Proof of a conjecture of McKay
by
Krister Segerberg (Abo Akademi, Finland)

Abstract. We show how to construct for each finite intuitionistic tree model a finite
binary intuitionistic tree model equivalent to the first one if only disjunction free for-
mulag are considered. This confirms MeKay’s conjecture, viz., that the ICN -fragment
of Heyting’s propositional logic is determined by the class of finite binary trees.

Let T' be the class of intuitionistic Kripke structares (U, <) that

take the form of a finite tree, and let 7T, be the subclass of T whose
" members are the binary trees. It is well-known that the formilag valid
in T are exactly those that are intuitionistically valid (see [2]). Tt is also
known that there are formulas that are valid in 7, but not in. T' (see [1D.
C. G. McKay has conjectured (private communication) that as far as
ION -formnlas go exactly the same are valid in T and T,. (ION -formulas,
or disjunction free formmulas, are built from propositional letters nsing
at most implication, conjunction, and negation — disjunction is not
allowed.) In this note we shall prove the correctness of his conjecture:

TemorEM. HBvery ION -formula rejected by a finite tree model is also
rejected by some finite binary tree model. )

‘We shall describe a construction that transforms certain tree models
into binary tree models. Suppose W= (U, <, V) is a finite tree model
in which each node has at least two immediate descendants or none (3).
Suppose that U has p clements, and leb (uy, ..., %,_,> be an arbitrary
ennmeration of the elements of U, Welet W, = U and define (g, vy %, >
ag the standard ennmeration of Usy. Now suppose that Wy = {Un, <, Vad
and the standard evumeration (g, ..., %py,_q> 0f Uy have been defined.
If Uy is not o binary tree, then some element must have more than two
iramediate descendants; let # be the first one in the standard enumeration
of Wy that has, and let y, and y, be the first two elements in that sarme
onumeration that are immediate descendants of ». Pick any object 2 ¢ Us.
We define: ‘

Uppn =2, Uppyy=Twv -

(*) As usual, if <U, <) it a Kripke structure, then v is a descendant of u if » s ]
and w # o; if in addition for allw, 4 < w < » only if w = w or v = w, then vis an immediate
descendant of w. :
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For u € Uy, define
u<e ff wu<sooru=z,
e<u M wu=zory,<<uory <u.

For every propositional letter p, let

V.o (p) = Va(p) v {2}, i Yo, 41 € Val(p);
nitP Vulp) otherwise .

Then put Wpqy = (Upiay <, Vg, and define gy oy Uy s Upynd 88

the standard enumeration of U,,,.

Since U is finite this procedure will terminate after a finite number
of steps, say . (Actually, ¢ < p—3.) Note that U, will be a finite binary tree.

Lmvma. Suppose o is an ICN-formula ond @ e Uy, for some n > 0.
Then:

() If we U,_y, then Uy Eya if and only if W,_, ks .

() If @¢ Uy, then Wnkgza of and only if, for every immediate
descendant y of @ in U, Usy k) a.

Proof. It should be enough to give the following parts of the full
indnetive proof. Assnme that the lemma holds for n and two formulas g
and y. We will show that the lemma holds for # and the more complex
formnlas Ay and f—y.

The case of A. If weU, 5, then UskyfAy iff Uy ks f and
Wn Fzy iff, Dy the induction hypothesis, U, , kx f and U, _, ke y it
W, Bz BAY. : ‘

Assume ingtead that © ¢ U,_,. Then there are exactly two immediate
descendants of &, say y, and y;. If Uss kx BAy then by heredity Us, Fyo BAY
and Un Fy, fAy. If Un ey BAy then either Uy ey f or Uy s ¥y 80
by the induction hypothesis either U, wB 08 Ul B or Wy, v
or U [#,, y, and therefore either U [, fAy or Uy, ey B AV

The case of -» TFirgt aggume that

W Ey ,3"'5"}! .

I #¢U,_,, then note that for every descendant ¥ of @i Wn, Wk, B

only if U k, y, and that every descondant of o iu A,y 18 o degcendant

of # in Un; hence an application of the induction hypothesis yields

Uy Fs f—>p. I 3¢ U, _,, then observe that by heredity Uy bk, f~>y

for every descendant = of s, and a fortiori for the immedixte ones.,
Next assume that

U [ By .
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It follows that there is some descendant y of # in <U., such that

(1) Wn by By
(2) L
Casel.we U,_;. We assume, with no loss of generality, thaty e U,_,.

