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BY ALGEBRAS AND INJECTIVE HOMOMORPHISMS

BY
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0. Jénsson and Plonka (see [2]-[4]) characterized permutation
groups which are automorphism groups of a universal algebra. The pur-
pose of this paper is to extend their results to the case where — roughly
speaking — not one, but a family of permutation groups and bijections
between their underlying sets is given; more precisely, a small concrete
category K with only injective morphisms is given and we find (in Theo-
rem 2) some necessary and sufficient conditions for K to be realizable by
algebras and injective homomorphisms. Theorem 2 is an easy application
of Theorem 1 in which necessary and sufficient conditions are found for K
to be realizable by algebras and arbitrary homomorphisms. We suppose
that K has only injective and constant morphisms. At present, it seems
hopeless to prove a similar result for K arbitrary, since no characterization
is known as yet even if K has only one object. On the other hand, a char-
acterization of small concrete categories which are realizable by partial
algebras and homomorphisms is given in [56] and [1]. Theorems 3 and 4
extend Plonka’s results on automorphism groups of algebras with bounded
arities of operations.

1. If A is an ordered pair, then its first member is denoted by A.
By a concrete category we mean a category K satisfying the following
three conditions:

(1) every K-object is an ordered pair, its first member being a non-
empty set; .

(2) if a is a K-morphism, a: A—B, then a = {f, A, B) for some
mapping f of A into B;

(3) the mapping assigning to every K-object A the set A and to
every K-morphism {f, A, B) the triple {f, A, E) is a covariant functor
of K into the category of non-empty sets.

The functor defined in (3) is called the forgetful funcior of K.
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Evidently, a category K is concrete if and only if the following four
conditions are satisfied:

(1) as (1);

(2') every K-morphism is an ordered triple {f, A, B), where A and B
are K-objects and f is a mapping of A into B;

(3’) for every K-object A, the triple (1, A, A> is a K-morphism;

(4') if <f, 4, B> and {¢, B, C> are K-morphisms, then {gof, 4, C>
is a K-morphism.

Let a type 4 be given, i.e., 4 = (n;);.;, Where I is a set and every »;
is a non-negative integer. An algebra of type 4 is an ordered pair 4 =
(X, (fi)ier), Where X is a non-empty set and f; is an n;-ary operation
in X for every te¢ I. We denote f; by .

Let A and B be two algebras of type 4. By a homomorphism of A
into B we mean a mapping f of A into B such that

f(iA(an ceey a’n,-)) = iB(f(a'l)’ ...,f(a,,',))

for all i¢I and a,,..., a,,,iezi.

With every type 4 we associate two concrete categories H, and M,:
objects of both categories are algebras of type 4; H,-morphisms are
triples (f, A, B) such that 4 and B are algebras of type 4 and f is a homo-
morphism of A4 into B; M,-morphisms are H,-morphisms {f, A, B)
such that f is injective.

Let two concrete categories K, and K, be given. A one-to-one func-
tor F of K, onto a full subcategory of K, is said to be a realization of K,
in K, if the following two conditions are satisfied:

(I) if F(4) = B for some K,-object A, then 4 = B;

(II) if ¥({f, 4, B)) =<g,C, D), then f =g.

Evidently, a realization F is defined if and only if F(4) is defined
for all K,-objects A and the following there conditions are satisfied:

(I') as (I);
(I') F(A) = F(B) implies A = B for all K,-objects 4 and B;

(IIT') for every two K,-objects A and B, {f, A, B) is a K,-morphism
if and only if {f, F(4), F(B)) is a K,-morphism.

We call K, realizable in K, if there exists a realization of K, in K,.

Let K be a concrete category. By a path in K we mean a finite sequence

a = (Ay, f1, 41, f2y Ao, coes Jns A

such that » is an even positive integer, 4,, 4,, 4,, ..., A, are K-objects,
f1s f2y -+ f aTe injective mappings, {fy, Ax_,, 4;) is a K-morphism for
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all odd numbers ke {1, ...,n}, and {f;, Ay, 4;_,> is a K-morphism for
all even ke {1,...,n}. We call a a path from A, to A,. Write

a = flof,_,0...0f5 of1,

so that a is an injective mapping of a subset D(a) of A..O into A,,.

Let A be a K-object and X < A. We denote by CX(X) the set of
all ze 4 such that

(i) if @ is a path in K from A to some B and X < D(a), then x¢ D(a);

(ii) if a and B are two paths in K from 4 to B and a|x = Blx (so that
X < D(a) nD(B)), then a(x) = B(x).

Evidently, X = 0¥ (X). :

If there are given a set 4 and an element a, then the (unique) mapping
of A into {a} is denoted by OZ.

