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Then there exists a character p on O ({®y, ..., @,}) such that
p(wg) =4, te{l,...,m}.

The assertion follows from the preceding theorem by Corollary 7
and Theorem 4.

Remark. The preceding corollary containg the following theorem
of Arwerson [1]: If ae B(H) and Ae 0W(x) nSp(x) then there oxigts
a character p on 0" ({#}) such that p(x) = 1. The proof follows from the
fact that W(z) = V(z) ([2], Theorem 3; [7], Theorem 11).
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Normally subregular systems in normed algebras

by
BELA BOLLOBAS (Cambridge, England)

Abstract. The main aim of this note is to give a nogative answer to a guestion
about ideals of normed algebras, raised by Arens [3].
Let A be a commutative coniplex unital normed algebra. {ai}{v < A is called
a normally subregular system if there is a commutative algebra B = A containing
N

elements {bi}ll" of norm at most 1 such that 3’ a;b; == 1. Wo show that for ¥ > 2 normal
1

subregularity is mof characterized by the condition
N
it 3 llagall: wed, ol = 1}> 1.
1

The algebras considered in this paper are commutative complex
unital normed algebras though our results also hold for real omes. If A
is a subalgebra of B(A < B), we call B an isomelric extension, shortly
emtension, of A. An clement aed is a topological divisor of wero if inf{[lax||:
@ed, || =1} = 0. A wellknown result of Shilov [5] states that aeA
has an inverse of norm at most 1 in some extension of 4 if and only if
int{laz||: wed, |@|| = 1} > L. The problem of adjoining inverses of a set
of elements was investigated by Arens in [1] and [2]. In [4] I proved
that one can always adjoin the inverses of countably many eclements
which are not topological divisors of zero but this is not necessarily true
for uncountably many elements. .

A seb {4y, ..., ay} = A is called a regular system it there exist byyoos

N

vovy byged such that M a;b; = L If the clements b; can be chosen to have
1

norm at most L then {ay, ..., ay) is normally regular. Finalty, {ay, ..., A
is subregulur and. normally subregular, vespectively, if A has an isometric
extension B for which thoe appropriate b's can be chosen. These eoncepts
wero introduced Dby Avens [3], mainly in order to pose the following
problem. Is normal subregularity characterized by the (obviously TNECessary)
condition

N
(1) i.m‘;;‘ lawl: med, fof = 1} 12
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The aim of this paper is to show that fhis is not so.

More precisely, we shall also show that the following strengthening
of condition (1) is still imsufficient to ensure that {a,, as} is normally
subregular:

max {|a, (], |]a2w|]J > |jl]  for all zed.

The subregular systems are closely connected to non-removable
ideals, which were investigated by Areus [2], [3] and Zelazko [6]. An
ideal I = A is a non-removable ideal if for every extension B of A (1) # B,
where (1) is the ideal generated by I in B.

I am grateful to Professor B. B. Johnson of Newcastle and 1’10f essor
W. Zelazko of Warsaw for drawing my attention to the problem discussed
in this note.

TurortM. There is o commuiative wunilal Banach algebra A which
contains two elements, @, and ag, Such that

(1) max{|layxl, ez} =l for all zeA,

(i) there is mo extension B of A which contains clements by, by for
which

Ay by axby = 1
and
B4l 1]l = 1.
Proof. Denote by 8 the set consisting of the following clements:
1,q, alal, 4,7=0,1,..., i+ix=1,
GoO1—q1y,  Qo¥2—Gqsy  Gilhyy,  Galy,
gGolal, 4 =0,1,2, j,k=0,1,..., j+Ek>2.
Put '
=l =1, lafadll = 100+,
lgsanll = llgaasll = [lgoe —gall == 1,  Jgothy — gy ==
llgsaf afl| = 109%,

Let L; be the Banach space with basis 8, consisting of the formal

sums
7 -
o= 38 DAl <o, Ae,
. seS sed
with norm

Il = 37 11 ls)-

ge8
Let L, be the Banach space with basis {g,, ¢,} and norm

IAgo+paill = max{1014], 5|ul}, A, peC,
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and let Iy be the Banach space with basis {@;¢s, 05q,} and with maximal
norm under which .
flaygall = ligagall =

lloty g+ @agl| = 1.
Put L = L+ Ly+Ls, where
ol = fi(1 2y @l == [foall 4 leeall -+~ Nl
Tn I wo shall use the notations (ges—¢;) +81 = Gots (Guta— ¢s) + Q.

