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On expansions of g-models

by
J. Bily and L. Bukovsky (Kogice)

Abstract. We prove the following generalization of a theorem by P. Zbierski: a minimal
B-model of the second order arithmetic (with the awiom of choice) cannmot be expanded
to a model of the third order arithmetic (without the axiom of choice). In the proof,
a generic extension of the S-model is used.

P. Zbierski [5] has shown that & minimal §-model of the second
order arithmetic (with the axiom of choice) eannot be expanded to
a model of third order arithmetic (with the axiom of choice). In this note,
we show that the main obstruction, which does not allow to expand such
a model, is the comprehension scheme. Main tool, we shall use for the
proof, is a generic extension, which ‘is closely related to a construction
given by A. Mostowski [2]. Before proving the main result of this note
we shall briefly discuss the notion of a generic extension in the “semiset”
style, as it is dome for the set theory by P. Vopénka and P. Hajek [4].

§ 1. Several systems of higher order arithmetics. The language C» (1> 2)
consists of n sorts of variables o, Yy, 215 Uyy -5 Loy Yoy 22y Uny «ee5 Ty Yny
Zn, Uny ..., two binary predicates = (equality), ¢ (membership relation),
two operations over the first sort -, - and two constants 0,1 of the
first sort. The basis system BS, of the nth order arithmetic contains the
Peano’s axioms (for the first sort), the extensionality axioms

(V) (@6 @y = B38Yi4) = Bppn = Yagry 0= 152 01y
and the axioms (¢,j << m, ¢ % j4+1):

Twiedi,
(compare [3]). ‘

For every j, % < m. we can define the pairing fanetion I (®;, ¥x)
=2, I = max{j, k} (more precisely: we can find a.formula which defines
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the pairing function) in the usual way:
11,1(“'1: ) =2 a8 2™ (2y41)=#+1,

La(@, ¥l =2 a8 {Vyl)(ylazﬁ = (Hzl)(zley2 &y, = I ,(«,, zl))) ,
etc.
The operation {x;} is defined by the formula

(Vy)neloy =n=m).

¥ I, k<n, h=max{l,k}, we denote by Imy,(e;,;)=1y, the
formula :

(Vyk—l)(yk—lsyk = (ﬁ‘”z~1)(wz—13ml & Iy (@1 ’.’/7a—-1)azh)) .

(Tmy (2, 2;) is the image of x; by the binary relation z);

Thus, e.g. Tm,,(2,, {#,}) is 28 in the nsual notation (compare [2], [3]).

An 1, k-formula (7, & < ») is a formula which contains only variables
of the sorts less than I+4-1 and every bounded variable is of the sort j < k.
We. shall need the following axioms:

Comp,; (scheme of 1, %-comprehension): if ¢ is an 1, k-formula,
i<, j<m, z;,, does not oceur in ¢, then the following formula is an

axiom
((E[w,-H)(sz)(z?-amj_,_l = p).

AG,;, (scheme of I, k-choice, & =2, 1< n, k< n): for any formula
@, h=max {41, %}, the following formula is an axiom

(V) (Ty ) (2 Yy o) (H2p) (sz)‘P(WZy Tmy 5 (2, {22, )

Let Bords(2;), 1L < j < n denote the formula saying that “@; is a well-

ordering relation” (Bord, is defined in [3], p. 85). We denote by ; the
formula .

(Ha;44) (Bordi+1(w7'+1) & (Va,) (.E[?/y‘)(I{,j(mf) Y5)ew; VI (Y, mi)am:{—l—l)) .

Thus, W; says that “the jth universe ecan be well ordered” (9 < nt).
The system A, introduced by Zbierski [5] is equiva.lent to BS,+
-+ Comp,, ,+AC,_,,. A, will denote the system BS,, +Comp,,, -
Let us remark some connections hetween the axiomsg of 1(;’Ivlboice:

@) A P W—AC, (tk<mn),
2) 47 FAG Wy, (I<mn),
(3) A7 "Acz—z,z""ACk,z—l (I, k< m).

