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§ 2. Proof of the Main Theerem. By Theorem 1 there exist posifive
real numbers gy= go{d, D) << 1, Ly= Ly(d, D) such that for L > L, we have

= MN[F = n—p]

p<n

=7+ 0() 3 P a0 3 X 3 a).

med Uhm oerypd medc,y, m

Hence for L, < L loglogn we obtain from Theorsm 2 and 3

.9 , "
i, L) L
s Pla(D=an) P pripman PP 8
¢ n A L
< sF Togn 10alogn+ Iog logn+ W ——loglog% .

1
e loglogn we got the required estimate.

. ine I =
On putting yiY
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The proof of Minkowski’s conjecture concerning
the eritical determinant of the region

P +yF< 1 for p>6
by
A. V. MAarysERv and A. B. Vorowersky (Leningrad)

1. Introduction. Let » > 1 be a real number, 9, be the convex region
o +y1* < 1

and A(2,) be the critical determinant of 2, (for definition of the necessary
notions from the geometry of numbers see Cassels [17). Let us consider
two 2,-admissible lattices AD and AP, AD ag well as AP has six points
on the boundary of 2, and (1,0)e AD, (—27%,27Y7)c 4D, (The lat-
tices AL, AD) are defined uniquely wnder those conditions.) We write
AL, AD for (AP, d(4L7). Minkowski [4] had conjectured that

(1) A(%,) = min(4D, 40,

all critical lattices of 2, being contained among the lattices AL, A0 and
among those which are symmetrical to A3, AJ with respect to lines
szs?/:O:m:yam:.‘—"y- )

Papers [2], [3], [5]-[9] are devoted. to this conj_ecture. Watson [6]
has proved that there exists a constant p,, with 2.57 <C py << 2.58, such
that
@ S P
and
3 AP < AR for 1< p<<2, p>py,

AR < A4F for  2<p < Py

Therefore the conjectural eqﬁality (1) ean be written as

AV for  L<p<2,p =D,

4 ' i ==
) (“) A9 for 2P Py
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Cohn [2] introduced & convenient parametrization of the problem (which
we also use, see § 2) and gave & sketeh of the proof of Minkowski’s conjec-
ture when p is “sufficiently large”. Mordell [5] has proved this conjecture
for p = 4 (the cases p = 2 and p = 1 are trivial). Kukharev [8] (the pre-
liminary report —[7]) has worked out a method for the examination of
Minkowski’s conjecture for every concrete p (except p near 1, 2 and p)
and using & computer has proved this conjecture for » = 1.3;1.4;1.5;1.6;
1.75 2.2; 2.3; 35 4; 5.

The aim of this work is to prove Minkowski’s conjecture for p = 6
That is, we are to prove the following statement.

TEroREM 1. For p =
(5) 4(2,) = AD

6 we have

and the set of critical lattices of @, consists of AL and lattices which are
symmetrical with respect to ooordinate axes and their biseclors.

2, Reformulation of the problem. Let for fixed p > 1 a value o increase
from 1 to o, = (2°—1)"?. The equation

6y (1 _;_Tp)—lhu — (1407 —11'11}11 +{r(1+ .Fp)—ilz? +o(l+ O-p)ﬂllp}p =1
determines a function v = zfo, p) = 0, which is decreasing from 7, to 0; here
1, i8 defined by

(7) 2L—mf =14eZ, 0<1,<1,

(see [27). We introduce the function
(8) 4(c,p) = (v

where v = v(s,p). Then A(s,p) is the determinant of Z,-admissible

lattice A, (o), which has six points on the boundary of 2, one of them

having ta.ngent coefficient —o; under those (,ondltlons A1) = Ag),

CAQ,p) = AD; Ay(oy) = AP, A(o,, p) = AP (see [2]). Theorem 1 is
eguivalent to the fo]lomng statement

THEOREM 2. If p = 6,1 < 0 < gy, then

+0) (L4572 (1 - o7) 707

(9) Aloy ) > A(1,p) = AD.
We write
(10) A+ —(1+0")" = A(o,p) = 4

(11) ?(1+7) £ 0(14 %)% = B(a, p) = B,
where v = (g, p) is defined by (8), which edn now be rewritten as:

(12) APLB? =1.

icm
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Differentiating (12) we find

oz (L gPyl+lr po—ly o1 gp-l
(13) 5; = = (1+GP)I+IIP RBr-l T p-1 451
and s0
04(a, p) §{o, p}
(14) Tae T (1L Py 1B BT _op—1 jo-1y
‘where ’

(15)  glo,p) = (A +o")y Pl —or? 1) {BP Lo AP —

— (17?1 — 7o) (BPTY — P14 TY),
From (14) it follows that

. od{e )
(16) mgn——gci) = —signg(s, p).

