow by direct computation.

Lunva 2.3, Lei N denote the number of ideals I such that I|{a, h) end
NI} = |a|, and for a given form 1X2--mXXY +aX? of discriminant D,
let Ny denote the number of such I-»(I,m,n). Then

N = ZN(l,m,ﬂ)ﬂ

where the sum is taken over a represeniative set of inequivalent forms 1X* -+
+mXY +n¥? of discriminant D.

tal, and I == [ay, ap). (i) and (iii)

Proof. Let {X°4+-m XY 40, Y%, ., be a representative set

of inequivalent forms of discriminant D. Let
= {I: N(I) = lal, I|(a, 1)}
and for each i (1<i< e) leb _ :
Iy = A{L: N(I) == |al, I|(a, b}, I-+4, X2+ m, XX +n, X%

Let I = [ay, a,]e# be such that {a,, oy} »+lX2 4 mXY -+ 0¥, This form
is equivalenf to precisely one form

. LXA o XY 4-m X7,
say,

LX - m, XY +n, ¥
=1tX+uY) +m(£X+uY)(vX+wY)+In(QJX—|—wY)
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where ¥, %, v, w are rational integers with éw—auv = 1. Then {tay -+ wey,
va, +wa,} 18 an e-ordered basis of I leading to

Eixz ~|—'m1XY+%i 1}‘1’
so that :
Iﬁ%ll-xz-}—m?;XY—F%,th,
. that is, L7, and 8o
f == U'ﬁi'
il

Moreover no ideal I«.# can belong to two different #; a8 inequivalent
forms arise from ideals which are not strictly equivalent, hemee certainly
distinet. Thus the #; are disjeint and we have

= s = Zw MZNl@,mz,m)

=1

TEMMA 2.4. There is a one-to-one correspondence between ideals I such
that I|(a, h) and N(I) = |a|, and ideals J such that N(J) = d.

Proof. By Lemma 2.1 any such I defines a unique J with ¥ (J) = d
by the relation (@, h) = IJ. Conversely, if J is an ideal with N{(J) = 4,
then JJ° = (d), and thus J|(a, k), since (d)|(a, b) by Lemma 2.1. Setting
(@, k) = IJ, we see that J defines a unigué I with the desired properties.

LEMMA 2.5. There is a one-lo-one correspondence between classes of
representations of d by a representative sei of inequivalent forms of diserim-
inant D ond ideals J with N{J) = 4.

Proof. This result follows from Theorem 5, p. 143 in [11

3. The main lemma. The result of this section makes more precise
the connection (from Lemma 2.2) between ideals, and proper representa-
tions of F(X,¥) = aX?+-bX Y +¢¥? (of discriminant Dk?) by a given
X2+ mXY +nX¥? of discriminant D.

LieMMA 3.1, There is a one-lo-one comespondmce between ideals I
satisfying
(3.1) NI =lal, Ila, ), I->IX*+mX¥+nX",
and classes of proper Jrepveseﬂmmons of aX*4-bX ¥ 4-eY* by IX* -+ mX Y+
+nX2.

Proof. Let I be an ideal satistying (3.1), and let {a;, ax} be an
a-ordered basis of I leading to IX*+mXY +nY¥® Now I|(e, k) means

(@, B) € [0y, a;], and so there exist unique rational 1ntegerg Pig;T, 8
guch that

(3.2) o = Pay +ray, h = gog+5a,.
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We note that ps—gr # 0, for otherwise we have rh = g5 coniradicting
that %k = 0. Moreover a8 {o, ao;>IX?+mXY +a¥? we have

’ ? ! ’
ooy, =, dyty--o 0, =M, Oat, = RE,

and so0

1 ; :
Ta (Pay+ras) (pay - vmy) = Ip?+-mpr +-ne?,

1' I ’ 7/ r ’ .
b = kW = ((1’9“1 +-rag) (Gay -+ 8ag) -+ (pa; -+ ray) (ay + s0y))

== 2lpq +m(ps -+ qr) +2nrs,
R '

=t g+ 300 (qoy + 80g) = 1g° + mgs +-ns?.

Therefore
aX2 L bXY 4+ ¢c¥2 = I(pX +¢T)2 —E—m(pX—];qY) {rX+4s¥)-+nrX ~}-.9Y)l2.
Yurther, (3.2) .implies
(ps —gr) ey = sa—rh,

o Aps—gr)ay = —ga+ph,
and so _ :
(28— ¢r)2aVD = (ps—gr)* (sy.05 — g o) |
| = (sa—vh)(—qa+ph') — (sa —rh') (—ga -+ ph)

| :a@wr)(h'—h) = a(ps— ) kVD,
that ig,

Ps—qr =k,
Thus the - ordered basis {o, ag} for I gives rise to a proper representation
cof f by IX24-mXY - n¥2
- Buppose that {8, fa}->1X?+ mX Y +n¥2 This ig related to {a, ag
by By = tay +vas, f; = ua, - wa,, wheve ¢, &, v and w are rational integers
with fw—wuv == 1. As these two Dbases lead to the game form, we have

