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Weak decidability of some modal extension
of trigonometry

by

H. Dishkant (Dniepropetrovsk)

Abstract. A modal extension MTy of the elementary trigonometry Ty is constructed
for which there is an algorithm R, remaking any closed formula 4 of T, into 0 or 1 so
that the following conditions are fulfilled:

it RA=0, then Fd44;
it RAd=1, then +4T4.
The new general notion of a weak decidability iy introduced and discussed.

It is known [1] the most mathematical theories are undecidable.
This is why we are often compelled to use in the applied science experi-
mental decigion methods for problems, which have mathematical formu-
lations. Instead of real experiments “quasi-experiments” are useful too.
They are approximate calenlations with help of computers. But in what
sense can an experiment resolve a mathematical problem? In the present
article wo are trying to investigate thiz question taking the trigonometry
a8 an example.

A rosult of experiment i o trath of fact, hence it is a modal truth [2].
A result of mathematices is a necessary truth, hence it is & modal truth also.
But theso two modalities are distinct: the first depends on the chosen
expeorim onial procedure, the second depends on the chosen class of mathe-
mati eal models. Avoiding the detailed logical analysis, we accept the
fact in o Jittle stronger than the mathematical necessity of the experi-
menlal possibility, 'We pass to the exact formulations.

Lot @ bo u theory in a standard formalization [1]. We suppose, all
the axioms and rules of inference of a classical first-order predieate logic
are in @. A modal extension MG of & can be obtained in the following
way. We enrich the alphabet of & with the symbol 4 (possible) and we
enrich 1the rules of formation with the following rule: If A is a formula,
then 44 is a fornnila too. Al last we enrich the list of axioms and rules
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of inference. The symbol I will mean the derivability in M@&. We intro-
duce a new sign V (necessary) by means of an abbreviative definition

for any formula A. .

DerINITIoN 1. We call & modal extension M@ of a theory & weakly
decidable if there is an algorithm R, which remakes any cloged formula 4
of @ into 0 or 1, such that

1) if RA==0, then FA44,
and
(2) if k44, then RA=0o0r F474.

Here RA is the result of the using of B to 4. R4 = 0 means intuitively:
it is an experimental fact, that 4.
Of course, any decidable modal extension is weakly decidable,

DewiNiTioN 2. We ecall a modal extension MG of G weally com-
plete if

k44 - or FATA4A

for any closed formula .A of @.

One can see, we obtain the definition of the weakly complete and
at the same time wealkly decidable modal extension if we replace in Defi-
nition 1 the condition (2) by:

(2% if RA=1, then FA714.
PrOPOSITION 1. Any axiomatizable and weally complete modalj;:
tension M@ of G is weakly decidable.

Indeed, we can generate all the derivable formulae of M@ and,
sooner or later, we obtain F44 or F414. This is just tho roquired,
decision procedure.

DErIvITIoN 3. We call a modal extension M@ of @& inwardly decidable
if there is a funetion I which maps the set of formulae of & into the set
of formulae of M@ and

(3) FId= A4),
(4) ‘ FAA=TAv4T14),
(8) : FIA  or FT1I4,

for any closed formula A of @.
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DEFINITION 4. We call 2 modal extension MG of @ imwardly com-
plete if
FAdAvAA .

for any cloged formula 4 of G.
One can see, if we replace in Definition 3 the condition (4) by

(4% H(7A =I4),

then we obtain the detinition of the inwardly complete and at the same
time inwardly decidable modal extension.

PrOPOSITION 2. Any inwardly decidable and inwardly complete modal
ewlonsion 48 weally complete.

Now take ag an example the trigonometry T,. In our example n is
a fixed integer, # 7 1. The alphabet of T contains four 3-ary predicate
symbols Py, where k==1, 2,3, 4, in addition to an infinite list of vari-
ables, brackets, comma and usual logical symbols &v 71VH. The inter-
pretation of the predicate symbols is:

Pyw,y,2) ‘means z=aty,

Pyx,y,2) means z=uay,
Pyw,y,2) means &= sin(wzy),
Pz, y,2) means 2= cos(zy).

In the following we shall uge the ordinary, mathematical symbolics
for abbreviation. The extralogical axioms of T, are these of elementary
algebra and the following trigonometrical axioms:

(6) Isin(@y)| <1,

(M [cos(zy)| <1,

(8) o] << 1= Ean Wy 7)oy —u] < 22 & = = sin (ay)) ,
(9) [¢] < L= Wy (T|my—u| < 22 & 2 = cos(ay)) ,
(10) lay] << Bnd= 2n|sin (oy)—loy)| < 1,

(11) | < Bt 2njoos (ay)— ty(ay)| < L.

There wo introduce the designations
m 241
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where m is the least integer for which

1 1
2\2m1 iy
B oy < 3m
It is evident, the trigonometry T, is axiomatizable, but nndecidable.
We obtain the modal extension MT, of T in the ngual way adding
the following axioms: .

O *B)OA x OB,
OWaAd=Wa A ,
OPi(w,y, 2)=Pw,y, 2) ,
APz, y, 2)
CsHuTvHwnle—u| < L& nly—v| < 1 &nle—w| < 1 & Py(u, v, w)),
| VPyw,y,2)=Pio,y,72).

Here » means & or v, W means V or &, Omeans d or Py 4= 1, 2,5 =3, 4,
A and B are formulae.