We are beginning to prove Theorem 2 (from which Theorem 1 fol-
lows). After some lemmas from § 3, we shall prove that

9 1
17 Q‘_(;;_i?l<0 for p>6,1gg<1+3§
o - r
{§ 4, Theorem 3); that .
18 (o0,p)<0 fo 6, 1+~ < ag1e T
= T~ o <= a = s
(18) glo,p r p>=6, 5 7
(§ 5, Theorem 4); that
1.37
(19) Mo, p) =AY for p=6, 1+~—‘-/=—\6\6p
' P
(§ 6, Theorem 5); that
(20) ‘ g(1,p) =0 for p>1

(§ 7, Theorem 6). It follows from (17)-(20) that (9) holds for p 2= 6, 1 < a

= 0.

3. Lemmas,

LeMyA 1. When p is fized, while o increases from 1 1o o,:

(a) (L+oP)" Y% decreases from 27 o §;

(b) a(1+0?)" inereases from 277 o }o,;

(6) = deereases from 7, fo 0; '

(d) (X +2#)7" increases from (14787 = 9‘1”’(1—'; Yo 1;
(e) z(1-+1P)""P decreases from = (1+r”)‘1’1’—2‘1"’" (1—r, )““1 o 0;
(f) A increases from 7,(1 +r”)‘1’” =27y (1—1-1,) o 3; :
(g) B decreases from {1+ %)™ = 3721 —7,}7" 10 1o,.

‘29 — Acta Arithmetica XXVIL
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These statements follow from (6) and (12). The boundary values can
be obtained by applying (7).

LEvMMA 2. For every () p ond o
(21) 7<1—(1+cF)7HP,
Asg it follows from Lemma 1,

1 \1/p
—113) +o(l+o) L) <1,

ro(l+o?) P 1.

B (b)), r(

CoroLLARY 1. For every p and o

1—
(22) (1 40Py =%

a

It is evident that (22) is the same ag (21).
CoROLLARY 2. For every p and o
' log(1-+¢™? 1
<< gil+a™) < .
? po” ‘
If we take inte account that for # > 0

(23)

(24) m(l——f—)< 1—e"<u,

Z

then for a > 0,5 >0
(25) ‘ 1—(14a) < flog(l-|a),

80 the first inequality follows from (21). The second 1nequal1ty follows
from the first because for > 0 we have

(26) _ log(1+a) < a.
COROLLARY 3. For p>1

(27 TR Ty < 1—g-Ur <_1.9§?_<2l_
. p P
Bee (21} and (23).
LeMMA 3. For p= 6
P [3
(28) {1+ 1’)"”—">1—7'r—>1h~210 ,
» r
B
(20) (LpaP)" W (14oB) M s g ( ) AL

(4 From now on we suppese that p > 1, 1 € o < oy

iom
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Applying (25) and (27 ) we find that

Py-1fp al 2
(147%) >1—~—>1——
P P

2 2107
(1+Tiﬂ)—-1—2lp>1_(1+;)Tp>1_(1_:_%) tog2 T§>1—i_];0___

Levws 4. For every p and o

(80) A <14({14o¥y <

See (10) and (25).

1
Levwa 5. If 1< a<1+—p then

>1-—

(0.11)°

?

log{1+4%)
— 5

2-10°f

.
1

P

(31) 1< a2 o o < 6« 1.2215,

1t follows from the inequality that

»
(32) (1—{—%) <ée¢, ax>0,p>1

1
CorOoLLARY. If 1o 1+ ™ then
_ P

(33) A<
' P

See (30) and (31).
Lemnra 6. For every p and o

See (12) and (30).

log(1+¢®) 0.8
gl+e™) _

»

' 1
CorOLLARY. If p = 6, 1gag1+g§ then

(35) 1> Bz BB =B > 1

Bee (34) and (33).
LevMA 7. Por every p and o

{386) Bl gP AP 1

See (34) and (30).

34 - 10~%

: 2
(34) 1>B>B*i>B'»B? =1-AP>1—{M} .

P

>1—T1075.

{elog(1 +o®)}P2

P!

451
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1
CoROLLARY. If p =26, 1oL+ @ then

3.1-10™"
e < 1-452-107F

(37) BPgP AP 1 -
Bes (36) and (31).
Levma 8. For every p and o

log{1 -+ %) }p__ 1,13_1{10g(1 +a?) }P“I
P P
log(l -+ o?y 2!
e } :

(38) BP'—P 4Pl 1—{

> 1 —(14+ ") {
See (34), (30).
CoROLLARY. If p2 6, 1o <1 —{—% then

4-107F

(39) BPlo g2 4P s 1 >1-1675,

See (38), (31).
Iemva 9. For p= 6

3-1077

(40) T+o(1+40F) M <B< T+o(14a?y,

See (11) and (28).

