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her theory helped him when he was working in the field of the theory of
- probability. The very titles of Linnik’s papers (the ergodie method in num-
ber theory; the digpersion method) indicated the influence of the theory
of probability upon his research in number theory. Of course, the poin
is not that any ready results were transferred from one field to amother,
but only that there was some influence of ideas from the theory of proba-
bility upon the creation of new, original methods in namber theory.

“Yuri V. Linnik possessed a Incky ability to attract talented diseiples.
He skilfully directed them to the study of problems which -were
both difficudt and important for the developinent of science. As a director
of studies, Yuri V. Linnik was generous in giving both ideas and advice,
always having time for working discussions with his disciples and collea-
gues. At the same time he was exigent, awaiting with interest thoge rasults,
which, in hig opinion, were bound to be » snceess. In relations with his disei-
ples, Yuri V. Linnik was solicitous not only ag a teacher, but also as 2 senior
eolleague, trying to be helpful also in everyday life, when necessary.

Among Linnik’s disciples of different periods, there were: the prema-
turely deceaged Hungarian Academician A. Renyi, Academician of the Lit-
huanian S8R J. Kubilins, A. V. Malyshev, A, I. Vinogradov, B. F. Skuben-
ko, B. M. Bredikhin, A, N. Andrianov and others — in the field of number
theory, and V. V. Petrov, I. A. Ibragimov, Academician of the Lithuanian
SET V. Statulavieius, O. V. Shalayevsky and many others — in the field
of the theory of probahilifiy and mathematical statistics.

The scientific merits of Yuri V. Linnik were generally recognized.
In 1947 he was awarded o State Prize, in 1970 he became the Lenin Prize
Winner. In 1953 he was elected a Corresponding Member, and in 1964 a Full
Member of the Academy of Sciences of the USSR. In 1970 he wag given the
rank of Hero of Socialist Labour. Since the year of its founding, 1959, nnitil
1965 he was the President of the Leningrad Mathematical Society, Yuri
V. Linnik was elected a Fellow of the International Statistical Institute,
Foreign Member of the Swedizsh Academy of Seciences, and obtained the
title of Doctor honoris causa of Paris University. Fle was a member of
the editorial boards of several geientific periodicals, including # Acta Aribh-
metica’”. Linnik’s. “Selected Writings' are planned fo be published.

Yuri V. Linnik combined the extraordinary intensity of scientific
creative work with a vast scope of interests. Xis many-gided endowmernts
weré astonishing: he was greatly interested in belle-lettres, espeocially po-
etry and memoires, as well as in history, especially military history. Ie
spoke seven langunages fluently and wrote witty poetry in Russian, Eng-
ligh, German and French.
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Yu. V. Linnik’s works in number theory
by

A. V. Mavysimy {Leningrad)

1. Frgodic method in number theory. Yu. V. Linnik’s first works were
related to the analytic theory of quadratic forms. He investigated there
the problem of representation of numbers m by positive ternary gquadratic
forms f, i.e. the problem of solution of Diophantine equation

(1) - i fle,y,2) =m

in integers @, ¥, 2. 1t dealt with the conditions of solvability of the equa-
tion (1) and the number of its solutions B (f, m) (or, in other words, with
the mumber of integral points on the ellipsoid (1), the problem of
distribution of these points over the surface of the ellipsoid naturally
ariging). Analogous problems for quadratic forms of »n 2 4 variabler were
successfully solved by the tradifional analytic methods. Nevertheless in
the case of n = 3, connected with the important problem of determining
& crystallic lattice by its distances, those methods ceased to work, and. the
problem did not permit any solution in spite of the efforts of many schol-
ars.

Having used as a fool the arithmetics of quaternions and hermitions
for the purpose of investigating the problem, Linnik created an original

© analytie-algebraic method, which, in further development substantially

expanding the sphere of its applications, was named the ergodic method
in number theory. The method was described in articles [23-[6], [62],
[63], [69], [7T1], [761-[79], [81], [84], [86], [88], [89], [102], [113],
[148], [168], [2247], partially in [46], [115], [152], and algo in monograph
[VII] basically summing up the whole field of investigation (several prob-
lemg were treated with more detail in A.V. Malyshev's monograph On the
representations of integers by positive quadratic forms, Steklov Mathemaiti-
cal Institute works, LXYV, 1962).