1 I ’ | ’ - .
E {(alal)xz-+ (ala':v Fayag) XY 4+ (agap) Yi}_
| 1 ’ . s i | ‘
= {(B1B) X2+ (Bufy + B B2) XY + (ﬁaﬁé) ¥}

1
= {{aray") (BX 4w X2+ (alaz . alaz)(t.X +uY) (0 X +w¥)

+(anaz)(”x+wy %,
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LE

is a proper automorph of the form IX*4mX¥ 4n¥2

Corresponding to (3.2) we have @ = '8, 47 fu, b = ¢ Bi-+5 B,
and (as indicated on previous page) this means that {5, Sz} gives rise
to the proper representation (p’, ¢, ¢',s) of f by lX2+mX17—| nY?2
Moreover, we have

@m =t (2= (5 T =t () ) (2 F)

and since {ay, a,} i a basis

=G )
7 8§ pwf \# ¢
that is &(p', ¢y 7', 8') = &(p, q, 7, 5).

Thus, exch ideal I satisfying (3.1) gives rise to proper representations
(p,q,7,8) of f by IX2+mXY +nY? defined by (3.2), where {ay, as}
is any a@-ordered bagis of T which leads to 1X*+mNY +nY?; moreover,
two representations arising in this way lie in the same clags. The mapping
@ given by o{I) = R(p, q,7,s) is thus a well-defined function from the
set of ideals T satisfying (3.1) to the set of classes of proper representations
of f by 1X24-mXY +n¥?2

The function ¢ ig surjective, for if {p,q,r,s)is any proper represen-
tation. of f by 1X24+mXY +n¥? then, letting I be defined as in Lemma
2.2, we have o(I) = #(p, ¢, ¥, 8).

Finally, we show that ¢ is injective. Suppose p(I) = qa(J ), where
I and J are ideals satisfying (8.1). Let I = [a;, a,] and J = [§,, ] give
rise by (3.2) to the proper representations {p,q,r, s) (p', 0,7 ,8),
regpectively, Ay o(I) = o(J), :

pay _{tu\(pq
r & v ow! \r 8
tu
v
nf ZXZJ— mEXY 0¥ Therefore we have

(@ B = (& e (3” q) (s a;)(t “)(f;",

that is *

for some aubomorph

' ql _ ’ ?r qf
v B ) = e sl _s,)
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and g0 "
tu
(s 8 = oz e[ )

That is, the lwo basges are related by & strictly unimodular frans-
formation, and therefore must be bases of the same ideaul.

4. Nomber of representations. We are now in & pomhou to prove
the main results of this paper.

TumoreM 4.1. The number of classes of propey representations of the
form aX?--bX Y +eT? of discriminant DR® by a vepresentative set of ine-
quivalent forms of discriminant D s equal o the number of classes of represen-
tations of & = GCD(a, b, ¢) by « ﬂr’epresmtmfwc set of inequivalent forms
of diseriminant 1.

Proof. By a fixed form X2+ mAY +a¥? of discriminant 1}, the
number of classes of proper representations of eX?4-0XY 4c¢Y? is, by
Lemma 3.1, equal to the number of ideals I satigfying (3.1). Letting 1.X* -
+mX Y 4-nY?® ran over & representative set of inmequivalent forms and
applying Lemma 2.3, we see that the number of clasges of proper represen-
tations of aX?4-bX Y +-c¥*® by a representative set of inequivalent forms
of digseriminant D is equal to the number of ideals I snch that I'|{a, h)
and ¥ (I) = |a]. By Lemmas 2.4 and 2.5, this ig equal to the mumber of
classes of representations of d by a representative set of inequivalent
forms of diseriminant D.

CorOLLARY 4.1, Let f( X, ¥) = aX?+bX YV - c¥? be aj'mm of discrim-
inant DE2, ond let & = GCD (&, b, ¢). The form f(X, ¥) is properly repre-
sentable by some forwm of dv,scwmmant D q,f and only if d is represerioble
by.a form of diseriminant .D.

Corornary 4.2. (Cf. [6], Theorem 2 Letf (X, = gX2bXY 4 c¥?
be a form of diseriminant Dk, with 1 < O The mmber of propey represenia-
tions of F(X, ¥) by a representative set of forms of discriminant D is equal
to r5{d), the number of representations of d = GOD(a, b, ¢) by & representa-
. tive set of ineguivelent forms of diseriminant D,

Proof. The result follows immediately from Theorem 4.1, since
each form of discriminant D hag precisely w, automorphs, where wy
denotes the number of unity in the ring of integers of Q(V D). Thus each
clags of proper representations of f by a given form (and also each class
of representations of & by a given form) has w, members.

Remark. The prececding results hold, with slight modifieations in
the proofs, for improper representations of f{X, ¥) by forms of diserim-
inant D). Therefore, a dounbling oceurs when all (that is hoth proper and
improper) representations of f(X, ¥) are counted.
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Added in proof. The authors have subsequently obtained. generalizations of
these resuits; see Duke Mathematical Journal 40 (1973), pp. 533-530.
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