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On an inequality for additive arithmetic functions °
by

J. Exeams (Vilnius)

In memory of ¥u. V. Dinnik

G. H. Hardy and 8. Ramanujan [2] proved that for any fixed 6> 0
and all positive integers m < n, with a possible exception of o(n) of them,
the inequality

o (m) —Inlns| < (Inlns)2+°
is true. Here w(m) denotes the number of different prime diwisors of m.

This is an analogue of the probabilistic weak law of large numbers. It
shows the bounds between which the funetion w{m) oscillates for the great

majority of values of the argument.

P. Turan [67], [6] gave a very simple derwa.tlon of this statement.
He proved the elementary inequality

n

ey - . D {eo(m) —Inlnn)t <

M=l

eynlnlne,

where ¢, is a constant, which evidently implies the result of Hardy and
Ramanujan. ' :
Naturally there arose & question of the generalization of (1) to & larger
class of arithmetic funetions. P. Turan [7] obtained the following theorem.
Lt f{m) be a real-valued strongly additive function snch that
0<fp)< K

for all primes p and a constant K and
= 550
! psn

&8 m—oco. Then the inequality

n

D (fimy =, <

me=1

holds, where ¢, is a constant depending on K.

e;nM,
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The following remarks are very suggestive.
Let f(m) be any complex-valued arithmetic function. The sum

2 DUfim)— A4,

for any # takes the minimal value, which is equal o
. . ) T 1 n
2
2 1 ——
Mipmi—— >,
m=1 ms=1

in case
*

4,=2 N jon.

m=]

When additive functions are considered this result may be expressed in

7 the form
o St ()]

2%<n

S
|

I3

+V([’”f] %']_ﬂ[-n][-% ]) o Faf)
'éﬂj‘;;n p“gﬁ p“qﬁTl pﬂ+1qﬂ + iwa:+1qﬁ+1 f(p ).f(qﬁ)

S

1

W

=

Here and in what follows, 2°, ¢° denote prime powers, a3 1, f = 1, the
bar'&enotes corc.q.;le?: conjugation. However (3) is almost useless for appli-
cations. Probabilistic interpretation of additive functions (see [4]) suggests

the idea that the cenfering constant 4, in (2) may be approximated by
means of the following sums.

Ag(n, f) = 2*{%2(1—%),

Pisn
A= YL

R
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Set )
Suln, f) = DUfm)—Auln, IF (B =1,2,3).

=1

As the measure of deviation it is natural to choose the quantities

pong = L0

#=n
or

ded D

PR

in case of strongly additive functions. .
The suthor of this note [31 proved that for any real-valued strongly
additive funetion .
Sy (ny f) < eanB*(n, f)

where ¢, 18 an absolute constant. Tater [4] this inequﬂlif.y was genetra- .
lized for any complex-valued additive functions. It was proved

. Sa(%;f) *-<~,04'R'D.2(?7’: f)r Lo

¢, being an absolute constant toe. By the same method it is easy %o
prave analogous estimates for the sums 8,(n, f), S:(n, I

Th ceeured that these elementary inequalities are very mseful in the
probabilistic number theory for the investigation of the distribution of
values of additive and mmultiplicative arithmetie functiong. It is essen-
tial that the constants ¢, in these inequalities are absolute. Therefore it
is interesting to find numerical values of these consfants. Recently P.D.T.A.
Elliott 11] by means of the method of the large sieve proved that for sutfi-
ciently large n

8,0, FY< 51aD (0, f}.

Estimating the sooas 8y(n, f) i is sufficient to suppose Din, f) > 0;
or B(r,f)>0 in case of strongly additive functions. Otherwize f{m)
=0(m=1,...,n) and Sn,f} =0 (k=1,2,3). Seb

Sk(”:f)

iy FTBEY

j’k{‘”’:!f) =
and
Sy(n,
o) =

The aim of this note is to estimate the quantities
lh'(%)'=suplk(n,j') (B =1,2,3,4),
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where the upper bound is taken over all complex-valued additive (for
& =4 over all strongly additive) arithmetic functions with D(n, f) > 0.
Tn what follows B is 2 quantity (not always the same) which is bound-

ed in absolute value by an absolute constant.

TaroREM, There exists an absolute constant n, such that
1.47 << 4 (n) << 2.08,
1.47 < L{n)< 2.1,
147 < Lin) < 2.29,
1.47 < A,(n) < 2.08

for all » = n,.

