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A normal form for some semigroups generated.
‘ by idempotents
by
Hartmut Hoft (Ypsilanti; Mich.)

Abstract, Finite semigroups generated by closure operators on classes of universal
algebras are considered. A normal form representation for the elements of these semi-
groups which are positively ordered, is derived. In addition, an upper bound for the
length of the words in these semigroups is computed.

Semigroups of operators on classes of universal algebras have been
studied by various authors [G1, G2, H2, N, P]. Most of the attention has
been given the finite semigroups of operators which arise in theories of
equational classes of partial or full algebras. One very useful sufficient
criterion for the finiteness of such semigroups was proved by E. Nelson
(see Theorem 1 below) in [N]. In connection with a theory of equations
for partial algebras (see [H1]), the author studied the semigroup of
operators which determine the model classes in this theory [H2, Propo-
sition 5 ff.]. Because of the size of that semigroup it seemed desirable
to have & computer program that would calculate the elements of the
gemigroup. In this note we want to prove a normal form representation
for the elements of finite semigroups of operators. With this normal form
it will be easy to write a computer program.

A triple (H,-,<) consisting of a semigroup (H, -) and a partial
order on the set H will be called a positively ordered semigroup if, for all
a,b,e,deH:

1) a<band c<d  imply ae<b-d,
(2) . a-b=b and adb=a.

TeroreM 1 (B. Nelson). If (H, -, <) is a positively ordered semi-
group generated by n idempotent elements @, ..., Tn, 0 €N, such that ;o
< wywy, for all L<i<j<m, then H is finite.

Tn the following, (*) stands for the hypothesis of Theorem 1, and,
for any set K C H, [K] shall denote the subsemigroup of H generated
by K. The next two Lemmas list some simple, but useful properties of
positively ordered semigroups.
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Lemua 1. Let (H, -, <) be a positively ordered semigroup generated
by a (not necessarily finite) set M.

(a) If h is & minimal element of (H, <), then he M.

(0) If ke H is idempotent, then {z| © < h} is a positively ordered syb-
semigroup of H. '

(e) If the set of mawimal elements in (H, <) is non-empty, then H has
a largest element which is the zero of (H, -).

(4) If (H, -, <) satisfies (*), then

oh, if helw,..,o],

W, if  helm, .. ], 17 WI<i<n.

&g hw,; = {
Levwa 2. Let (H, -, <) be a positively ordered semigroup generated

by n idempotent elements , ..., w,. Then the following statements are
equivalent:

) oy < wawg, for all l<i<j<n,
(i) Wiy = {%m;, ’f 1<?:<]_ <n,
g, if l<j<i<mn.

In order to obtain a short formulation for the normal form of ele-
ments of H, we need to introduce the following auxiliary numbers. Suppose
that h « H hag the representation h = @4, .~ Tiyy, Where all o, 1< j <k
g,re'elements of a generating set M of H. Assume further th;t, for somé
indices 1<a<p <k, @, = @,. Then we define "m(a, §):= min{i|
a<y<p} and M(a,p) = maxfi,| a<y<p) - ’

THEOREM 2. Let (H,. - , <) satisfy (*). Then every h e H has the following
representation:

(POB L)  h=wmy, .., @y, keN, k>1; By €{@yy eny Wn}y, for all 1<j<k.

(POS2) If &, =iy, for some l<a<f<k then B=a+3 and
m(a, f) <4, < M{a, B).

Proof. Obviously, (POS 1) holds since (H, -) is a semigroup gener-
ated by {2, ..., z.}; and since the generating elements are idempotent,
Wwe must have § > a1 in (POS 2). Let now f = a-2, then the subword
@i, @iy, t@, of b can be shortened by Lemma 2. Therefore, §> a3
must hold. Finally, assume i, < m(a, f) —or, dually, M(a, ) <i,—
the].l we may apply Lemma 1(d) to the subword b’ = Bp e D,y :md
:Jga.;br,x the subword @i, B’ @i, can be shortened to m -7:'“—— or, ﬂaluzu]ly,
0 -mtﬁ. *

In thg following, for any %< H, b* shall denote a represéntation of
e]ement.h in the form (POS 1)- (POS 2); we also will refer to h* ag a reduct
of h. With Theorem 2 tve can improve on the upper bound of the length
of reducts of elements in H given by B. Nelson in [N] ag 2r—1, if E is
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generated by n elements. Suppose (H,-, <) satisfies (). Consider the

subsemigroup K := [, ..., #1,] of H generated by k different generating

elements of H. Let L(k) be the maximal length of any reduct of a2 word he K.

TurOREM 3. Let (H, -, <) satisfy (*).

(1)  If heH, then o, and o, occur at most once in a reduct h* of .

(2) L(k) < a(k), for all k < n, where a(k) is given by the recursion:
all)=1, a(2)=2, a(3) =4, a(4)=6,
a(k)=2-a(k—2)+a(k—4)+2, for k>4.