An n-ary operation g is called quasi-trivial if

g(ay, ..., a,)e{a,,...,a,} for all a,...,a,.

2. THEOREM 1. Let K be a small concrete category such that if {f, A, B)
18 a K-morphism, then the mapping f is either imjective or constant. K is
realizable in some H, if and only if the following conditions are satisfied:

(U) if A and B are K-objects such that A = B and (1;, A, B> and
14,B,A> are K-morphisms, then A = B;

() if A and B are K-objects and f i8 an injective mapping of A into B
such that, for every finite X < A, there exists a path a in K from A to B
satisfying a|x = flx, then (f, A, B> is a K-morphism;

(B) if 4, B are K-objects and ae A, then (02, A, A> is a K-morphism
if and only if <Of, B, A> is a K-morphism;

(Y) if A, B are K-objects, ac A, f is an injective mapping of A into B,
and {f, A, B) and (0%,, B, B) are K-morphisms, then (O, A, A> is
a K-morphism;

(8) if A is a K-object, ac A, and (02, A, A) is not a K-morphism,
then C%({a}) has at least two elements.

If these conditions are satisfied, then there exists a realization F such
that every F(A) is an algebra with one unary and some quasi-trivial opera-
tions. .

Proof. Let F be a realization of K in H,. (U) is evident and (a) is
easy. To prove (B) and (y) it is sufficient to notice that Of is a homo-
morphism of F(B) into F(A4) if and only if a is an idempotent of F(A4),
i.e., ip4(a,...,a) =a for all ieI. The set C%({a}) contains & and all
im4)(@y ..., a); if @ is not an idempotent, some ipa)(@y ..., @) is different
from a and we get (3).
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Let (U), («), (B), (v) and (3) be satisfied. Denote by V the set of all
{4, a) such that 4 is a K-object, ae A', and (Of, A, A is not a K-mor-
phism.

Define a binary relation ~ on V as follows: (4,,a;> ~<{4,, ap>
if and only if there exists a path a in K from 4, to A, such that a,¢ D(a)
and a(a;) = a,. Evidently, ~ is an equivalence relation. There exists
a subset Z of V such that every element of V is equivalent to exactly one
element of Z.

Define a mapping » with domain Z as follows: if (4, a)eZ, then
h({A, a)) is an element of CX({a})— {a} (this set is non-empty by (83)).

Denote by I, the set of all {e,,..., ¢,, ) such that F is a K-object,

>2and e, ..., ¢, are pairwise different elements of E.Putl = {A} I,
where 1 is an element not belonging to I,. Define the type 4 = (n;);.; by

m=1, e, enm =M

For every K-object A, define an algebra F(A) of type 4: the first
member of F(4)is A;if ae A and (4, a)¢ V, then Ap 4 (a) = a; if (4, a)
¢ V, we denote by (D, d> the element of Z equivalent to (A4, a), choose
a path a from D to A satisfying a(d) = a and put Ap 4 (a) = a(h(<D, d)));
if

i =gy .y b, B>el, and a,...,a,¢A,
then

":F(A)(“u ceny Qp) = @y

A

if there exists a path a from E to 4 such that a(e,) = ay, ..., a(e,) = a,,
while
’519'(4)(“17 ey Op) = @y

if such a path does not exist. (It is easy to see that the definition of ApJ,
is correct.)

We shall prove that F is a realization of K in H,. (I) is evident.

y (U), (IT") will be proved if we prove (III’).

Let {f, A, B> be a K-morphlsm We shall prove that f is a homo-

morphism of F(A4) into F(B). If f is constant, f = 0,, for some beB
then (B, b>¢ V by (B), so that App)(b) = b; of course, we have

'I;F(B)(b’ ...,b) = b fOI' avll 'I:GIO

and, consequently, f is a homomorphism of F(A4) into F(B). The case
of f injective remains. If (4, a)¢ V, then (B, f(a)>¢ V, so that

f(Ar(a) = = Apw|f(a).
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If (4, a>e V, then (B, f(a)>e V by (y). Denote by <D, d) the element
of Z equivalent to {4, a) and by

a =LD,f1, A1y ...y fny 4>
a path from D to A such that a(d) = a. Evidently,
B=<{D,fi,A4y,y...sfus A4, f, B,13, B>
is a path from D to B such that B(d) = f(a). We get
flAry(a) = f(a(h(KD, @)))) = B(R({D, &))) = Apg(f(a).
Let ¢ = <€y ...56,,E>elyand a,,...,a,c¢ A. Tf there exists a path
a ={B,f1, A1y ..csfn, 4>
from E to A such that a(e,) = a,,..., a(e,) = a,,, then
B=<E,fi,Ay, ...y foy A, f, B, 15, B>
is a path from E to B such that B(e,) = f(a,), ..., B(e,) = f(a,,), S0 that
flipay @y, ..., ay)) = flay) = iF(B)(f(%), ooy flag)).
Assume that a does not exist. If
B =<CE,¢,,Byy...y9n, B>
were a path such that
Bler) =f(a1), ..; Blem) = flam),

then (%, ¢;, B;y ..., 9,, B,13, B, f, A> would have the properties of a.
Hence, § does not exist, and we have

f(iF(A)(a'li ceey a’m)) = f(a,) = iF(B)(f(“’l)? .- '7f(a’m))°

‘We have proved that f is a homomorphism of F(4) into F(B).

