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Note on sequences well-spaced and
well-distributed among congruence classes

by

8. L. G. Cuor (Vameouver, Canada)

Liet
(1) : By <2 thy < .

be an infinite sequence of positive integers with asympiotic density ()
8. Then it is said to be a well-spaced sequence if there exists a constand
' = (), depending only on 4, so that '

Sup(ﬂ,:_{,l —ari) < G.

izl

Suppose 0 < 9 < 1. Then the sequence (1) of asymptotic density

§ is said to be (n)-well-distributed among congruence classes if there exists
an absolute congtant K so that for all-m < En'~", we have

1—5%m‘1'£o(6nm"’1); a=0,..,m—1
a;=alm) ' )
a;<n

48 n—-00. _
Henceforth we shall refer to a sequence which is well-spaced and

- ()-well-distributed. among congruence classes as an z-seguence.

One question that naturally presents itself is whether the funection
f,{6), which denotes () inflimA,(n)»n~", where the inf iy taken over all
o —

n-sequences of with asymptotic density 4, tends to oo as d—0.

In this paper we ghall prove the following theorem which shows that
fi2(6) is bounded for all § > 0. It is an open question whether there exists
n < 4 50 that f,(4) remaing bounded for all § > 0.

THROREM. For every & > 0 there ewisis a (§)-sequence s of asympiotio
density & such that :

(2) lim A, (n) %" < (2 -+o0(1)} 6.

(1) The asympiotic density of a sequence <, if it exists, is delined. to be
lim A (n)n~T, where A (n) is the counting funetion of 7.
7}->00

(%) 4(n) denotes the munber of infiegers < » of the form a,+ a; where a;, aj« 7.
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Proof. Let a = (3" —1) and &/ counsist of the integers « so that

(3) Cge—[aa] < 5

Tt is clear that & is well-spaced.
From (3) it follows that if a;, a; belong to «/-then

(84 ;) 0 — (@ + a;) a] < 28

To show (2) it suffices to show that the nwmber of fractional parts
(@), (2a), ..., (na) falling into any interval (a, b) of (0, 1) is (b —a)n+o(n),
B > 00, In fact we shall establish this as well as that & is (§)-well-
distributed among congruence classes by showing that there exists an
absolute constant K = 0 so that for every m < Ea'® and 0 < 6 < m, the
discrepancy of the sequence of fractional parts

(4) ((tm+afa), 1==10,.... [(ln_a)m’lj

is o(nm™Y, as n—oo. :
A theorem of Brdos and Turdn ([1], p- 553; [2]) asserts that the dis-
crepancy of (4) is ' '

(3) <K1(nm )*1 w(k) )

Jc_~

where K, is an absolute constant, and

[(r—apm—1]

(6) ‘ . ?}U(k) _ i 2 eznilc(EM+a)a ,

It-is well-known that ()
(N lgall =
so. that (6) and (7) imply that

' (k) < 2 [ Tmall

-'-—1[22 i —1

1 4= 4o

Y 45 P mk.
- Using thig in (5} we see that the discrepancy of (4) is
‘ < Kp(nm ™t~ Lmau),

fmd this is o(%m‘l) if % is chosen su.fficlemly large in tering of Kz, and
K is chosen sufficiently small in terms of u.
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(*} |10} is the diﬂergn‘ce, taken positively, between § and the nearest infeger.
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