(1) is evident (nsing Com; implication i
) 7 Dy,n). The implication in (2) can be proved
in the same way as the Zermelo theorem in the set theory (the proof
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given in Boarbaki [1], TII. 2.3, may be literally translated for A7) (8)
follows from (1) and (2).

We shall consider only o-models of BS, (or other systems). Thus,
it M= <Uyyey Uny=,¢ +,-,0,1) is a model of BS,, then U, is
the set of natural numbers ¥, U, CP(N) (P(z) is the power set of z),
U, CP(Ty), e, “€” is the real membership relation and =, +,-,0,1
pave the usual arithmetical meaning.

A set X C U, is definable in 91, if there is o formula ¢ and parameters
ty€ Upy ey @t € Un such that X = {a; MEg(a, ay, ..., o)}

We denote by Defy, the set of all definable subsets of U,.

It is well known (proof by induction) that

(4 i M=<(Uy,..,Un> 8 a model of A7, then the expansion
M* = Uy, ooy Uy, Defyy> is 2 model of BS, ,,+Comp,,,,.

If M= <Uy, ..., Un) is an w-model of BY,, then a function f: U;x
x Up—U; corresponds to the “function” I,,1= max{j,k}. We shall
denote this functior f by the same letter I, ;. Similarly for Im;,. More-
over, the function Im;, may be defined also for XC U, ;, X ¢ U; as

Tmy (¥, X)={Z e Uy_y; Lj_13+(T,%)eY for some T'eX}.

§ 2. Generic extensions. Generic extensions of the higher order arithme-
tics have been studied by several authors. Our aim is to present this
extensions in the “semiset” style, which seems to us more natural and
simple. We shall investigate a special case, which is needed for the generali-
zation of Zbierski theorem. A general investigation will be published
eventually elsewhere.

Let M = (U, ..., Un) be an w-model of BS,. We say that XCU
is M-dependent on ¥ C U, (Depy(X,Y)) it there exists & seb Z € Uppay
1= max{i, j}, such that X = Im,, .. (Z,Y), ie.

X = {a ¢ Uy; there exists a be Y such that I, (b, a)eZ}.

A set XC U, is said to be an M-support iff there exist a formula y
and elements a, € Uy, ..., @s ¢ Uy such that for every 1=1,..,n the
following holds true:

(8) if ¥ =Tmy, (%, X), TCU; then Up— ¥ = IMyyypyy (2, X),
where Z' = {a; MEp(a, Z, ayy ey Ca)}e

An 9-support X C U; is said to be closed iff for every Y e Uy,
Im,,, (Y, X) e U;. Thus, roughly speaking, if X does not produce new
sets of the type <.
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L_I\;
(5]

If X C U; is an M-support, one can construct the generic extension
M[X]. However, the construction is generally rather complicated. We
shall investigate a special case only: i=n—1 and X is closed. In this
case, the generic extension M[X]= (U [X], ..., Ua[X]> is defined ag
follows:

a) UfX]= TU; for i< m,

b) Uu[X]={¥ CU,_,; there exists a Z e U, such that

Y =1Im,,(Z,X)}.
Now, we can formulate a result necessary for our investigation:

(6)  Let Bt be an w-model of A Let X C U,_, be a closed IN-support.
Then M[X] is an w-model of A .

It is easy to see that IN[X] is a model of the basic system BS,. We
show that the comprehension scheme Comp,,, holds true in IN[XT.

We shall say that a set Z « U; codes the set ¥ € U,[X], written Z = 7
iff either j<n and Z=7Y or j=n and ¥ =Im,,(Z, X).