The fundamentals of the method were given by Linnik in paper [6],
outstanding in its depth and sophistication, and making a summit of
hig creafive work. In that very complicated article he succeeded in esti-
mating R(f, m) from below (and, in particular, in finding conditions for
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representability of Iarge numbers m by the form f)in the case of forms which
have odd determinants and are representable by the sumn of three squares,
the so-called “convenient” formg, and suggested the ways for 1nvest1gatmg
the problem for arhitrary forms.

The way was later found to obtain not only inequalities, buf also
asymptotic formulae (for m—o0), for the quantities mentioned above (saiy,
E(f, m)). The most remarkable application of the ergodic mothod is the
widely known Linnik’s theorem [102] (see also [VII] and [71]) on the
asymptotic uniformity of distribution of integral points on the gphere with
increasing radius.

Let us present the idea of the proof of that wonderful theorem, thus
demonstrating also the scheme of the ergodic method. It is sufficient to
consider only the primitive points on the sphere #2442 --2% = m, assigning
to them primitive integral vectors I = i+ yj-+2% under condition

(2) - N(L) = m.

Their number, according to the theorems of Gauss and Slegel, ig |

1
= —F

(3) r(m) > xm® , it m=1,2(mod4), =3(mods).

Now let ¢ be a fixed prime under condition
) (—_m) _1.
a

Then for any natural number s there exigts an integer I such that I8 +m

= 0(modg’), and thus for every primitive integral vector I with the norm
m we have

(8) I+L=BU, B=@Q....Q, N(@)=q¢

where @,,...,9,, T are integral quaternions; if @, ..., ¢, are supposed
o be primary, then they are defined uniquely by the vector I. Rofating
the veetor L successively by means of the quaternions @, ..., Q,:

T'=Q1IQ, L' =Q7'L'Q, .., I®=Q7 L0,

and taking (5) into account, we obtain the chain (Z;) of primitive inte-
gral vectors with the norm m:

(6) : (Zg)

(t =1,...,9),

Lol L .., I®.

logf-"( }
Choose § = logg 3 and congider the chaing (Z,) starting with

all r{m) vectors L. It tums out that all the chains, with the possible exelu-

sion of ‘ofr(m)), have the “ergodic” property, ie. the vectors of the chain
are distributed uniformly (at m-—»co0) over the surface of the gphere.
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The proof of “ergodicity” (from which the theorem on uniform distri-
bution of primitive integral points on the sphere follows immediately)
i baged on the following lower estimate of the number of different B’s in
#({m) equalities of the form (5): the number ig greater than

(M) &

for any & > 0. Here we have the most important key point of the method.
The estimate (7) is proved by rather complicated arguments which use
essentially the vector rotations theory by B. A. Venkov. Lately, Linnik
[2247 has suggested a variant of his method which permits avoidance of
estimate (7).

Linnik’s investigations were generalized by his disciple A. V. Malyshev
to the case of positive ternary quadratic forms with odd relatively prime
invariants [2,A]. It is a pity that in the general case only estimates in-
stead of asymptotic formulae were obtained. ‘

Linnik [771-£79] (vee also [VII] and [63]) applied the ergodic method
to the proof of asymptotically (for m—co) uniform distribution (in the
sense of Lobachevsky metric) of integral points in fundamental domain
of parted hyperboloid

(8) Ryt =m, 2y<e<z, m>0

and his disciple B. F. Skubenko extended this work to the cagse of
unparted hyperboloid (m < 0).

There is no doubt that in the guestions of replesentmg numbers by
ternary quadratic forms, positive as well ag indefinite, the ergodic method
did not exhaust its possibilities. As to the problems arising here and solva-
ble by this method, see [VII], pp. 202-204.

The study of the distribution of integral points in domain (8) may

be treated as information on the distribution of ideal elasses of guadratic =

fields. Tn hia report [113] (see also [VIL], Chapters VII and IX) to the JIT
All-Union Mathematical Congress Linnik suggested & vast program
for transferring those results to arbitrary algebraic fields. It is a
pity that there only an anxiliary result on the distribution of inftegral
nth order matrices with given determinant ([148], [168], [VIL], Chapter
VIII; Trudy Mat. Inst. Steklov 80 (1965), pp. 129-144), was obtained.