These estimates may be slightly improved by the complication of
the method. However it is easy to prove betfer estimates for some classes
of additive functions. ¥rom the proof of the theorem it will. follow
that the upper bound of A, (n, f), 4,(n,f) over all real-valued additive
(in the second case over all strongly additive) arithmetic functions with

D(n,f) > 0, preserving a eonstant sign for all m < n, equals 1 - B(lalon)™%-

Proof. We shall need the following well-known estimates

N1, _ B2 Zl;ﬂ

Inz’ ng’
< PO

Z‘ 1 B ~ 1 B
4 — = Inlnoe+6,+— g — = S
{4) ? -+ 5+1nm1 P Inlnae-+e,+ oz’

pEE

%<z
3 Inp Inp®
3B e, 35—
s P Q D
o<z

whetre ¢;, ¢; aTe constants. Less exact estimates are sufficient too.

Denote -
__fm) o _ 209
P = oy W) =5
~ Then ’ : .
(®) | S W) =1
' - P
and

W) = i, @) == S,(n,0)  (k =1,2,3).

icm
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Now we present the sum 8,{n, ¢) in the form

(6) Selny @) = > p(m)— A (n, )7 (m) — Ly(n, )

m=1
=T, —A4z(n, W)Tl—‘-‘ik('"‘: @)Tl‘i"’-"b]AJﬂ;('"" @)l
where )

Ty = Yom), Ty= 3 Ilg*(m).
m=1 m=1

Tt follows from the additivity of ¢(m) that

T, = Z D o).

m=1 p%m

Changing the order of the summation and noting that the number of pos i
tive integers m < m, for which p®|im, equals

BRES|
S ERE

1f we omit the square brackets we make an error which in view of Cauchy’s
inequality, (4) and (5) iz less in absolute valne than

~we obtain

Bn

S| J o Y@t <va Y1) = o=

po<gn pi<n o< Pi<n

Hence _
Bn
(N T, =nd (0, @) +——=.
. Inn

Changing the order of summation in‘the equality
k17
T, = > o) Ye(d)
m=1 5% aPllm

and taking into accomnt fhat the number of positive integers m < 7,
for which p®||m, ¢°||m, equals

] # 1) o
I:Puqﬂ]_[pa—‘rlqe]— pagﬁ+l + -pa+1gﬁ+1




it p ¢, we obfain
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- 7 o

38 I, ; ([Pu] [W]) le (™) -
#%n

+ 51([%} [ % ] [ N ]
A Apdl Let'el Letg™
2P <n
peg
Using (4} we have

S Sa- L.

#%dPan P <:;fn qﬁémn °<1/n

-+

g
P g w{(P°)@{e").

B%]nlnn

Therefore the error from the omission of the square brackets in the second

sum of the second term of (8) in view of Cauchy’s inequality and (5) equals

B 3 p@)ed) = B 2 )" 2 f (p®) ()1

e Q‘B<ﬂz

B Q =n K4 Q =n
— Inlnn
= BVn 'V~ B V .
(pﬂ%; N ) Inn
Thus
: | o
- (? T, =nd+aL+Bn ninn ,
Inn
where

. 1
(10) 72([ ] [ ])p i (p?) <1,
u(p") (g 1 1
b= 2 CptgE (1-_5)(1"_?)'

2%P<n

p#E0

One more sstimate is necessary:

Iu( a)i . 1 12 . 12
(11) M, o)l < 2 “‘EJW' = ( Z ?) ( Z le2 (29 H)
n<n p%5n pi<n -
= BVInlnn.

The relation (6) togsther with (7), (9), (11) implies that

(12) Tl @) = d+Rk+B-§/ Intnn

ln#

iom
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where
Ry =L —Ay(n, p)dy(n,9)— A + 45 (n, @)1
Each of these sums is calenlated separately for & =1, 2, 3. We have

w{p™E 1\?
(13} B = L— 42 (n, @) = — 2 Z af" kﬁlﬂ (1—-5) -

pyR &<y

w(pa(g’) {, 1\, 1
3 -y
L4 Ry P q

won gf<n
2%gP>n

1{n, @) Agy(n, @)

where ¢, = [lna@jlnp] In the first sum we separate the summands with
@ =p =y,/2 and estimate the rest. Using Cauchy’s inequality and
partial summation and referring to (4), (5) we obtain