One can understand the meaning of onr modalities by taking into
account, that the elementary trigonometrical predicates P, and P, can
ocenr in any proposition either in the character of a “condition” (negative
ocenrences), when the weakening of the predicate leads to the strengthen-
ing of the proposition or in the character of a “consequence” (positive
occurences) when the result of the weakening of the predicates is the
opposite. Then 44 means A whose trigonometrical “consequences” are
to be fulfilled only approximately with the exactness 1/n. Analogously V.4
means that 4 will be true even if all the trigonometrical conditions are
folfilled no more than approximately.

Our modalities are 50 to say those of a physicist, wlo is manipulating
with devices, giving only approximate resnlts. Note, that we obtain
another trigonometry 7 and another modal extension MT) of it, taking
predicates sinu = z and cosu = z instead of sin(wy) == 2 and cos(zy) = 2.
In case of MT, our physicist has devices for meaguring phase u and
amplitude 2, but he has the devices for measuring frequency w®, time y
and amplitude 2 in cagse of MT,.

Though the trigonometries 77 and 7T, are equivalent, MT, and M Ty

are not. As we shall see, MT, is weakly decidable, but author knows
nothing about the weak decidability of MT%.

PRrOPOSITION 3. The modal exmtension MT, of trigonometry Ty is
inwardly complete and inwardly decidable.
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We define T4 to be the result of substitution of

(2nle—ty(2y)| < 1 & loy| < 5n)v(je| < 1 & |oy| > 5n2)

in 4 ingtead of all oceurences of Py(w,y,2), for j=38,4.
Investigating all the cases one can state the following implications

(12) Py(@,y, 2) =IPyw,y,2),
(13) IPy@,y,2) = APyw,y, 2) .

As an example we prove (13) when j=3 and |vy|> 52 In this
cago the antecedent of (13) 18 equivalent to |2 <1 and its succedent
is equivalent to ‘ '

(14) HoHp[Hulo(nlu—2|<1&np—y|<1&qp = w) &
' & njz—sin (gp)] < 1].
Let 7|gp—oy| < 22. We have the identity

qp = (¥ asigny)(y+ asigna) ,
where

a = §sign(@y) (—|ol— ly|+V (jo]+ [y])*+ 4(gp— ay)sign (oy)) -
So far as in our case nla| <1, we have
W W (nju— 2} < 1 & nlo—y| <1 & gp = o) .
This means that ingtead of (14) one may prove
W p (7)gp—my| < 22 & nle—sin(gp)| < 1),

but the last is ovident by the axiom (8).

Turning to the proof of (3) we note that I4 is obtained from 4 by
substitutions IPy(@, y,2) insgtead of all occurrences of Pyw,y,2) and
A4, s obtained fromn 4. by substitutions 4Py(w, ¥, #) instead of all positive
ocourrences of Py, y,2). Thus, by (12) and (13) all the “conditions”
of T4 wro woenker than the “conditions” of A4, and all the “consequences”
of TA are stronger fihan the “consequences” of AA4. This proves (3), the
proof of (4*) iy analogous, Sinee L4 is a sentence of the elementary algebra,
whieh iy a complete theory [3], we have (B). ’

COROTIARY. The modal emtension MT. of trigonometry is wealkly
complete and weakly decidable. - o

One may got many modal oxtensions of a theory replacing in it the
predicato ealeulus by the one of the pure logical modal systems.
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For this purpose one may take as an example one of the well known
modal systems, described in [4]: system M of Wright, system 84 of Lewis
or system Br of Brower. But any extension M@ of a theory @&, received
in this way, will have the following property: for any formmnla 4 of @

FAA it and only if A is derivable in &.

One can see, the weak decidability of MG coincides with the de-
cidability of @ for any such extension. Hence, such mndal extensions are
not interesting.
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Some remarks on set theory XI
by
P. Exdds and A. Hajnal (Budapest)

Abstract: et %, A be infinite cardinals, F CP(x), A¢gB for A+ BeF; 4] < =
for 4 «I'. We give a necessary and sufficient condmon (in ZFC) for the existence of
an B’ C I with |B) = «

le—JF|= 2.

§ L. Let %,A be infinite cardinals, FC P(x), |F| = ». Problems of
the following type were considered in quite a few papers.

(1) Under what conditions for F' does there exist F' C F, |F’| = » such
that |x— |JF'| =AY

(2) -Assume f is a one-to-one mapping with domain x and range ¥,
& ¢ f(&). Under what conditions for F does the set mapping f have
a free gubset of cardinality 1, i.e. a subset R C %, |R| = 4 such that
E¢f(n) for all &,7eR%

It was proved in [3] that (1) holds with » = A provided there is a cardinal =
with |4| < v << x for all 4 ¢ . In[4] it was proved that the same condition
also implies the stronger smtement (2) with A== #. It is obvious that if
we only assume

(3) | lAl<x for AeF

'we have to impoge further conditions on F to obtain results of type (1)
and (2).

The aim of this ghort note is to study the answer to (1) under the
following simple condition

(4) AgB forall A#BeF.

Here wo get a complete discussion without using G.C.H. and we give
the solution of Problem 73 ‘proposed in our paper [1] as well. -

'We meution that in a paper with A. M4té [2] we are going to study
the apgwer to (2) under condition (3) and under some additional and
more gophisticated conditions.
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