Let 9, a;y ..., 8, be those of the definition of an 9N-suppors. For
every formula ¢(a, 4, B, ...) we construct a formula

@(a, ayy ooy @ny A, B, ...)
such that
(M & Y={aelU, [X]; MX]Fp(a, 4,B,..)}
then {a¢ U;_,; MEg(a,ay, ..., tn, 4, B, ...)} codes Y.

The construction of ¢ is given by the induction:
(i) ¢ is an atomic formula, i.e. ¢ is acw;, = 2; or wea. We set:

aewy is aew;,

a=z; isa=m for i< n—1,

f‘:m is (Hy,_,) (“ = In—»l,n-1<:’/n—13 mn~1)) ’

TicQ is mea  for i<n—3,

W is (Hez,_;) (Hf’/n—l)(a =Ty s @y Ypy) & wn-—z“;('/n—x) .
(1) prves 18 Ve,

(iil) (Sar)p is (Han)g,

(iv) Tlgis Tigforj < u (ie. if a is a variable of & sort less than n—1).
Finally,
W@, 4, B, ) i
Va (VoMo = 50y, 4, B, ) osp(t_s, 00, 4, oy 0]
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Now, one can eagily show that (6) holds true. Since M is a model
of Comp,, We have :

{ae Uy SmFE(“:%---,amZyEpu)}sUj for A4,B,.<U;.
Since this set codes ¥, we have Y. U, X].

§ 3. Generalization of Zbierski theorem. The promised result is
expressed by the

THEOREM. If Eiﬁ_is a minimal B-model of Ay, then there emists no U
C P(Uy) such that M= <TUy, ..., Un, U> is a model of o

Proof of the theorem is by reductio ad absurdum. Agsume, that
there exists a set U C P (Uy) such that M = <Uy, ..., Uy, T is a model
of Ay . ’

Evidently Mk W,_; (by (2)). _

Let Cond C U, be set of those non-empty elements of Uy, which
code & well ordering (in a natural way) of a subset of U, (for n = 2, the
exact definition is given by A. Mostowski [2], p. 225). Cond is ordered
by the relation “x < y” which says that “the well ordering # is an initial
segment of the well ordering ”. Since Cond and << are Mt-definable, we
have Cond, << ¢ U. Let X C Cond be an Eﬁi-generic set (for » = 2, the
exact definition. is given by A. Mostowski [2], p. 227). Then we have

1) X is an IN-support,

2) X is closed,

3) MLX]E Wa.

For n = 2, the assertions 2) and 3) have been proved in [2]. We
shall not repeat the proofs for = > 2.

‘We show 1). If we set Oy 14 O be < then the formulap(a, Z, @y, ..., t,44)
from the definition of an IR-support reads as follows:

(BLa) (BLyn) (@ == L (05 Y) & (Vo) (Ly (o, 90) € Z

— 1 () (m > 2n & Un > wn))) .

I ¥=Tm,,,,.(%, X), then for every be Uy the set
A= {85 Lpn(a, b) € 2V (V) (Lo, b) € Z = 71(Eyo) (4 > 3, & 9 > a))}

is dense. Therefore A ~ X # . Hence, there exists an qu such that
aeX. Now, either I, ,(a,d) ¢ Z and beIm, (7, X), or

M = 0Ly (@ B), Z, Gnia)
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beUp—Imy i n(Z, X)= Im, . p4q(Z°y X)
where
Z' = {c; MEylo, Z, Opis)} -

P, Zbierski [5] uses a form of downward Skolem-Lévenheim theorem
for 4,,,. It is easy to see that the same results hglds true for the system
BS, 1+ Comp, 1 1+ W, The strong comI_Jrehensmn scheme Qompn L
is needed for “the definition of truth”. Using W, one can define Skolem
functions and prove (for notation see Zbierski [5] p. B6L):

(8) Bsﬂ+1+ Compn+1,n+1 +Wn k— (V Y)
(Y isamodelof dp—(Ha)(a e ¥ & a<Y)).