Lemmrs 10, Forp}ﬁ,lgagl—{—si
. - Bp

. —4
(41) (]__I_ 0-1’)—1~lh9 < |%El < (1 4+ Gp)—l—l]p(l 4+ 4:__10 )
¢ g p

(42) ’ < 3(1-+10"%).
See (13), (27), (87) and (39).

4. The case 1gagl+5i.
1
THEHEOREM 3. If;p;ﬁ,l:gasgl-ks— then .
: . P )

(43) | f’g—‘i‘,’;ﬁk 0.

icm
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Prootf. Differentiating (15) and applying (13} we find that

dg{e
(44) W52) < afo, 5y +r(a, ),
where
(45) ,
w(o, p) = —oP (L4 o?) RBP4 (p 1) (L oF) T OB~
—(p m})(l,_}_riﬂ)-—l-lfp(l + O..‘_D)—-l]:ij?-—-z % .
- oﬁnl(l +Gp)w1~1!p3p—1 +(p—1)6™2 RBP-1__
—(p-13(1 JI_-CP)—L’? (14 Up)—l—u;qu—z 4
A (p—1)7e® 1A 46" BP R 4 (p 1) BPTE 9| _
dr
—{p—1)7e? (1 £ Py BT
do
(46)
a
(o, p) = PB4 (p 1) (BT 4 0?1 4P —52— 1 +

+Hp-1F B

—«gitﬂp —1)oB 47 4 (p )Pt AP 4
G

+(p 1)t AP il
da

+(p—1) AP

Py

ot

+(p—1) 2N 472

Due to (28), (29}, (40), (41) and (2f) we can write that

(47) u(o, p) < B™(a, ) +5(, D),

Where -

(48) v(o, p) = —20%(1+0?) % 1 (p—1)w" (1407 —
—276" M1+ 0%y L (p —1) 7",

(49) ; _
8:1077 2.107% 1 3:1077 2:10°% 1
= _1 — _1 -._+
$(o, p) +p -1} - 2+ P +{p—1) P
1 1073 0.7 2:107°
—I-(P"‘l)'E‘ ‘3‘(1"—“1)‘?‘ < 107%.
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Since due %o (27) and (31) we have

270 (1 + o)W L (p 1) 0P
70?2

I _{_0-?9 1-+1/n 2 1 “0.; . 22!5”5

0(0,0) < —267(1+ o)W 10T (1) = wo(, ).
We have

dw(s, p)

5o = " L+0?) W h(o, p),

where
h{a, p) = —2po-+4o?H L0.7(L + ") f{p —1)(¢” +1) — o7}
—2p(1+ )+4+e 7-2-(2p—8) >
Therefore,
1
(30) v(o, p) < w(o,p) < ’w(l-!-gz;ap)
| 1 yz-1 s ' 1\ e 1By 116 |
<rg) frfrg)] Trasen ey
1' 5 - -
- (1 + 3(7) (1--¢F)746.0.085 < —0.085.
From (46), (27), (34), (37), (42), (31) and (33) we conclude that
(51) (o, p) < 3.5-107°.

Finally, we can obtain from (44), (51), (47), (49), (50) and (35)

dg(c, p)
do

Therefore, Theorem 3 iz proved.

<< ~0.08.

1.37

5. The case 1+—1—.\<\ gl —0o,
‘ Bp 1/1,

1.37
Logl+—— then

THEOREMéL If p= 6, 1+ ”
Vo

{52) glo, p)y<< 0.

icm
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Proof. As (1—ze® B+ <1 -7)(1+9) <1 (p=2), taking
into aceount (22), (36), (28), (38}, (23), (27), it follows from (15) that
( slog(l+e%) )?’”11 .
P /

(1= B ey (R
? »

(53) g(cr,p)<—~——l 14

1
—h
< op (o, 1),

where

(64)  h(a, D)
(" +0) Jlog (L +a"P71  2-(0.T)7

= —plo—1)+L—c"P -} peE + 5
: 1 1.37
As M increases with o, then for p =6, 1+ < o<1+ —=
do? , 5p /' p
_ 1 1.37
{Bb) . h(cr,p)s;maxgh 1+ —. 2}, Bl1+—=, P};-
' 5p Vp
If p = 6 then

1
(56) h(1+ —5?19)

0.26

< _'_%_{_1__3"1"5.{_.; (1’5-}-1—1— ){1og (L4 + —— < —0.017 < 0;

37
(67) (1+ = ,P)< 'w(p),
Vp
where
1 1.37 1.37
— — 1=
u(p) 1.37Vp +1+ — P (1+ 7 ) {log(1+( " ) )}

-1
gl S A
As the funetion «(p) for p > 6 is the decrea.smg function (it can be veniled
by differentiating),
(b8} _ . w(p) < u(6) << —0.4<C0.
Due to (55, (53), (56), (57) and (58) we bave (52).