2. The laige sieve. Immediately after the research work in the arithme-
tics of ternary quadratic forms, summed up in paper [6], Linnik published
a minor note [7], which was destined to have a great future. There he

“founded. a new method in the analytic number theory, which he named “the

large sieve”. The term means the operation of eliminating some residue



8 A. V. Malyshev

classes with respect to given prime moduli p; from a given set of integers,
the number of the classes being permitted to increase with p; (just by the
latter his sieve differs from that of V. Brun). .In the note [7] he
elaborated a simple and elegant analytic apparatus for estimating the
number of numbers, both those belonging to the set and those left
after sieving. '
Linnik published only one small article [11] on this method, in which
the following theorem was proved: for any ¢ > 0 and arbitrary lavge N,
the upper bound for number of primes p contained in the interval (N°¢, W)
and having a minimal quadratic non-residus greater than p°, depends only
on ¢ {and does not depend on N).
Later Linnik’s large sieve method was developed by his disciples and
followers. Interesting applications of the method were made by the lun-

garian aeademician A. Renyi (who died untimely in 1970), working ander.

the guidance of Linnik. The important advance in, and, to & certain extent,
the completion- of Linnik’s large sieve method was obtained in 1965 si-
multaneously and independently by the Italian mathematician H. Bom-
bieri and Linnik’s diseiple A. I.- Vinogradov (ses Addendum T to the
Russian translation of K. Prachar’s bock ,,Primzahlverteilung”, Mos-
cow, 1967).

From the nmmerous applications of the large sieve method let us

select this one: let s(w; D, 1) be the quantity of prime numbers of the
form DE+41 not exceeding ; then for arbitrary constant 4 > ¢ thore
exists a constant ¢ > 0 such that

~ o | a |
9 : N max |w(z; D, 1) — = O}
) L medn) (23 D, 1) o (D) log™ a
De Ve  {I, D)=1
" logs

3. The density theorems in the theory of Dirichlet IL-funciioms and
their applications. Having created the large sieve method, Linnik suc-
cessfully developed the theory of Dirichlet IL-funetions L(s, x), where x
ig o Dirichlet character (mod.D), and its applications to the prime numbers
theory. ‘

It ig known that many srithmetical consequences can be obtained
from the extended Riemann hypothesis that all the non-trivial zeros
of L(s, y} (i.e. zoros under condition 0 < Res < 1) are situated on the straight
line Res = 4. At the present time proof or disproof of this hypothesis
seems rather unrealiztic, oven for the particular case of L-functions, namely,
for Riemann zeta function £(s). However, as was pointed out by Hloheisel
as far back ag 1930, many propositions in the prime numbers theory can
be derived from much weaker, but provable, statements, namely, the
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density theorems containing upper estimates for the number N(s, T)
of those zeros of the £{s) function which are situated in the domain -

(10) ‘ c<{Res<<l, W<T

where ¢ = 3 and T iz sufficiently large.

Linnik has generalized the density theorems for L-functions and ob-
tained from them a number of important arithmetieal consequences {[16]
~[18], [22]-[26], [28]-[33], [53], [65], [58], [64], [68]). The generatization
was twofold. Firstly, for a great moduluz D he estimated the number
N (D) of all funetions L(s, x) with characters y(modD), which have zeros
in certain special domain for ¢ depending on D. That allowed him to prove,
among other arithmetieal consequences, the following remarkable theorem
on the least prime number in arithmetic progression: if t and D >1 are
two relatively prime integers, then there exists a prime p of the form. Dh+1

Csuech that

(11) p< D,

wherre ¢ is an absolute constant. The summary of those results, with the
addition of modern improvements, is to be found in Chapter X of Prachar’s
book cited above. Secondly, Linnik considered a divect generalization of
Toheisel’s result, namely, an upper estimation for the number N (o, ;%)
of zeros of function (s, y) in domain (10} (ef. Prachar, Ch. IX)). That al-
lowed him to give a new prodf of the famous Vinogradov theorem on
the representability of sufficiently large odd numbers by the sum of three
primes (the so-called “ternary Goldbach problem?”). Later Linnik solved
the so-called “almost binary Goldbach problem”, showing by the same
method that all even integers are representable by the sum

(12) n o= P+ pe+ 214 F2%,
‘where p,, P, are primes, i, ..., {, are positive integers, and s < ¢, where
¢ is an absolute constant.

