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Boundary conditions for expanding domains
by
G. L. Coumry {Broadway, N. 8. W., Australia)

1. Intreduction. I. V. Chulanovskii [1] obtained a law for the digtri-
bution of Gaussian primes in expanding domaing, using only elementary
methods. (See also Gelfond and Linnile [2]; see Hardy and Wright [3]
for an introductory dizcussion of Gaussian primes.) His result was derived
for domaing which expand in such a way that

(1) the boundary consists of 2 bounded number of simple elosed
curves, .

(ii) the ratio of the number of unit lattice-squares through wkhich

the boundary passes to the radius of the domain is bounded.

We consider the effect of replacing (ii} Wlth the more natural, and
weaker, condition:

(ii’) the boundary is rvectifiable and the ratio of its length to the

rading of the domain is bounded.

It will appear that only in extremely pathological cases iz Chulanov- -
skii’s resalt not obtainable, while at other times it may be strengthemed.

2. Notation. By the words “integers” and “primes” we mean Gaussian
integers and primes. Lower case Greek letters (except w and &) denote
integers, with o reserved for primes; § is any complex number. For any
domain D in the complex plane, we denote by 3D and ~D, its boundary
and complemnent, respoctively. (D need not be connected or open.) The
rading B of I} ig

R = sup|é.

Sel}
By [Ej we mean the integer satisfying
Relé]— 1 Im[&] 4 < Imé
Put

< Ref< Rol[£]4 4, =< Im[&]4 4.

={&: [£] = 4}
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and for a given demain D, put

M, = {i: X = [£] for some DY,

My ={p: lp—N<V2, Ae My} (0 =2,3,...);
B?L= USA (n :'—“1,2,...),
Zs]l-fn
and
Z = Z:L.
Asddy

We note that M, , = M,, and so B,_; < B, (»3=2).

3. The copstruction. Given any domain D, whose houndary is not
necessarily veetifiable, we give a method for consiructing sequences
{Dy} and {D™} (n =1,2,...) of domains with rectifiable houndaries
whose areas do not differ significantly from that of 1. Thig is in the fol-

lowing rough sense: I will be allowed to expand so that always Z = O(R);

then D hag area O(R?) but the difference in areas of 2 and Dy and of

D and D™ (for any n) will be O(R). As D expands, the effect of Dy and

D% 5, for sufficiently large m, to remove long “arms” or “recesses”,

respectively, in D, providing these have only a bounded width. '
Our theorem is:

Let D be any domain of radius R. For n =1, 2, <.y define
’D(ﬂ) =1 N ~B,, D" = Dy B,.

- Then each of Dy,y and D™ has & boundary which is @ union of simple dosed
curves, and

D> Dys Dy o ..

B> By > Ry > ... (Ryy is the radius of D),
length of 8D, < 4(2n—1)7, ' :
31— ¥ i< (@n-1)%,

veld VGJ)(n)
and
D DO DO ey

RE<BYS R .. (B™ s the radius of Dy,
R™ < R+nv2,

length of 0D™ < 4(2n—1)%, : .
| 21— Y 1|< (2n—1)23.
ve D veD(R) .

iom
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Proof. We shall verify the properties listed for the sequence 1Dyt
those for {D™} Leing verified in a similar manner. Obviously, Iy, = D.
Let &eDy,, (n2=2). Then £¢B,, so £¢B;,_,; that is, f¢ ~B,_, and since
also £¢D, wo have §eDy, 5. Then obviously Rz Ry = Ry > ... Notice
that B, is in fact the union of squares with vertices [&]4(n-3) £ {n -+ 1)
for each £¢80D (4 = V—«l); these squares each have perimeter of length
4(2n —1) and contain {2n —1)2lattice points. Since D —Dy=DnB,cB,

we lave
| 21— Y-

reld veldig

1< Y 1< (20—1)22.
2 1=y

:!ED-D(H) reBy,
Finally, by definition of M, and B,, we have 0} = B,, so
0Dy = (D o ~B,) < 8D U #(~B,) < B, UdRB, = B, 8B,.