Now, the result follows directly: applying the Skolem-Livenheim
theorem (8) in M[X] we obtain a b € Uy, b < Un. Thus b codes a f-model —
s contradiction with the minimality of It

Remark. By (4), M* = (Uy, ..., Un, Defyp> is a model of BY, +
-+ Comp, 11+ W,y The generic extension

MAX] = {Ty, vey Un, Delg XD

is a model of BS,,,+Comp,,,,+W,. Thus, we may conclude, that
the Skolem-Lovenheim theorem (8) is not provable in BS, ., +W,+
+ Comp,,,,. By further analysis, we may conclude that “the truth
cannot be defined” in this system.
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HeKoropre IIPOCTHIC CIEACTBHA AKCHOMEI
KOHCTPYKTHBHOCTH

C. P. Koranosckmii (Mpanomo)

Abstract. Addison’s lemma on 4; well orderability of P (w) is generalized (in
the supposition V = L) to any infinite structures (Theorem 2.10) that gives a possibility
of transferring a lot of well-known results referring to the standard model of ari-
themetics to any infinite structures. In the article there are considered some
“direct” applications of Theorem 2.10. So A. Tarsky’s question on definability of
the definability notion is settled for any infinite structure. There iz found a re-
lation between semantic completeness and cathegoricity for sentences of the 2nd
higher orders. There is proved isomorphism of denumerable elementary structures
of the finite signature satisfying the same sentences of the class V1.

B sroit cTaThe paccMOTpeHMA NpoBoAsrcs B pamkax ZF -V = L.

Tlopamxom cTPYwTYpel & mpl Hasersaem opmuman OdS = min{0d’G":
€'~ G}, a nopagxoM orHOmweHuA ¢F (muma T) B G — oppuEan 0dS(a”), roe
&(a") — crpyxrypa, obpasoBammas n3 & HoGaBIeHHEM & K MHOXKECTBY OIpe-
NenIomuX orHOIeHnH . MbI moKasbiBaeM, Wro It BCSKOM GecKoHewHOH 3ne-
MenTapHOM CIpYKTYph & ¥ BeAKoro tHna 7 == (0,... 0) ormomemue 0d & (&%) <
<04 & (V) onpememamo B G xax Qopmymnoit us V;, Tax m Gopmymol us A}.
10T pesynsrar 0GOCIIACTCA HA CNydYail NPOMSBONBHEIX GECKOHEUHBIX CIPYKTYD
1 TPOH3BONBHEIX THIOB 7 (Teopema 2.10), uro cosgaeT BO3MOIXKHOCTH IlepeHe-
CeHMA Ha TIPOMSBOJILHLIE GECKOMEUNbIe CTPYKTYPBI M3BECTHBIX Pe3yJibTaToOR, OTHO-
CAIUXCA K CTAHJAPTHON MOMEeNM: ApH(bMETHKH, B YaCTHOCTH, PESyJBTaroB Afl-
AucoHa [1], CBSSAMHBIX CO CBOHCTBAMK IPOEKIHBHBIX HEPapXuif, Pe3yIETATOB,
CBASAHHBIX ¢ Bompocom Tapcxoro [11] of ompememamMocTH MOHATHA OHpene~
JEMOCTH, ¥ T. . B crarse pacCMOTPEHBI JHIIB HEKOTOPHIE U3 ,HENOCPEACTBEH-
HBIX“ TEOPETHKO MOJENBHLIX MPHIIOKEHA TeopeMsl 2.10, HMEHHO-CIENYIOLEE.

1. Tlomesysice Tem, wro orHomeHue kpasmmopamxa OdG(a%) < 0dGS(b7)
B GecroHeuno# cTpyKType & MEIyNWPYET OTHONIEHWE BIONHE YHOPATOUEHWS Ha
muoxectse In (G) ormomemult Tuna 7, WHBAPHAHTHBIX OTHOCHTETIRHO ABTOMOD-
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