Let A, B be two K-objects and f a homomorphism of #(A) into F(B).
We shall prove that {f, A, B) is a K-morphism. Suppose that there exist
three different elements a, b, ¢ of A such that f(a) # f(b) = f(¢). Put
i =<a,b,c, A, so that ie I,. There does not exist any path a from 4
to B such that a(a) = f(a), a(b) = f(b) and a(c) = f(c), as a is injective.
On the other hand, {4,1,;,4,1,,4) is a path and we get

flimay(@; b, €)) = f(b) # f(a) = ipg(f(a), f(b), f(e)),

a contradiction. This shows that f is either constant or injective.

Let f be constant, f = Ob for some be B. Evidently, Apg (b) = b
so that (B, b>¢ V. Hence, {f, 4, B) is a K-morphism.

5 — Colloquium Mathematicum XXIX.1
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Let f be not constant, and thus injective. Suppose that {f, 4, B)
is not a K-morphism. By («), there exists a finite X < A such that a|x
= f|x for no path a from 4 to B. Put m = Card X. Since f is not constant,

we have Card 4 > 2 and we may suppose m = 2. Denote by a,,...,a,
the elements of X and put ¢ = <{a,, ..., a,, A, so that ie I,. We have

f(iF(A)(am ceey a’m)) = f(a,) # f(a,) = iF(B)(f(“l)? -'°’f(a’m))7

a contradiction.

THEOREM 2. Let K be a small concrete category such that if {f, A, B)
18 a K-morphism, then the mapping f is injective. K is realizable in some M ,
if and only if conditions (U) and (o) are satisfied and

(&) if A, B are K-objects, ac A, Card B =1, and <(OF, B, 4> is not
a K-morphism, then C%({a}) has at least two elements.

Proof. The direct implication is easy (as in Theorem 1). Let (U),
(«) and (3') be fulfilled. Construct a new concrete category L as follows:
L has the same class of objects as K; if CardD > 2 for all K-objects D,
then (f, A, B) is an L-morphism if and only if it is a K-morphism or else f
is constant; if Card D = 1 for some D, then {f, A, B) is an L-morphism
if and only if it is a K-morphism or else f = 0;" for some be B and
<0§5, D, B) is a K-morphism. It is easy to see that L satisfies conditions
(0), (), (B)y () and (9), so that, by Theorem 1, there exists a type 4 and
a realization F of L in H,. Evidently, F is a realization of K in M,.

3. COROLLARY 1. Let K be a small concrete category such that Card A =2
for all K-objects A. If {f, A, B) is a K-morphism, then f i8 injective.
K is realizable in some M, if and only if it satisfies (U) and («). The
constructed realization F is such that, for every K-object A, all subsets
of A are subuniverses of F(A).

COROLLARY 2. Let H be a set of injective mappings of a seét A into A,
closed under composition and containing 1,. H 1is the set of all injective
endomorphisms of some algebra if and only if H contains any f such that,
for every finite X < A, there exists a finite sequence f,, ..., f,n Of elements
of H such that

fz_nlof2n—lo «.. O 2—10f1

i8 defined and coincides with f on X.

Denote by L, the concrete category whose objects are algebras of
type 4 and morphisms are triples (f, 4, B> such that f is either an in-
jective or constant homomorphism of A into B.

THEOREM 3. Let a natural number n = 2 be given and let K be a small
concrete category such that if (f, A, B) is a K-morphism, then f i8 either
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injective or constant. Then K 1is realizable in some L, with A = (n;);
satisfying n, < n for all ie I if and only if conditions (U), (B), (y) and (3)
are satisfied and

(ag) ¢f A, B are K-objects and f is an injective mapping of A into B
such that, for every X < A of cardz‘na{ity not greater tham n, there exists
Z};&_t:on;;zzsﬁ.fmm A to B satisfying alcE(X) =f|05(x), then {f, A, B) 18

If n > 3, we may replace L, by H,.