But sinee Dy, = ~B,,, we must have dD,, = 9B,. Since B, is the union
of squares described above, ity boundary may be speeified as a union
of simple closed polygonal curves of total length <4(2r—1)Z, and so
0Dy, also has this property. This completes the proof.

These constructions are related to an idea in, for example, Schechter
[4], Chapter VI, Bection 7.

4. Application. Chulanovskii proved that provided D expands in
such a ‘way that (i) 0D consists of a bounded number of simple closed
eurves, and (ii) Z = O(R), then

a 2 -1
leﬁng%H“O(f(R)): ag  B-—so0,

pedd

" where

R2
JB) = ———p—s
log B V1oglog R

The same regult may be proved, with slightly less difficulty, when
we replace (i} by the condition: ‘

(it") 0D is rectifiable and its length I satisfies 1 = O(R).

In the following, we take a domain D satisfying (ii), but only require
Chulanovskii’s result under (ii') o obtain similar results. .

Let D be o domain in the compler plane which expands in such @ way
that Z = O(R). For suitable finite m and n, let Dy, and D™ be domains
associated with I as described above. Then -

(1) 4f 8Dy, consists of a bounded mumber of connected pieces and ifs
length 1 sotisfies 1 = O(BR,), we hove
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2 ' ‘
Zpl — m 2 1-I-O(_f(R(m))) + O(R);

g€ vaD(m)

(2) if OD™ consists of o bounded number of commected picces, we have

~ 2
Zp’l = Sog T Z 1+ 0(f(R)).

Q¢ e 1)

Proof. (1) We have

2 .
2 = Tiogigy 2 MFOU )

Qe D( m) Ve I)(.m)
and 4
D1 Yi= ¥ 1< Y 1<@m-1p7,
gs D CaeDigy QsD-«D(m) weD—D(m)
80 Y1 = 3 14+0(R), since Z = O(R).

ee D gsD(m)

(2) The length I of D™ satisties
1< 4(2n—~1)Z = O(R) = O(R™),

since B < B™W. Henco

g 2 i
L=—mm ) 1HO(EM) = = ST 14 0(7(8)
)
ccDm) logB™ o) . ﬂlOgR(n)mﬂn) ,
since R™ < R+n¥2, and again 21 = 3 1L0(R).
oeD q!D(n)
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Metrische Ergebnisse iiber den Kotangensalgorithmus

von

Fritz ScEwrIGER (Salzburg)

1. Einleitung. D. . Lehmer hat in seiner Arbeit {2] die Theorie
des Kotangensalgorithmus begriindet. Das wichtigste Resultat lantet:
Ist 2 > 0 irrational, so Jaft sich z eindenbig als Reihe der Form

o

@ = ot Z{—l)“ arecotng,
=d

schreiben, wobei ny = 0 und 2, > h(n,) = nj + i, -+1 erfillt sind. Umge- .
kebrt ist jede Reihe dieser Arxt konvergent. Ist

g—1
arccotw == 2 (—1)% arccotn, + ( —1)7 arecot,
=0

8o ist m, = [#,] und

arceot sy, = arceotn, — arccots,.
Wir setzen h(ny) == ni+n,+1, und weiters sei

. — himy,)
Y= Byer

Das Hamptergébnis dieser Arbeit is enthalten in
Sarz 1. Hg 48

P (Ygrp < Moy oey ) =T+ 0(8227077),

Abschnitt 2 ist dem Bewels von Satz 1 gewidmet, Abschnitt 3 enthélt
einige weitere Satze, die aus SBatz 1 folgen. Merrn Irof. J. K. Kinney
danke ich fiir die Anregung zu dieser Arbeif. FEs sei noch erwihnt, daff |
dieser Algorithmug Beriihrpunkte mit den von Galambos [1] betrachteten
Algorithmen aufweist.