4. The dispersion method in number theory, We owe to Linnik the creation
of one more mighty method in the analytic nmmber theory, especially
devised for solving additive problems of the binary type, which do not
admit any use of the circle method in principle.

To this method, named the “dizpersion method”, a;rbicles‘[llo], [111],
[117], [125], [127], [1297]-[131], [138], [140] are dedicated (they are gen-
eralized in monograph [IIT]) and also in the further articles [196], {1991,

[201], [2107, [2497, [253].

The main ideas of the method comsist of introducing the concept of
“digpersion” for the number of solutions of the binary equation, of de-
dueing the basic inequality for the dispersion with the aid of & method
like that of Vinogradov for estimating double sums, and, lasily, of applying
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a certain analogue of Chebyshev inequality. Let us describe a schsme of
the dispersion method in the simplest case (for details see [IIL], pp. 5-28),
Let {p} be a certain sequence of positive integers, with probable repeti-
tions, let ' run through a certain subset of the interval (D) = [D,, D, -+ D,]
without repetitions, and let » run through a certain subsel of the interval
(#) = [wy, 9 +v,] independently of D'. We are interested in the number
r{n) of solutions of the binary type equation

(13) n = q+D.
If TU(1n) is the number of solutions of equation ¢ == m, then
(14) rin) = 3 M U(n—D'»).

Ie(D) ve(x)

Let us suppose that by some heuristic reasoning we can find some
plaussible asymptotic formula 4(n, D) for the number of wgolutions of
the equation
(15) n=gptDy

with an arbitrary fixed D, Then the “dispersion” of solutions of equation
(13}, agsuming the asymptotic formula A (%, D) for equation (15), is equal to

(16) Ve 3 (D On—D~din, D).
Te(D) ve(r)

But it is evident that

(17) VLV = > Un—Ds)—A(n, D),

D= DD 4Dy, vely)
and we ha,ve to know reasonably well — and this is erucial for the appli-

“cation of the method — the upper estimate for V' (and thereby for V').

If V' is sufficiently small, then we can turn to the » (n) by classical
Chebyshev arguments:

(18) o) = ) Z-U(n—l)'w) ~ A(n,[[)').
D'e(D) ve(v) De(D)

The power of the dispersion method was demonstrated by Linnik when
he solved {[1177, [1817, [140]) the classical Hardy-Tittlewood problem of

representing every sufficiently large number as the sum of a prime and fiwo

squares. He also obtained in [127] and [129] (see alio [VIX], Ch, VII)
an asymptotic formula for the number of solutions of equation

(19) E no=p+at+y?

whete p i3 & prime and #, y are integers.
The dispersion method also permitited solution of amother old prob-
lem, the so-called “Titehmarsh divisors problem”, which consists of
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finding an asympbotic formula (for N-—oo) for the sam of a divigsor

function over “displaced” primes:

2, T+,

PN

It is interesting to note that the formula were obtained later with
the large sieve method (sce Addendum I to Prachar’s book cited above).

Linnik and hig disciple B. M. Bredikhin also studied many other
additive problems wusing the dizpersion method (see, in particular
Bredikhin’s review in Russian Mathematical Surveys 20:2 (1965), pp.89-130).
Since then the dispersion method has been connected with ergodic ideas,
which substantially expanded its possibilities and, in particular, led to
an agymptotic formula in the generalized Hardy-Littlewood equation:

(20) o =p+oe@,y)

where ¢ iz an integral quadratic form.

Up to his last days Linnik (in cooperation with Bredikhin} was devel-
oping the dispersion method, and not all his results in this {ield have
yvet been published.

5. Other investigations in number theory, A great number of Linnik’s
arficles on number theory (some of them very deep ones) are diffienlt to
classity among the discussed domains, Let us dwell briefly upon the most
interesting of them. -

In his paper [20] (see also [69], Ch. IV) Linnik obtained an unexpeeted
application of his investigations [6], when he proved (using an algebraio
identity invented by himself) that every sufficiently large integer is the
sum of geven non-negative cubes. Recently [243] he considered, by analo-
gous arguments, the equation
(21) w =& 4o Lo’ +y’ 4,
where £, %, a2, ¥, # ate non-negative integers.