&
456 A, V. Malyshev and A. B. Veronetsky Im

The proof of Theorem 4 is eompleted.

1.37
6. The ecase 1+——< 0 < 0,0

1/2—) Ey
1.37

THEOREM 5. If p 26, 14+ —— < o < ¢, then

Vo

(59) (s, p) > 4.

- Prooi. From (7) and (8) it follows that
Aoy p) > 27 (L —5,) (L o) 7,
49 = AL, p) = 47U )L —7)

hence (59) will result from the following inequality

| 1.37
Vp
Applying (25) and (27), we get

-p)—lp
(60) ' {1 + (1 + ) } > 27 (141,).

221

i 1.37 "‘plhl"p P
1+ (1 + ———-—) >1—
{ vp ! | , » ’
1+1,< 2271,
and (60} follows from
1 . ~D :
(61) —-log(l + (1 + E_l) ) < (1—g2-lrp,
P Vp
Inequality (61) follows from that of (24), {26) and
. 1.37\*® log2 2
(62) p(1+-——) <1lo 22(1_ ) _
Vp ¢ 2p
For p>= 6 ‘we have _
2 log2: log2 '
63 Jlog22|1—- 2 | 2 _ 9 :
(63) og ( 5 )/log 2(1 5 )>0.495, _
1.37\77F 1.37\-¢
(64) P (1 + —) < 6(1 + ———) < 0.419
. Vp Ve ?

a8 the function p(141.37p~2)? is decreasing (it can be veritied by dif-
ferentiating). '
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Evaluations (63) and (64) consequently lead to (62), (60), (61) and

(59).
Therefors, Theorem & is proved.
7. Completion of the proof of the main theorem.
TaEOREM 6. For any p>>1

(65) ' g(1,p) =0.

The equality (65) follows from (15), Lemma 1 and (7).
Proof of Theorem 2. When (65), (43), (52} and (16) are carried

-

1.3
out then for p= 6 and 1< o= ‘

Vo

94(a, p)

i >0 A, p) > A{L, p) = AP.

glo, p)<< 0,

These inequalities together with (59) resulf in the inequality {9). Therefore,
Theorem 2 ig proved. :

Theorem 1 (Minkowski’s conjecture for p > 6) is equivalent to Theo-
rem 2.

The proposed proof means that for p > 6 we can disregard values

1 : .
of the order of p~#=% (47® for 1 g_a:\:%, 773 ete.), which greatly

dglo
simplifies our estimations of 4{s, p), g{o, p) and ﬂgofl). Apparently,
using a computer we can prove Minkowski’s conjecture for 1< p 6.
However, it Tequires more exact estimations, up to the third derivative
of 4{o, p) in some cases, and special research into the case p near p = 1

and p = 2 (using » method similar to that of Watson’s second paper [6]).
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On the representation of the integer by positive
guadratic forms with square-free variables

by

E. V. PoosyraNIN (Leningrad)

1. Introduction. Liot

k
F = By ooy @) = 2 Ay (B = 8y, L4, 5 h)
~ ti=1

be a positive quadratic form with integral coetficients @y, ..., t 201,
.oy 20y, 5 and determinant D - det{a) == 0. k(f, n) denotes the num-
ber of representations of the posifive integer » by the quadratic form f
with square-free variables, i.e. the number of solutions of the equation
i) =N ‘
in sgquare-free integers ., ..., #,. Estermann [1] has ebtained the asym-
ptotic value of E(f,n) for k=5 and f == a%+ ... +}; he has also con-
gidered the singular series (see also [3]). In [11] improvement has been ob-
tained for the error term in the Bstermann formula(?).

In the present paper we consider the agymptotie value of E(f, fn,)
in the case when f is an arbitrary positive guadratic form in % > 4 variables.
We deduce the following '

—3

k
TaeogeM 1. Let k=24, ¢ = ——
1o Let k=% o = 90Ty

£>=0 — an arbitrary positive
number. Then .

Tck,'z :

D1/21‘r(k/2) G(f? ﬂ") ﬂkm_l + O (%k,lﬂ—l—a+s)

(2) E(f,n) =

where G(f, ») s the singular series:

G(f,n) = 5’” mﬂmﬁwm

i 1 ,ik*I

{1) Unfortunatly, izsues [5], [8] have been fotmd to be mistaken (see [Ijl]).

-