. Reu(p*u(p’) 1V
w X S 1))

pyn A<Ypl2 vplR<psy, e
<2 y Z

pé!/n a>rpl2 Yl i<y —a

5 N prr-til o 2 2 N
< 24 P Vn Vp e

p<¥n a<sVn
This
‘ %(p“) ’ VoY) 1)2.
- T . 1— =
R P
p<Vn f2 Vr<n®<n

+V‘1 T

where
Y Reu(piu(e’) {1}, 1
ey 3 emEe Ly )
PpT<VR np— g '

Using again the estimates (4), (5) and Cauchy’s inequality we get

1 1 1 Inn B )
3 2 =2 E i § P end A Rl
Vi< 2 \ d - ”‘(ln In(n/p*) T Ton
q P
“(1/11 ﬂp"“<qﬁsgﬂ '<¥n
Inp*® Blnlnn
__ZZ__I (1- )+ Inn
2%<Yn
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Partial summation results in Therefore
' 2 r u(p) ? O u(p) 1y?
lnl/n In# R, = — Z(l.ﬁ_) e " SEN B -
e e -2 2 LR (1_ ) 42 f ——dl (1~m-) (18) = B, 1] 2—,; o _}_J s o)+
. “g#n "<u rsyn n Vn<pn
' Inu ; : +Va+
== _2(1n1nﬁ+cﬁ)1n%+2f {Inlnu -+ ¢&,)din 1~m -+ S l/nn
3 where :
B BT au V_Zw_gy vw( 11)
+ + f 3 = el Bl T Y e a2 Bz VT
Inz  Inn) wlnw vz et viovn g iedien LY P4
Va . s - . .
Blnln Blnlnn - Cauchy’ lit;
_ f I (1 B jln )dlnlnu+ nlnn " =, Using again Caunchy’s inequality we obtain
nw u 1
. . V‘;g Z a2 ﬁ-Lz +2 Z \ paqﬁ'
where ﬂ“gﬂsn Pl nﬂ"a<q5<n
2 (1 —v) ' ¥
= _—2_f W Y- o The second sum is estimated analogously to (15). Thus we have
) ]
The estimates (10), (12), (13) imply o) Vi<t Binlnn,
. PR n+
Inlnsn where
El(n,q9)<1+l/;;+}31/ —— " (Z 1 )2 b L
. He — e - _—
whers - * =/ p*(p—1) = p*(p—1)
14V, =2.0791...
' _+ “ From (12) referring to (10), (18), (19) ‘we have
We present B, in the form _ _ -
e Inlna
. ey
- wpYE@) [ 2\ EEE) ha(ny @) <14+Vm+m+BY =
an Z a+; al"+ﬁlz "‘5_ + “%', Pt gL . where
O i Py , 1V + 5y = 2.0962...
u(p")5(g") P T In order to estimate R, some preliminary estimates are to be proved.
S " P 4 We have
P N.a-=n
PLAY ' Z u(p) 1i_£
In the first sum, analogously to the sum R;, we separate the summands o N p** - p n
with a = f<y,/2. The rest, analogously to (14), equals B(lnn) ™. " Purthér

Moreover we note that . 1 . |
Shes S 4 >S5 iDL - I

y u(p®) [
; pal2+1 pot? i,_."u+2 %>z Py u>h—‘~$ﬂnf’ n>yz 1=2
Ynep®n V<pt<n p  exInnf2ing) a2

s fmaie B vl B o —-—-21+B e
:BZP 3-[lex/Clnp)] = —_— == 2 "p ‘/.’Elnw
k2

1/’1’1: > 192_ V’n <V 17>)/:c
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Therefore
Reu(p")u(g)\*
(- 3 e, N 2
g a q
PR, 0EH mhgn,esn
>N, a2 B>,
1 - 1 1 1
D EDR DI
At 4 pt L g
oy <f1<% 9.'<1/n m“'1<:a“<ﬂ - Yrep®gn Va<g<n
=l w2 o2