(For suppose that y ¢ U,_;. Then, by (2) and the induction hypothesis,
there would be some immediate descendant z of y in AU, such that
Uy [#, y. From (1) it follows by heredity that U, k, f. Moreover z <=z
and, since 25y, z€ U,_;.) From (1) and (2), by the induction hypo-
thesig, ‘
cu-’n—l }:y B, LLL’m——l [y y -

Hence

Uy Fa B>y .

Case IT. @ ¢ U,,_,. Let 4, and u, be the two immediate descendants
of @ in Wn. If & % y then let z be the element in {u,, u,} such that z< y.
By (1) and (2),

Uen Iy B>y -
Hence by heredity
cu.m |7+—ﬁ /3—)'1) .

‘On the other hand, if =y then (1) and (2) yield
Un Fz B,  Wnltay.

Hence by the induction hypothesis both “Upk,, f# and W F, B, and
either Um g,y Or “Wn %, y. Consequently either U l#,, f—>y oF
kcu-‘” |7é161 ﬁ_}y‘ L

CororLARY. For cvery x e U, and every ICN -formula a,

Wo kg o if and only if Uz a.

Proof. Follows by ¢ applications of condition (i), m

The eorollary establishes the theovem, for if U is & finite tree model
rojecling any formuly o and there are nodes of U each having exactly
one irmnmaediate descendant, then it is easy to embed U in a finite tree
model W* which also rejets e and in which each node has at least two
immediate doscondants or none. When our constrnction is applied to U*
a finito binary tree model results in which «, if ICN, will fail,

Finally, let us pinpoint the place where the above proof breaks down
if one were to allow formulas containing disjunction. The proof of the
lemma wonld then have to be supplemented with a “case of v”. The
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first half of that case would go through: if ¢ U,_;, then by the same
token as in the case of A, Wy ky Bvy iff Wy,_; ks fVy. The breakdown
comes in the latter half: if # ¢ U,_,, then, if y, and y, are the immediate
descendants of &, there is, in general, nothing to prevent that

Wn Ey, By Wnlty, By Walty v, Wnk,y,
whence
Wn Ey, BVY,  Un Fy, BVY
and
Uop, T BV
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A fine hierarchy of partition cardinals
by ‘
F. R. Drake (Seattle, Wash.)

Abstract. A modification is made to the definition of a partition cardinal; it is
ghown that this modified definition gives a finer hierarchy than that used, e.g., in Silver’s
thesis. Some propertios are proved and an application to the construetible universe
is given.

1. Introduction. Most of the definitions in use for large cardinals are
properties which single ont certain cardinals, which from the point of
view of all cardinals are few and far between. This in the case, for example,
with weakly or strongly compact cardinals, measurable cardinals, or the
varions sorts of indescribable cardinals — for all of these, if it seems
natural to assume the existence of any of them, it wonld seem almost
equally natural (but at the same time a definite extension) to assnme
the existence of many of them — perhaps even a proper class of them.

The partition cardinals introduced by Erdos and exploited by Row-
b ottom, Silver and others, stanid out from the other large cardinals in
thig respect. The sardinal x(a), for limit ordinal «, is defined as the least
cardinal » such that x—(a);® (the notation is explained in section 2),
and for any »' > x(a), »'—>(a)7* also holds. It is the purpose of this note
to show how the definition of »(a) can be modified to yield a notion of
“g-partition cardinal” which is more analogous to the other large cardinal
definitions in that it is a definite extension to assume that there are many
sneh cardinals, and it is relatively consistent to assume that there is
only one (or indeed any fixed ordinal number of them). Of course, the
usual definition givey the hierarchy {»(a)| o a limit ordinal}; our hierarchy
will be a refinemont of thig one. An application to the constructible uni-
verse is given,

An carlior parallel is provided by measurable cardinals: at first the
question was asked, whether there could be a countably additive, 2-valued
meagure defined on all subsets of a set, and a cardinal was called measur-
able if it admitted such a measure, Today we would say that this defi-
nition applies to all cardinals = the first measurable cardinal, and we
sall a cardinal » measnrable only if it earries a »-additive measure. Our
procedure i suggested by this change.
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