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On some estimates in the theory of (s, »)-functions
by

W, Hrad and K. Womrennax {(Poznad)

1. Lot K ho an algebraic numbeor field, » and 4 the dogree and the
digeriminant of the field I respectively (see [27).

Denote by Jta the norm of an ideal a of &, by § a given ideal of K
and by p a prime ideal of K (see [21) .

Denoto further by 22 (mod ) an ideal-class mod § ([3], Def. VIII),
by #% (mod §) the principal clasy mod § and by A(f) the class-number.

Tiet x (o) be o character of the abelian gronp of idead-classes 5 (mod {),
y{a) the extension of x{+#) ([3], Def. X) and y,—the principal character
mod {. _—

Denote by (s} the Dedekind Zota-funetion and by (s, x) the
Hecke—Landan Zeta-functions ([37, Def, XVII).

Ogy 4 +21,2,8,..., are positive constants independent of I,

Denote further

..... . »
(1—1.) A ({)’}, n/f) e ‘Z r};(nn,) — Lﬁ_(ﬁu,
NET
- .
2 ’ ALE A i -
(L2) Alw, #) = o) s
i et
where .
(1.3) ylw) = > logfyp,
(Bt Hbenn,
it 3 (mod f)
° Wl P
(1-"'1") g("”l) L] ‘i\;‘, log‘ﬂtp
(9P,
e 3 mod §)
and
L if ==y,
1'5 If‘ it ]f’ =]
(1.5) Yy o (22) “lo i g+ 1.

The aim of this note is to determine the equivalence hetween the
domain in which & (s, ¥) + 0 and the upper estimate of |4 (s, #,)|. Tn the
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case of the Riemann Zeta-funection such equivalence was discovered and
proved by P. Turén (see [8], p- 150). The case of the Dedekind Zeta-
functions was the subjeet of our previous note (see [T]).
2. We will prove the following theorems.
THEOREM 1. Suppose that [1L(s, x) %= 0 in the domain
4

(2.1) o>1—0On(ltl), Cp<1,
where Oy is a constant depending on the ideal | and e fwld K, u(t) is for
1= 0 o decreasing function, having & continuous derivative 1’ (t) and satisfying
the conditions
(a) 0 <y(f)< 4,
(b) 7' ()= 0 as i—oco,
1
(6) ——— = O(logt) as t—co.
n (%) :
Let a be a fived number salisfying 0 < a <1,
Then for every 2 (mod f)

(22)  14(w, #)] < 0107 vlog(C5 | ARG +2) -wexp (—-— “ w(w)),

where o(w) = min{y()logs +logt end C, depends only on a and on the
Function (8. B

TamorEM 2. Let 0 < a <1 and 9,(t) be a function samsf ying enoept
(a), (b); (¢) also the additional condition

(d) (@) << Oy Jor 2> O, _
where Oy is a sufficiently small positive number and let

wy{®) = min{nl(t)logm—[—logs}.
Buppose further the estimate
(2.3) A=z, #) < C, C’“ wlog(G‘llzl[Btan wexp(—wwgm ml(m))

where 2#,(modf) 48 the principal class modf and the constamt Oy denends
only on o and n,(f).

Then [[L(s, 1) % 0 in the domain

x logt

> 1—
40010g ;! (log teCo ™) 7

(2.4)
t > max{C;, (05 h2(f)v*log* (G5 14190 + 2)F, .
o {exp(—22h3(H))(14] -+ 2) 1],

where o] (%), n7* (6) denote funetions tnver se to w, (@) and 9, (@) respeciively.
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TrroREM 3. Under the conditions of Theorem 2, we have H L(sy )£ 0
in the region

o>1—

(alip)—1
(40)2 ’71(‘4 )s
(2.5)

+ > max {05, (05 h3(T)otlog? (07 |AINF -+ 2)F,

7 exp { — 2 (D)), (141 +2)mF},

Choosing #,(8) = n(t ) m i 0<y<<l, wo obfain from
Theorems 1 and 2 the following
THRoREM 4. If yq is the supremum of the numbers v for which
(2.6) Az, #g) = Ofwexp( —0;log”»)}
and y, 18 the infimum of the numbers o' for which [[£(s, ¥} 0 in the region
x

C
2, . BN
(2.7) o> 1= o =00,

then
y1 = 1/(L+y3),
ond the constants depend on v, T and the field K.
3. The proofs of Theorems 1 and 2 will rest on the following lemmas.
Levma 1. Lot @y, 25, ..., 2, De compler numbers such thal

|22) 2 18] 2 ... = &l 2 = 1

and let by, by, ..., by, be any comples numbers. Then, if m is positive and
N = h, there exists an integer v such that m < v < m-- N,

‘ ) . N o
(3.1) [y +bez ... b = ("—————*483,(2N+ m))