B B <1 B
“?Z (1mw *Eﬂ*ﬁﬁziaf+u
032 B

a=v'n 4 1/%111%

- Inp®y Bhnlnn
— 9 Y lln(l—- np)+ n

- id P lnn Inn
peg¥n
Coez2 ‘
B xvInp" B 2 Ing +Blnlnnijh:Lln'ifb
T lnp &2 p*  law oot Inm  Ilnn
2%<In’n . lnz-n<§ ‘:;él/ n

Using these estimates we obtain

(20)
' _ lu2(p)] 2 1 w(p) 1\ B].nlnn
Rs_ﬁ‘z 19“1_5__2& (1 Vb =
I E< Yr<p=sn
where )
' 1 Reu(p*)%(p)
Y- -2 2 (1W >
pendf? 2asyy—t
w(p)%(q) Reu(p")%(q)
- Z pslzgsjz —2 Z paizga,'z -+
po<in pgcn
v . p#q,u;z

b

%(p“)ﬁ(q_)_(lm}_)( _i) _
P g P q

p%P<n
a2, 223
P
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Again Caneby’s inequality states that

1 1y 1 1 142
2 — —— —_— —_—
a1 Ve<? 2 o+ (l P) +Z ¢ 2 -—f: »e (1 19) *

a g »:Y a
phee Ba P
1 1\* 132 - 1
- 3 el -3 3
) s P q L rq
%4 - <V ar—lagsn
D
a2, 2
Blnlnn
= ¥y iy H
Inn

wheTe

From (9), {12), (20}, (21) it follows that

Ininn

L

Ay @) < 1+1/;21+M5+B]/

Inn
where
1+ Vit u, = 2.2812..

Tn case of sfrongly additive functions we put

G TR ()

p(m) = Bin, ) p e :
Then
D)l (p) =
pEn
and

1
As(m, ) = L{n, 9) m-ﬂ;ﬂ},(%,fp)-

_Analogous consider: ations lead to

: Inlnn
22 =
(22) Ty @) = b+ By +B l/ln'n, !
‘wheTe
1 E
23 . —= — —
(23) b= § [p]pwwgl,
nEn ,
[u? (p)] Reu(p)u(g)
s 5m - DEEL| 3 A, 5 5 Sepge,

pVn Ve<psn iﬂ<1fn ap—l<ggn
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Hence it follows that

— Inlnn
Am, @) < 1+1/n1+3'!/ .

Inn

Tn order to estimate 2,(n) from below we ghall caleulate Ay (m, w) for
a special function y(m). Let a = 7.579; h = 0.09599; & = 0.299; ¢ = 1.
“We define the-function w{m) by its values for prime powers

mrplnﬂwsfp lf :p g poy , -
p(p") = p{p) = \ —pln’n- 100 i W' <p< Vn,
In~*n-In“p it Van<p<n,

where

P o=

)+}/( ——;)4-%22“'““( zla);a(awe)rz),

)

2az ((
“ ”_"(w1+]/w1+(“_ _5)

1
Wy, = — 7y - a( )

sys

2u
(E—28 1
Wy = a__.ghz 2_}* ( 5‘%)7
Wy = (_39‘_)2a~26_2e__h2a—26—zs,
1/2 . F
v= | 1~ (1—y)Ydy,
0
3 ) :
n= [y 1-1—9))dy,

0
by}

gy = j ya—d—s—l[l (1 ,y)a)
1

TUsing patrtial summation we can show thatb

D e B L=~28
e
‘where 4 _
2
. D =w2+ H Wy

a—8—z¢
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"The same estimate is true for B*{n, y). Moreover

2 o .
3 (p°) « g .
L et = B, Z"PZ(P) = Bn¥ % iy,
w4 #<n
Thus
B B
Inn Vinn
Fuarther, from (15), (18), (20), (24) we dednce tha.t for the funetion y(m)
B
By = ( wl'i’]/wl‘f"a 6 —e)7; + (k=1,2,3,4).
l/lnfn,

The principal term in the last formula equals 0.47..
I (n) > 1.47.

Finally we shall prove the truth of the remark to the theorem. Re-
ferring to (10), (12), (13), (22), (23}, (24) we sec that

() < 1+ B(lnlnn/Ina)t?

for real-valued additive functions preserving & constant sign. On the
other hand, it is easy to show that for the function w(m)

. Therefore for 0= Ny

A =1 .
il @) T inton

The author expresses hiz gratitude to his colleagues K. Giedryté
and V. Nekrafas for their agsistance in numerical ealeulations, -
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