In paper [197] the following interesting result regarding the distribu-
tion of ideal classes in imaginary quadratic fields was obtained. Let ¢
be a constant, } << o < §, and let m, be a number under condition m?
< my < m IE A —m, m,) denotes the number of reduced positive in-
tegral binary quadratic forms ax? --2bzy + cy?® with square-free determinant
m, for which
(22) _ o My
then for m—»oc we have

logh(—m, my} ~ logmy

(in fact, a much more precise result was obiained).
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_ In articles [8], [9], [14], [19] Linnik studied the estimates of Weyl
trigonometric sums with Vinogradov’s methed, and, in particular, obiained
a very useful p-adic variant of the method.

Finally, we must appreciate the elementary proof of Waring’s theorem
[21](seealso [TV], Ch. 2), included in Khintichine's well-known book {“Three
pearls in number theory”, Moscow, 1948). Generally, Linnik had more than
usual inferest in purely arithmefical proofs of arithmetical statements
(see [49], [180] and monograph [IV]). Lately he suggested (within the
framework of a dispersion method branch) an idea for proving the Gold-
bach—Vinogradov theorem on the sum of three primes, which. was, in a
definite sense, elementary (see [263]). '

Yu.V.Linnik’s works on probability theory are widely known. A briet
survey of the most important of these works is to be found in Uspehi
Mat. Nauk 28:2 {1973), pp. 204-209, .

(507)

icm

ACTA ARITHMETICA

o

6.

XXVIE (1975)

Bibliography of scientific works of Yu. V. Linnik* -

A. Papers

" Odotwente meopessl Frobendus’a yemanosaenue ceasu ee ¢ Meopemolt
Hurwited'a 0 komnosuguu kead pamunbie gopr (Generalization of Frobe-
nius theorem and its commection with Hurwit?’s theorem on composition
of quadratic forms), Was. AH CCCP, cep. matem. 2 (1938}, pp. 41-52
(English summary).

. Hecromvro 10661z meopest 0 npefemasieHuu Gogewit wucea omdeas-

HOLMIL  NOSOMCTIMEALHBIMI  MEPHADHOMI K6 paminbimu  flopmasis,

Mo, AH CCCP 24 (1939), pp. 211-212. English transl.: Some new

theorems on representation of large numbers by separaie positive ternary

quadratic forms, C.R. Acad. Sei. T’URSS 24 (1939), pp. 211-212.

0 npedemasaenuir 6o4s WU WUce NOAOHCIUNEALHELMI MEPHAPHYAMIL KeaD-

pamuunsisy Popmanu, Torx. AH CCCP 25 (1939), p. 578. ¥nglish

trangl.: On the vepresentation of large numbers by positive ternary
quadratic forms, C.R. Acad. Sei. L'URSS 25 (1939), pp. 575-B76.

. O8ra ofwas meopena 0 npedcMagaenIU Ylices OMIeAbHBLMUI MEPHAPHEL-

M Keadpamursiyl gopaarnu (A general theorem on representution of

numbers by some ternary quadratio forms), Mas. AH CGCP, cep. mareM.

3 (1.939), pp. 87108 (English summaty).

On certain results relating to positive ternary quadratic forms, Marea. 6.

B (47) (1939), pp. 483-471 (Bussian summary).

0 npedemasaenut GoUAT YLCeA NOAOHCUTMEALHIMI MEPHAPHbLMLL read-

pamunssi opsasr (On the ﬁ”epresea?,tat*im of large nasmbers by positive

ternary quodratic forms), ¥Mas. AFL CCCP, cep. marem. 4 (1940), pp.

365402 (German summary). _

,, Bomwoe pewemo®, Jotar, AH CCCP 30 (1941), pp. 290-292. English

transl.: “The large sieve”, O.R. Acad. Bei L'URSS 30 (1841), pp.

292-294. ' ‘

. IHogvie ouennu cymm Weyl's no memody. H. M. Bunozpadesa, Howim.

* Compiled by T. G. Fursa and A. V. Malyshev.