Proof. The first part follows from (POS 2). In order to prove the
inequality for L(k), let % e[y, ..., 2] C H. Without loss of generality,
its reduct 2* may be written as b* = h,- @, hy - by, where by, fori=1,2, 3,
may be empty and ki e [@,, ..., @;_,] arve reducts. Thevefore, ‘z;_, occurs
in hy or h, at most once, but not in both, and similarly, =, oceurs in 5,
or hy at most once, but not in both. We get then the following two possi-
bilities: (i) two of the words h; contain at most #—3 and the third ab
most k—2 generators, or {ii) two of the words h; contain at most k—2
and the third at most k— 4 generators. These possibilities, considered as
maximum values for the length of a reduct, yield the following recursion
formulas: for the number in (i): b(k)= b(k—2)+-2-b(k—3)-+2 with
b(1)=1, b(2)=2, and b(3)=4; and for the numbers in (ii): a(k)
=2-a(k—2)+a(k—4)+2 with a(l)=1, a(2)=2, a(3)=4, a(4)=6.
By induction on n, one first shows that a(k)—a(k—1) > a(k—1)—a(k—2),
and with this inequality that a(n) = b(n), for all n. Naturally, the initial
values of a(k) = b(k) = L(k), k < 4, are calculated directly.

Theorem 2 states the existence, but not the uniqueness of the re- .
presentation (POS 1)-(POS 2). Obviously, uniqueness can be realized
only in a “free” object. Therefore, we shall pass from positively ordered
semigroups to semigroups (without order) satisfying the relations of
Lemma 2. Specifically, let H*(n), n e N, be the semigroup described by
the presentation

{Byy ooey Tn| B = 04y 1< <0G @ultyy = B3ty = B30y, 1<I<J<m).

Then one verifies Lemma 1(d) for the semigroup H*(n). Consequently,
Theorem 2 is true for H*(n).

THEOREM 4. Bvery element h e H*(n) has a unique representation of
the form (POS 1)-(POS 2).

Proof. By the preceding remarks, every element of H*(n) admits
a representation of the form (POS 1)-(POS 2). Suppose now that @+ ...y,
= @y, " ... '@y, k< m, are two such representations of element % e H*(n).
Let @, ... m, 0 <a<Fk be the largest common initial part of both
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words; i.e. in particular, @, and @j,,, are different generators. Now put
B o=@, Bub B8 & left divisor of @,- ... @y, 80 that it also is
a left diViSOT Of @y« oo @y, = &4, e Bty By, oo @y, Since the defining
relations of H*n) only “reshuffle”, but do not eliminate generators,
oy, a8 well as @, have to occur in both representations. Therefore,
the two representations of % have to be of the form:

2 A -w.;a~w;u+1- '$]a+1~ vt Wy, = w¢1' ~a7;a-mja+1‘ 'w¢n+1' -wfm .
Hence, there is a shortest finite chain hy, ..., kp, » >0, of words such
that hy= a1, ... -0, and hp = ay,- ... wy, and such that h; and hyy,, for
0 < i< p, differ by one application of the identities in the presentation
of H*n) —i.e. they are different representations of h. This chain then
hag to contain the subsequence

o B Wy e T e By B By e = e Wy By e

Consequently, j,4; = .41, Which contradicts our choice of the two gener-
abors ay,, # @j,,. This argument shows

@i * oen

1

Again, because of the form of the defining relations for H*(n), we have
{Gpg1s ooy Jm} C {izy <y @&}, 80 that ay ...y, is not reduced if m >Fk.
Therefore, both representations have to be identical.

-w4k= a:,l- ...'wik-wjkﬂ- 'mjm .
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A remark on a paper of H. Hoft

by
A. Iwanik (Wroctaw)

Abstract. In this note we obtain the least upper bound of the length of words in
the class of semigroups generated by n idempotents , ..., 2. and satisfying mayz
= myay = aymyy for 1< 1< j < n. These semigroups were examined in [1].

In [1] there is examined a length of reduced words in & semigroup H

generated by n idempotents @, ..., s, such that every ke H has the
following representation: '

(POS1)  h=aou- @y, k> 15 @ e {@y, oy on} Tor all L<j<F,
(POS 2) if @, =y, for some 1<ae<f<k then f>a+t3 and
min{i,; a <y <pi<i,<max{i; a<y<f}

and an upper bound a(n) o the length is found. In this note we obtain
the least upper bound L*(n) of the length of reduced words in the class
of semigroups generated by = idempotents @, ..,z and satisfying
(POS 1)-(POS 2). We shall obstve that IL*n) < a(n) for n > 5.

Tt follows from Theorem 4 of [1] that L*(n) is equal to the maximal
length of reduced words in H*(n), where H"(n) is the semigroup described
by the presentation <K@y, .., @n] Biwi= i, 1 <Ny Dl = LHeds
= wymzs, 1 <i<j<ny. We shall show that

L*n) =,

where the sequence 1, is defined by 4, =1, ;=2 and ln =24, »+2
for n>2, i.e. An= ca2"%—2, where g, =2 or 3 according as n is even
or odd. )

First we show by induction that in H*(n) there is an element with
a reduced word of the length 1,. For n=1,2 it is trivial. Let an element
a ¢ H*n—2) has the reduced word of the length 4,.,, n>2. ‘Without
any loss of generality we can assume thatb HY n—2) = [®a) vy Bpgl-
Observe, that aw,wna ¢ H¥(n) has the reduced word of the length 2y o
+2 = Ay. Therefore, 1 < I*n). The equality for #=1,2 is trivial.

Now, let n >2 and b e H*(n). Observe, that » occurs ab most once
in the reduced representation of b. Moreover, if 2 oceurs at most m
times, then ,_, occurs at most m,_, = Mn+...+mp+1 times. There-
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