This lemma is Turdn’s second main theorem '(see. [8], p. b2).
LeMma 2. For ¢ =2, —oo <1< +og,

(3'2) 1£(8, 2} > Kls
where K, == (6/n%). _ _
Lznama 3. In the region —1/100 L o<<4d, —00 < << 00
(3.3) L s —1)E(s, )i < Ea(J8] +1)%s
where

IIliD. !b]_""}"bﬂ"‘%‘-.- “‘!"‘bj'-
1igh

K2 — O;IAFI/IOO(ERT)ISE'INO’ Ky == i%%p A1

and O, 48 a numerical constant.
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LmMMA 4. For o> 1 it follows

& jG(”:%)
—= gx)—%wr—,

173
where
Glny ) = D x(p™loghp
(Mp)n
ond
(3.4) !G’(fw, 2] = K, logtn

where K, = vflog2,

For the proofs of Lemmas 2—4 gee [5].

TrMMA B. If o= 1l4p-tit, 0 <p<{1/40, 12210 and N, stonds
Sor the number of reols of {(s, ) in the cirele |8 — 8| < 8u, then

(3.5) Ny < Oyevlog(|A1RF)-log™" (8p) ™"

This lemma follows from (3.3) by the use of Jensen’s inoqtmlity‘
(compare [8], p. 187).

Lrvna 6. Denote by V(T the number of zeros of £(s, x) in the rectangle
Voo, Tt TH1 where 0 < 6 < (3/16)2. Then for — oo << I << -} 00

(3.6) V) < 8 tog (T2 (T 4).

LueMMA 7. There ewists o broken line L in the vertical strip
2We<o<Ve, 0<d<(3/16)

consisting of horizontal and verticol segments alternately having the following
property: if we denote by T, the ordinates of horizontal segments, so for cach
integer m there exists only one T, such that m < T, <m--1 and

|

2 Cc (s, xﬂ <1767 h‘(f)lﬂ"z('ié-"(ltl + ))

%

(3.7)

holds for sel.
If Vo< 0<3,8 =Ty, lm| =2, then

(3.8)

2£(37 7()\ < 155—4/3hg(f)10g2 (Eﬁ (T + 5)1'\’3)_
e \ DY &

x

For the proofs of Lemmas 6 and 7 see [4] and [6].

Tglimates in the theory of L(s, x)-functions _ 297

Lmava 8. If 0 << é (3/16) l<ox3/2, F>1and 122 is a pos-
itive tnteger, then

| glm) logi(nfe) 1 ( &7 N1 &
S ZE T e (s )”'*%??—?ﬁf)‘

|
. K, "
£~ h(f)log? (-—k-—(ui + 6)53) |
i A

oy

< 171

min (1, (o — o))

where o == l/ 8 and the sum is taken over all zeros of [ J&(s, 0 lyying to the
right of the lfm@ L.

This lemma can be proved following mautatis mutandis the Appendix
V of [8]. ‘

4. We pass over to the proof of Theorem 1. Similarly as in [1],
pp. 60-62, we can prove that

' B . '
(4.1) "%( ,x)~l—~—;9.~—-_ O{Cy vlog(Crt | 4| NF(Jt] +2)) - 10g(|t|-1-2)_}

in the region.

1*“‘100"7(!“)*"-';_0'414“&007’1(1“); ) 2= Lo,
(4.23 '

1“"30077(170)@:05‘;14‘0007?(1“)7 ¢ < 1y,

whore 7, deponds on the function n(t), and the constant implied by the
O notation depends on z(f) and ¢ only.
Next we deduce the simple formula -«

C-l-oof

@ 1 "
(4.3) Z(w.ﬂ%)?’(“"’) T onh(f)e z-;x(f%")ujm;

TEL

ms—l E’
o e d
T ( A ’”) *
where O > L.

Trow Leming 4 and (4.1)=<(4.3), by contour infegration we get

.
4.4) \ (- n)y (1)

’.‘!%?‘
fe

= GhiF) +0{057? 'rrﬁc“"lﬂg((}a'lléltﬁtfwlwf?:)'exp.("-ao‘om(aﬂ)}.

The constant in (4.3} depends on o and 7(t) only.

Using the relation between ' (v —n)y(n) and Dy (n) we get similarly
Ha e

~a§ in [L), p. 64, the estimate (2.2).



208 ‘ W. Staé and K. Wiertelak

5. Proof of Theorem 2 (compare [6]). Put ¢z 2. By (1.2) we have
for n > 1

1

g(n) = A{n, #o)— R

An—1, #)+
Hence .

5.1) glnyexp( — itlogn) | <

‘ exp(—itlog%)'~|~
| 2,
~|—1 2 {d(n, #y)— A(n—1, 3#,)} - exp(
Nij=nNg
We cheoose N,, N; so large, that

Nyn<Ny

—itlogn)| = I, - I,.