= ola- L
Bquipped with the formal commatative multiplication (for example

(Qotty, — Q1) Wty == Qo0 G — 10 ), together awith the relations
49 =0, 4,j=0,1,2,

I is easily seen to be a commutative complex unital Banach algebra,

which we denote by 4.
We claim that A and a,, @A satisty the requivements of the theorem.

Tt us show first that (i) is satisfied, Le. for any

n
(2) == 2 A8y wyt-tog, 3¢ 8, wpelay wye Ly,
T

we have
(3) max {|ja;all, | azai} 2 lell.

The definition of the norm implies that, in proving (3), we can sup-
pose without loss of generality that the following elements do not occur

among the s;'s:
] ; 3 It ol
1, daj, i+i=1, Gty Qb G0, k412
Then we have

@ ol = || X At ra(guts — )+ Aa(0te =g+ At G + 25020
. 0

2 max {1041, [BA 1} -+ Aal -5 1] -1 1Agl - 101251 4- 10 Ag|
Furthermore
(8) l“ﬂ“‘” = [1Ap Qo oyt (Ag = Ag) €10y Ay = Ag) Gathy -
4 Ay Qo0 -4 Ay Qo @ e~ A5 Qo 3 - Ao G Gy dholl

[
= 10 gl -+ 1y — gl 10 1A — A+ 100 D] 1A
. 3

6
2 10{4g] + [Ag 10 |Ag] -+ 90 MJI?


GUEST


266 B. Bollohés

and similarly,

6
(6) lg] = 2 Aol +10 A1) + 2] +90 D 4.
' ' 3

The required inequality clearly follows from inequalities (4)-(6).
Suppose now that there exist B > A and by, bye B such that a,d, +
Fagby =1, [b]l; [Bol < 1. Then

10 = [lgoll = |lgo+ (g0 + @1D1 +2Ds) (81 by + @25 — 1)}
< b1(gs — 2002)]| + 102(g2 — Lo @)l -+
F [[D1 Do { s 02 A G2 @)l + 1B g1 0]l - 1105 a |
<B+1+14+14+1 =9,

and this contradietion proves that {4, a,, ¢} has property (ii). Thus the
proof of the theorem is complete. -
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HP-spaces of conjugate systems on local fields

by
JIA-ARNG CHAO (Austin, Tex.)

Abstract. Propertios of regular functions and subregular functions, analogous
to harmonic functions and gubharmonie functions, are studied. The loeal field variant
of the Fatou~Calderén—Stein theorem on harmonie function and its Lusin area function
is proved. Conjugate systems of regular functions are defined. The theory of HP-spaces
of conjugate systems in the sense of Stein-Weiss is presented. The F. and M. Riesz
theorem is also treated.

INTRODUCTION

Stein and Weiss [10] have developed a theory of HP-gpaces for
M. Riesz systems (2, 4) = (Fol@, 9)s fo(@, 9), ..., fulwy 9)) of conjugate
harmonic functions on cuclidean half-spaces RY™ satisfying

[ 1F(@,y)Pan <4 < oo for all y> 0.

Rnv
Coifman and Weiss [2] extended the theory to Generalized Cauchy—
Riemann systems. The bagic result needed, common to all these systems,
is the existence of a positive p, <1 such that |F|™ is subharmonic. It
is our main objective in this paper to construct conjugate systems on
local fields such that the analogue of the above basic result is valid which
enable us to develop a theory of HP-gpaces on local fields.

Let K be a local field. That ig, K is & locally compact, non-discrete,
complete, totally disconneeted field. Such a fiold is a p-adic field, a finite
algebraie extension of a p-adie field, or o ficld of formal Laurent series
over o finite fiecld. See [8] for details, Various aspecets of harmonie analysis
on K and K*, the n-dimensional vector spaces over K, have heen studied
in [4], [8], [12], [181, [14], [6], [7], and [b]. In particular, from [14],
[6], and [7] we have the notion of singular integral operators and multi-
pliers; from [13] woe have the notion of regular functions on K™ X Z which
play the role of harmonic functions on R7M.

In Part A, we study the theory of regular functions, including sub-
regular functions and the Lusin arca function. Conjugate systems of
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