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On the difference
between consecutive prime numbers

by

8. Uenrvava (Okayama)

Yurit Viedimirovi€ Linnik in memoriam
-

Let p,, denote the nth prime number, and define

B — timint 2o Pn

ﬂ.—)m Og P n

The crude estimate B < 1 follows, as is easily seen, from the fact that
p, ~ wlogn (n—co), which is equivalent. to the prime number ftheorem.
The long-standing conjecture that states that B = 0, which is obviously
the case if there exist infinitely many pairs of primes p, ¢ with a fixed
non-zero difference, remaing still unproved. The bhest result on the size
of F that iz known so far is dve to G. Z. Pil’tjal [2], who showed that

(1) B < H2V2 —1) = 0.457106...
improving a previous result of B. Bombieri and H. Davenport [1],
E < }{2-+V3) = 0.466506... '

~ The purpose of the present article is fo make a further improvement
on these results. Indeed, we shall prove the following

TueoreM. (') We have

9—V¥3

= 0.454246. ..
16

(2)

A

An inspection of Pil*tjai’s paper [2] suggests a possibility of amelio- -
rating the estimate (1) for E by an alternative choice of the various para-
meters therewith coneerned. Our proof of (2) is thus a slight modification

(Yy After the present paper had been submitted the writer learned from a lkind
letter of Prof. A. Schinzel that M. N. Huxley obtained, by improving Pil’tjal’s a.rgument N
the inequality E < (4+7w)/16 = 0 446349, .., which supersedes {(2).
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of that of (1) given by Pil’tjal, who has made an ingenious combination
of some fundamental resuits due to Bombieri and Davenport [1] with the
method of R. A. Rankin as described in [3]. Towever, we shall fixst repro-
duee withont proofs some bagie results that are indispensable to our
argument,

1. We define for positive inbegers ¥ and »

Z(N;2m) = 3 (logp)loga,

BN
g—p=1n

where the summation is extended over the prime numbers P, q satisfy-
ing the conditions indicated. Let & be any positive integer, and let

%
T(w) = 1(0)+2 Zt(ﬂ) co8dnnre
- n=1
" be a trigonometrical polynomial with real coefficients f(#), which is non-
negative for all real values of . _
LEMyMA 1. If k<< (log N)Y for some constant C > 0, then for any fiwed

e >0 we have
k

It
DM Z(N;20) > 3N 3 () H (m)—(4
‘ f=1

© o=l

+e)t(0) Nlog NV,

provided N is sufficiently ldrge, where

Siib=

Pi%
Pp>2

K= H(1

oz
2. For any fized § > 0 we have

Z(N;20) < (8+ H(nN
for all m, provided N is large enough.

with .
(p—1)"%).

LEeMira

Lemmas 1 and 2 are due to Bombieri and Davenport {1], who proved

these results by making essential use of Bombieri’s mean value theorem
of the remainder term in the prime number theorem for arithmeticat
progressions. In the proof of this mean value theorem a very important
réle iy played by the large sieve, & fundamental and fruoitful device inven-
ted by Yu. V. Linnik and developed by A. Rényi, E. Bombieri and others.

2. Let N Dbe a sufficiently large positive integer, and pub
' "M =logN.

icm
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Let %, # and r be positive integers such that
ko=[aM], & =/[calM],
y =Fk—h =Q—c)aM+0(1),
where a = 3(5— v”_3-)[32- and ¢ is any fixed number satisfying the eondition

214+2V3 _ 2
1 = s
>e>0 33 3
Note that ¢,a = (9 _1/8)/32 and & = (1-—¢,)a is the Iesser root of the
quadratic equa,tlon 12822 —48x 43 = 0.

‘We now define the real numbers ¢ (0<< § < k) by setting

o : for O0<<ji<r
3 1 for r<f<h,
1—A(—h for R<<j<k,
‘where '
3(1—8(1—0c)a) 16a
T 3-256(1—c)%a?’ oM

Tt is readily verified that a > 0, and that 1 —8(j —h) =
provided N is large enough.

Put
i
T(x) = lzcje“ﬂw :
i=1

Then we have

0 for h<<j<h,

k
= 1(0)-+2 ¥ #{n) cos dmnis.
h=1

h=n
t(n) = 2 G0y (05
i=1
Tt is not difficult to see that the coefficient i(n) of T'(®), as a function of
n, 0 n< k, can be represented in each of the intervals 0 n<r,
r<n< her, h—r <n < h, h<n <k 8 asum of several monomials of
degree at most 3 in n, and the absolute value of each of the monomials
therein involved has for 0 < n < k the order of magnitude O (M), the O-
constant being, of course, numerical. We have, in particular,

t(0) = a2r--h—frir--1) -I—%ﬁzfr('tf—l_—l)(w;{«]),

< k), #Ek)=0.

k
2 2 t(n)

=1

= (ar-+h—3fr(r +1))F—1(0)
and

E .
Dt(n) = dor(r 1) —apr(r+1)(2r+1),

n=h
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whenee-we get after some simpliﬁeations

2Zt (n) =

{4 (o) 202+ O (M)

and
52 Zkt(n) +1(0) M = A () M*+O (M)
with - e . g1 g0
| A(0) = 3a—48(1 ;) :56((:3[4(1«3)":3 (Te—3)a
Also, we have
Zk’t(w)ﬂ(n) - jt(%)+0(M(1ogM)2)

1,

n=l %
for 1 = 1 and %. This is an immediate consequence of the following lemroa
which has been proved by Rankin [3].

Temwma 3. IF s és a non-negutive real number, then for arbitrary iniegers
a, b with 0 < ¢ << b<< M we have

b
2 W H(n) =

N=a

b
D'w 4+ 0(M*(log MY,

" where the O-constant may depend only on s.
8. Let the integer ¥ be suificiently large. We define as in Pil'tjal [2]
WI(N; 2n) = Z(N; 2n)—Z(NM™%; 2n),

where we have set M == log N, as before.
Tt follows from Lemmas 1 and 2 that one has for any fixed ¢ >0

Zm)w ,un >2N2t H(n)—(}+2e)t{(0) N M,

since
k

Zt(n)Z(NM‘z ;2n) = O(H).
1
Assume now -that W{¥; 2x) = 0 for all integers » lying in the interval '
1< %< h Then, by Lemma 2 we have for any fixed § > 0

k
Zt(fn) W(N; 2n

Rl

k

< i) Z(N;2n)< (848N )‘z(n (n),

n=f - n—h

and we arrive at the inequality

n=Fk

k.
(8+8) 3 t(n)H (n)+(§+2a)(0) M > 2 Z't
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& k
32 M i(n) i) M > 8 ' t(n) —3eM2,
A= a=1
on appealing to the results obtained in § 2.

Ifi follows from this that

, Ae) > 4(A(e))E—de
or
1> 44()—¢,

where ¢’ is a positive real number that can be made as small as we please,
if we lot ¥ tend to infinity. However, this is obviously impossible, since we
have taken 1 > ¢ > ¢, and this implies that

LA{0) > 4A(6) = 1;

in fact, it will suffice to observe that the quantity
(1—¢)*(28ac —12a—1)

is, a8 a function of ¢, monotonically decreasing in the interval

44 +V3
4 = ——m <

63 where

c<C1, T < 6.
‘We thus bave proved that, if & iz sufficiently large, thenm we mmush
always have '

W(N;2n) >0

for at least one » with 1 << n << b = [ealog V], which implies that F < 2¢a.
Since ¢ may be taken arbitrarily close to ¢;, this concludes the proof of
our assertiom (2).
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