5‘(’f

(5.2) o7 og ey < N2 < Ny < N, < N.
Then by .

(5.3) w1 (1 +12) < log (1 +12) < log#ion ™
‘and the estimate {2.3), we get

(5.4) _ I, < Cy MY,

where M = C;'vlog(C;' |4 NF+2) and ¢y, depends on a and #,(2) only
(see [61).
From the estimate of I, (see [8], p. 153) and from {(5.4) we get

(5.5) - ' 3 g(n)exp(-itlogn)| < Cip N1
Ny =n<Ny ’
_ SBuppose .
(5.6) 1<o<3 /2
By partial summation and (5.5) we have
(5.7) | > gmnl < 0y MNE
Ny<nadNy
We choose
(5.8) n > o (logtW™)

and apply the inequality (5.7) for

le Im"]'zja -Né =°_7'2j+17 j=0,1,2,
Hence ' .
1—-o
(5.9) Z < omr
ﬂ,}q . t(a‘_ )

icm
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We choose further
(5.10) ‘ £z

Denoting by [ a positive integer and following [8], p. 154, we get, by
(5.9),

(5.11)

—1 (].Og 34(‘100)"1)

(@+1)tg

Y gin) 7
H"'Tl (s)l < O

Hence by Lemma 8 with § = (3/16)* and by (5.3) we get' the estimate

_— vﬁlogﬂ(lzlmft gy
(5 12) ’Z ( )t l 2 < 015{5 = k2(f *)i {2, ‘}'-Z'It(a wl)i_!,_g}
10
< 0,M,- ( £ ).4+2 log2t,

where M, = O.h* (i) M.

Let us suppose now that our theorem is not true. Hence there exigt
guch zeros

o = o i, oo
that
logt™

400log o7 (log ™0™ !
O RA (F)velog? (07 | A MF + 2)F,

T exp(— 2B (D)) (141 +2)RF}.

(8.13) o* > 1—
(5.14) ¢ > max (e, (

Putting in the eghimate (5 12)

logt* - -
— g == il i = oyt

(5.15) 8 1+1o Tog or (log P00 + L+
(5.16) £ = exp((l+2)3),
“where _
(5.17) logt* < 142 < $logit*,

log o (log ™0™y
(5.18) : A= : ot ,

we may without difficulby verity that then (5.6) and (8.10) are satistied.
Multiplying both sides of (5.12) by

1531“9‘(? _ Q*)H-zl - Ealwrr"(a.l_‘_ndm)l-}-ﬂ
we have

‘ ,,,zz
o |Seety

1""'1

1 —a* oy — a* 12 :
<0,,,,M1‘5 ( ; ) log#*,
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In virtue of (5.13), (5.14) and.(5.17) it follows

“ +9. o B
{0‘1“0"' H :(1+_}___gi 1343*1/32_
a,—1 o1

Hence from (5.19) we get

‘1 3—@*”
P ( w@)

o

(5.20)

< t*—-z/.’,} 51—-6*

it (5.14) is satisfied and ¢* > O, (0,).
By virtue of Lemma 6 we get similarly to [8], p. 156, the ostimates

S ey
S0

e
£zl -6y — o)

l 2 gemm(sl— e’“)’“
8§ —0

0
{te—t{oy %)

DR
81—@

< Oyt g,

< Oy t*1E,

< Qg1 g1,

4
i =¥ <f(my—o*)
@< 1~3{ay~5p)

From the above estimates and (5.20) it follows, for £ > Cp(C,)

o I+
y g% 81— o <=
o 1@

Lo pee2is

(5.21) V= ‘

e
{Ey—1*}526(3; — %)
a>1-3(0)—o%)

We estimate the sum ¥ from below by the use of Lemma 1. We choose

— ¥

_a-e -
Ay exp(i(e—e*))

1

and
(5.22) m = logt".

Wé have now to debermine the nwmber N. The region

L-3(m—oty Ko<, [—1 < 6(o,— 0"

ig cantamed in the circle |s —s,| ¢ 8(0y —1). Hence denoting by N, the
number of roots of ]'[r: (s, x} in the circle, and using mexn b with
0; = exp(—(2801,)% wo have for

- logt*
10log w* (log #*4=Ca ™)

By == 8§ = oy -Rit*, p =

Ligtimates in fhe theory of (s, %j«flb"-‘lr}ﬁimw 30L

and ander (5.14) and * = ¢, the estimabe
va(: logt*/14.
In virtue of Lemrna 1 there exists an exponent /-2 guch that then
(5.23) [ S
From (5.21) and {5.23) it follows

L o - 1 logt*
e (P T s 4 e
400 Jog ey (le)g sty 1)

and thiy ig a contradiction to (513}
This completes the proof of Theorem 2.
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