Prooi. The direct implication is easy. For the converse, define Az,
as in the proof of Theorem 1; define I, as the set of all {e,, ..., 6,, ¢, E)
such that E is a K-object, 2<m<mn, e,...,e¢, are pairwise different

elements of E, ¢e Cx({€1; ..., €,}); Put I = {4} UI,; if
T =01y ...y, 6, B)el,,

put n; = m and define ip 4, as follows: if there exists a path a from E to 4
such that

&(01) = Ayy eeny &(Gm) = (b y
then
Ipu) (@ -y Q) = &(0);

if a does not exist, then

tpwy)(@1s ..oy Q) = ay.

Let us prove only that if f is an injective but not constant homo-
morphism of F(4) into F(B), then {f, 4, B) is a K-morphism. Suppose
that {f, A, B) is not a K-morphism. By («,), there exists a set X cA
of cardinality m <n with the prescribed properties. We may suppose m > 2.
Denote by a,, ..., a, the elements of X. If there exists a path a from 4
to B such that a|x = f|x, choose an ae C§(X)—X such that a(a) # f(a),

and put
. i=<aly---7am7a7A>;
we have

f(”:F(A)(an ceey a’m)) = f(a) # &(a) = iF(B)(f(al)i ""f(am))’
a contradiction. If a does not exist, put

T =By eney Gy, Gyy A);
we have

f(iF(A)(an ceey a’m)) = f(a;) # f(a,) = iF(B)(f(“’l)’ .. "f(am))’

a contradiction again.
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In the proof of Theorem 1, to prove that f is either injective or con-
stant we made use of a ternary operation. Hence, if n > 3, F is a realization
in H,.

COROLLARY 3. If n>2 and a type A = ()i 8 such that n; < n
for all ie I, then Theorem 3 holds if we replace («) by (a,).

Remartk 1. In the case n = 2, Theorem 3 does not hold if we replace
L, by H,. For example, let K have a single object 4; let Card 4 > 4
and let (f, A, A> be a K-morphism if and only if f is either an injective
or a constant mapping of A into A. K satisfies (T), (a3)y (B)y (v) and (3).
However, if B is an algebra with at most binary operations, B = A4 and
every constant and every injective mapping of A into 4 is an endomorphism
of B, then every mapping of A into 4 is an endomorphism of B.

THEOREM 4. Let K be a small concrete category such that if {f, A, B
is a K-morphism, then f is either injective or constant. K is realizable in
some L, with A = (n;);.r satisfying n; < 1 for all ie I if and only if condi-
tions (U), (B), (y) and (3) are satisfied and

(a;) of A, B are K-objects, f is an injective mapping of A into B, and
{f, A, B) is not a K-morphism, then there exists an ae A such that either
0%, A4, 4> or (OF,, B, B) is not a K-morphism and 4|
for no path a from A to B.

Proof. Define 4 as follows: I is the set of all {e, v, E> such that F
is a K-object, ec E, ue CZ({e}) — {¢} and (OZ, E, E> is not a K-morphism;
n; = 1 for all 4.

Define a realization F as follows: if A4 is a K-object, ¢ = {e¢, u, E>e I
and ae A, then iz 4 (a) = a(u) if there exists a path a from E to A such
that a(e) = a, while ip 4 (a) =a if a does not exist.

Again, we prove only that if f is an injective homomorphism of F(A)
into F(B), then {f, A, B) is a K-morphism. Suppose that this is not
true. There exists an ae A as in (oy). If (0;‘.‘, A, A> is not a K-morphism
and a(a) = f(a) for no path a, we choose a be C%({a})— {a} and put i
=<{a, b, A>; we get

f(iF(A)(a')) = f(b) # f(a) = ipg(f(a),

a contradiction. If <(0Z, A, A is not a K-morphism and &(a) = f(a)
for some path a, there exists a be C%({a}) —{a} such that a(b) # f(b);
we put ¢ = {a, b, A> and get

f(iF(A)(a)) = f(b) #a(b) = iF(B)(f(a'))!

a contradiction again. Finally, if (Of, A, A> is a K-morphism and
<0ﬁa), B, B) is not, then there does not exist any path a from A to B

cEuay — f ICE ({ap)
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satisfying a(a) = f(a); choosing be CE({f(a)})—{f(a)} and putting i =
{f(a), b, B), we get

flipwy (@) = fla) #b = ipg(f(a),
a contradiction.

Remark 2. It can be analogously proved that if type 4 = (m;);.;
is such that n; < 1 for all ¢, then Theorem 2 holds if we replace («) by the
following condition:

() if A, B are K-objects and f is an injective mapping of A into B
such that, for every ae A satisfying either C%({a}) # {a} or CE({f(a)})

# {f(a)}, there exists a path a from A to B satisfying a| x = f|

K )
C C
then (f, A, B) is a K-morphism. 4l 70l
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